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1. BBE,llEHliIE 

BHHMaHHe aBTOpa K pa3pa6oTKe aJII'OpHTMOB pemeHIDI 06paTH:LIX 3a,na'tI 

,nJJJI .l(IICKpeTHOrO ypaBHeHHJI Illpe.l(lIHrepa 6:L1JIO npHBJIe'tIeHO B.H.3axapbe­

B:LIM [9]. B [4] HMeeTcH-rrOJlpo6HaH 6H6Jmorpaq,HH no MHorOMepH:LIM o6paT­

H:LIM 3aJla'tIaM. I1epBOHa'tIaJI.bHO 6:L1JIO HCCJIe,nOBaHO O)lHOMepHOe )lHCRpeTHoe 

ypaBHeHHe IllpeJlHHrepa [5-7]. PemeHHe o6paTHoH 3aJlatIH B 3TOM cJIYtIae 

CBH3aHO C nOCTpoeHHeM rro crreRTpaJIbH:LIM JlaHH:LIM cHMMeTpHtIHoit Tpex­

)lHarOHaJIbHOH MaTpHU:LI. B [7] 6:L1JI rrpeJlJIOiReH 3q,q,eKTHBH:LIH aJII'OpHTM 

B:LI'tIHCJIeHHH cHMMeTpH'tJHoH Tpex,nHarOHaJI.bHOH MaTpHU:LI H 6a3HcHhlx co6­

CTBeHHhlX BeKTopOB no 3aJlaHHOMY crreRTpy H nepB:LIM ROMrrOHeHTaM 6a3H­

CH:LIX co6cTBeHHhlx BeRTopOB. B 3TOH pa60Te o6cYiRJlaeTcH o6paTHaH 3a­

Jla'tJa JlJIJI JlBYMepHoro JlHCRpeTHoro ypaBHeHHH IUpeJlHHrepa. ,llBHiReHHe 

BOJIH Ha pemeTKax B JlHcRpeTHoH RBaHTOBOH MexaHHRe OrrHC:LIBaeTCH [5,6,9] 
pa3HOCTHhlM ypaBHeHHeM IllpeJlHHrepa: 

"pi-l,j - 2"pi,j + "pi+l,j _ "pi,j-l - 2"pi,j + "pi,j+l + U..,,1••. - A"I•.. 
h2 h2 IJ'rZJ - 'rz,}' 

x y 

PaCCMaTpHBaeTCH 3aJlatIa B npHMoyrOJIbHHRe 1 ~ i ~ M, 1 ~ j ~ N, 
C HYJIeB:LIMH rpaHH'tJH:LIMH YCJIOBHHMH: "pO,j '¢M+l,j = ,¢j,O '¢i,N+I = O. 

B cJIy'tJae HYJIeBOrO rrOTeHUHaJIa (Ui•j 0) co6cTBeHH:LIe 3HatIeHHH H 

6a3HcHhle co6cTBeHHhle neRTophl orrpe,neJIJIIOTCH <p0pMYJIaMH 

A __ 4 . 2 1fm 4. 2 1fn 
m,n -- hi SIn 2(M + 1) + h; SIn 2(N + 1)' 

1fmi
Vm,n = Ilvm,n( i, j)11 = 2Jhxhyll sin 1\l sin 1fnj 1/,

+ 1 N+ 1 
l~i,m:::;M, l:::;j,n:::;N, l=MN. 

YnopHJlO'tIHM co6cTBeHHhle 3Ha'tJeHHH B rrOpRJlRe B03pacTaHHH: 

BBOJlHM B paccMoTpeHHe BeRTop"-T E - [ee eeJ.... e - 1, ... , I = 

= [vmn (l, 1), .'" vmn (1, N), .'" vmn (1\l, 1), ... , vmn(M, N)]. 
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Onpe.n;eJIeHlThIe (.n;JUI HYJIeBOrO nOTeHIUiaJIa H hx = hy = 1) Ae, Ee 
JlBJUIIOTCJI pemeHHeM Cnel{TpaJThHo:a: 3a.n;alJH .n;JUI cHMMeTpH'tJ:Ho:a: IIJITH,[(Ha­

rOHaJIhHOH MaTpHllhI: 

At D t 0 0 4 -1 0 0 

c= Dl A2 D2 0 
D M - 1 

Ai= 
-1 4 -1 0 

-1 
0 0 D M - 1 AM 0 0 -1 4 

a Ha 60ROBhIX ,[(HarOHaJUIX CTOJIT 6JIORH Di = -I , r.n;e I e,lJ;lIHH'tfHhIe 

MaTpHllhI nopJl.l(l{a N. 
CTaBHTCJI 3a.n;a'tJ:a BOCCTaHOBJIeH:IDI no cneRTpaJIhlThIM .n;aHHLIM B03MymeH­

HOH nJlTH,[(HarOHaJThHo:a: MaTpHllH C: Ha 60ROBHX ,[(HarOHaJUIX C CTOJIT 

,[(HarOHaJIhHhIe 6JIORH 

-1 + Vqi+l 0 o 
o -1 +Vqi+2 o 

, i =1, ... ,M -1, 

o o -1 + Vqi+N 

qi = (i - 1)N , a Ha rJIaBHOH ,[(HarOHaJIH - Ai = 

4 + (}qi+l -1 + U qi+l o 

-1 + U qi+l 4 + (}qi+2 o 


, i= 1, ... ,M.= -1 + uqi+N-t 

o -1 +Uqi+N-l 4 + (}qi+N 

OPTOHOpMaJThHOCTh 6a3HCHhIX co6CTBeHHHX BeRTopOB BJIe'tJ:eT [2] OpTO­

HOpMaJThHOCTh BeRTopOB ej, COCTaBJIeHHhIX H3 j-x ROMnOHeHT 6a3HClThIX 

co6CTBeHHhIX BeRTopOB: ej = [e}, e;, ... , e}]. OTCIO.n;a CJIe.n:yeT npOCTo:a: 

aJII'OpHTM (npHBe.n;eH B naparpa<l>e 5) BH'tfHCJIeH:IDI cHMMeTpH"tfHOH IIJITH­

,[(HaI'OHaJThHo:a: MaTpHllhI C no 3a.n;aHHOMY cneRTpy H 3a.n;aHlThIM nepBHM N 
ROMllOHeHTaM .n;JUI RaiK,lloro 6a3HcHoro co6cTBeHHoro BeRTopa. MaTpHD;a C 
HMeeT JIaRYHY Me»my BTOPOH H (N +1)-H ,[(HarOHaJUIMH, B pe3YJThTaTe He 

Bce N ROMnOHeHT MorYT 6HTh 3a.n;aHhI npOH3BOJThHO. 8TH ROMnOHeHThI Ha­

pJl.n:y C N (N+1 ) /2 YCJIOB:IDIMH OPTOHOpMaJThHOCTH .n;OJDruIlaI y;n;oBJIeTBOpJlTL 

(N - 1)2(M - 1) .n;onOJIHHTeJThHHM YCJIOBHJIM, o6ecne'tfHBaromHM opToro­

HaJThHOCTh BhI'tfHCJUIeMlaIX npH nOCTpoeHHH MaTpHD;laI CJIe.n:yIOmHX ROMno­

HeHT 6a3HCHlaIX co6CTBeHHlaIX BeRTopOB: 

(eI, ej) = 0, .. " (ej-b ej) = 0, j = N + 1, .. " I, 
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KpOMe TOrO, .n;OJDKH:DI y.n;OBJIeTBOpJITbCJI YCJIOBIUI COrJIaCOBaHHOCTH, o6ec­

IIe"tlHBaIOm;He B:DIIIOJIHeHHe N Hll)KHHX ypaBHeHHH CIIeKTpaJIbHOH CHCTeM:DI 

CEj = AjEj .n;JIH. BCeX j. 
06pamUaR 3aOa1ta OAR OBYM.epUOeO ouc'I'\,pemuoeo ypaBueuUR llIpeouu­

eepa CBOOUmCR 'I'\, nocmpoeuu'IO CUM.M.empU1tUOU nRmUOUaeOUaA'bUOU M.a­

mpU'U,'bl no 3aOaUUOM.Y cne'l'\,mpy U 3aOaUU'btM. k(M, N), 1 :::; k < N, nep­

B'btM. 'l'\,oM.nOueumaM. OAR 'l'\,a'JICooeo 6a3ucuoeo co6cmBeuuoeo Be'l'\,mOpa. 

8JIeMeHT:DI MaTpHIJ;:DI OIIpe.n;eJIH.IOTCJI o.n;HOBpeMeHHO C "He.n;OCTaIOm;HMH" 

(N - k) KOMIIOHeHTaMH H3 pemeHHJI CHCTeM:DI IIOJIHHOMHaJIbH:DIX ypaBHeHHH, 

B KOTOPYIO HapJI.n;y C YCJIOBHJIMH OPTOHOpMaJIbHOCTH, .n;OIIOJIHHTeJIbH:DIMH 

YCJIOBHJIMH H YCJIOBHJIMH COrJIaCOBaHHOCTH BXO.n;HT COOTHomeHIUI, OIIpe.n;eJIH.­

IOm;He 3JIeMeHT:DI MaTpHIJ;:DI "tlepe3 Aj H KOMIIOHeHT:DI 6a3HCH:DIX co6CTBeHH:DIX 

BeKTopOB. 

B IIaparpa4>ax 2-6 o6cYIK.n;aIOTCJI B:DIBO.n; .n;OIIOJIHHTeJIbH:DIX YCJIOBHH, yCJIO­

BHH COrJIaCOBaHHOCTH, aJIrOpHTM pemeHIUI o6paTHoH 3a.n;a"tlH, BKJIIO"tlaJI IIpO­

BepKY KoppeKTHOCTH, H IIOJIY"tleHH:DIe "tlHCJIeHH:DIe pe3YJIbTaT:DI .n;JIH. CHMMe­

TPH"tlHOH IIJITH.n;HarOHaJIbHOH MaTpHIJ;:DI IIOpJI.n;Ka 12. Te me aprYMeHT:DI 

CilpaBe.n;JI1iIB:DI B 06m;eM cJIY"tlae. B IIaparpa4>e 7 IIPHBO.n;HTCJI .n;OIIOJIHHTeJIb­

H:DIe YCJIOBHJI .n;JIH. cHMMeTpH"tlHOH IIJITH.n;HarOHaJIbHOH MaTpHIJ;:DI IIOPJI.n;Ka 

M N. TaM me B:DIBO.n;HTCJI IIPOCTOH aJIrOpHTM .n;JIH. oIIpe.n;eJIeHHJI k(M, N) 
"tlHCJIa CBo6o.n;Ho 3a.n;aBaeM:DIX (.n;JIJI KalK,l1;orO 6a3HcHoro co6cTBeHHoro BeK­

Topa) KOMIIOHeHT B 06m;eM cJIY"tlae. 

2. LJ:OIIOJIHI1TEJIhHhIE YCJIOBI1.H 

qHCJIO .n;OIIOJIHHTeJIbH:DIX YCJIOBHH paBHO "tlHCJIY HYJIeB:DIX 3JIeMeHTOB Mem.n;y 

BepXHHMH BTOPOit H (N + 1)-it .n;HarOHaJIHMH MaTpHIJ;:DI C, HCKJIIO"tlM HY­

JIeB:DIe 3JIeMeHT:DI HHIKHHX N CTpOK. Tpex.n;HaroHaJIbH:DIe MaTpHIJ;:DI [7] He 

HMeIOT Ta1<1iIX JIaKYH. 

3aMeTHM, "tlTO IIpH N;::: M ?:: 2 CilpaBe.n;JI1iIBO HepaBeHCTBO 

(N - 1)(N + 2)/2 + (N - 1)2(M - 1) < (N - 1)NM. 

TaK "tlTO KOMIIOHeHT:DI e{ MorYT 6:DITb IIPOE;3BOJIbH:DIMH, TOJIbKO Ilelll = 1. 
IIepBoe CJIaraeMOe B JIeBOH "tlaCTH IIOCJIe.n;Hero HepaBeHCTBa 03Ha"tlaeT "tlHCJIO 

YCJIOBHH OPTOHOpMaJIbHOCTH .n;JI.H. BeKTopOB e2, ... , eN. B IIpaBOH "tlaCTH 

CTOHT o6m;ee "tlHCJIO KOMIIOHeHT 3THX BeKTopOB. 

HHlKe IIpHBe.n;eHa CHCTeMa 18 .n;OIIOJIHHTeJIbH:DIX YCJIOBHH.n;JIH N = 4, 
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}J =3. l1cKOMaJI CHMMeTpHQHaJI IIJITH)UlarOHaJIl)HaJI 12 x 12 MaTpHIta 

tel UUl 0 0 vd l 0 0 0 0 0 0 0 
UUI te2 UU2 0 0 vd2 0 0 0 0 0 0 

0 UU2 te3 UU3 0 0 vd3 0 0 0 0 0 
0 0 UU3 te4 0 0 0 vd4 0 0 0 0 

vd l 0 0 0 tes UUs 0 0 vds 0 0 0 

c= 0 
0 

vd2 

0 
0 

vd3 

0 
0 

llU5 

0 
te6 

UU6 

UU6 

te7 

0 
UU7 

0 
0 

vd6 

0 
0 

vd7 

0 
0 

0 0 0 vd4 0 0 UU7 tes 0 0 0 vds 

0 0 0 0 vd5 0 0 0 teg UUg 0 0 
0 0 0 0 0 vd6 0 0 UUg tew UUIO 0 
0 0 0 0 0 0 vd7 0 0 UUIO tell UUll 

0 0 0 0 0 0 0 vds 0 0 UUll te12 

3.n;eCb H .n;aJIee KpaTKOCTH pa.n;H HCIIOJIb3YIOTCJI 0603HaQeHHJI 

113 OPTOHOpMaJIbHOCTH 6a3HCHhIX co6CTBeHHhIX BeKTopOB CJIe.n;yIOT COOTHO­

lIIeHHJI 
I. I. . 

tei = E AAei)2, uUi = E Ajefei+l' 
j=l j=l 

KOTophIe oIIpe.n;eJIJIIOT tei, uUi COOTBeTCTBeHHO. 

CHcTeMa .n;OIIOJIHHTeJIbHhIX YCJIOBHH: 

I .. I ..
E Aie~e; = 0, es.l e3; E Aie~e4 = 0, es.l e4; 
i=l i=l 

I I 

E Ate;e~ = UUl . UU2, e7 .l es; E A;e~e~ = UU2( te2 + te3), e7 .l e6; 
i=l i=l 

I I 2 i iE A:e~e~ = 0, es .1 es; E A i e2e4 = UU2 . UU3, es.l e6; 
i=l i=l 
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IIOJlCHHM, KaK nO.rrytIeHO nepBOe .n;OnOJIHHTeJIbHOe YCJIOBHe e5 J.. e3, o6ecne­

tIHBalOIUee OpTOrOHaJIbHOCTh e5 K e3. HanOMHHM, tITO CHCTeMa GEi = AiEi 
Ha3hIBaeTCJI CneKTpaJIbHOH. YMHOmaeM nepBOe ypaBHeHHe CneKTpaJIbHOH 

CHCTeMhI 

tel . el + UUI . e~ + vdl . e~ = Aiel 

nOCJIe.n;OBaTeJIbHO Ha eL e;, e~ H KalK.LI:hIH pa3 CyMMHpyeM no i. TaK KaK 

BeKTophI e}, e2, e3 OPTOHOpMaJIbHhI, a tel = E~=l Ai(eD2, UUI = 
= E~=l Aiele;, no.rrytIaeM COOTHOmeHHJI 

I I .. 
vd1 L: e;ei = 0, vd l L: e;e; = 0, 

i=l i=l 

B nepBOM, BTOPOM H TpeTheM c.rrytIaJlX COOTBeTCTBeHHO. OTclO.n;a CJIe.n:yeT, 

tITO .n;JIJI opTOrOHaJIbHOCTH es, e3 Heo6xo.LI:HMO, tITo6hI BhInOJIHJlJIOCh nep­

Boe .n;onOJIHHTeJIbHOe YCJIOBHe: E~=l Aieie~ = 0, B TO BpeMJI KaK opToro­

HaJIbHOCTh e5 K el, e2 CJIe.n:yeT aBTOMaTHtIeCKH H3 onpe.n;eJIeHHJI tel, UUl. 
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OCTaJIbHHe ,.uOrrOJIHHTeJIbHHe YCJIOBHJI rrOJIYqalOTCJI aHaJIOrHqHO. B cJIYqae 

TpeX)lHarOHaJIbHOH MaTpHIJ;H [7] opTOrOHaJIbHOCTL Bcex BHqHCJIJIeMHX ej 

CJIe,.uyeT H3 orrpe,.ueJIeHHJI tej, UUj. 

BHJIa nOCTaBJIeHa IJ;eJIh Ha ROHRpeTHOM rrpHMepe (M = 3, N = 4 ) rrpo­

BepHTL Heo6xo,.uHMOCTL BHrrOJIHeHHJI ,.uorrOJIHHTeJIbHHX YCJIOBHH H B03Mom­

HOCTL orrpe,.ueJIeHHJI He,.uOCTalOrn;HX ROMrrOHeHT e~, j = 2, ... , N, i = 1, ... , I, 
qepe3 pellIeHHe CHCTeMH ,.uorrOJIHHTeJIhHHX YCJIOBHH COBMeCTHO C YCJIOBHJIMH 

OPTOHOpMaJILHOCTH. HaqaJIhHOe 3HaqeHHe Al = 0.96775 ... 6HJIO B03MY­

rn;eHO, B paCqeTaX Al = 0.96. 
B pa60Te [8] OrrHCaHH rrOrrHTRH CBe,.ueHHJI pellIeHHJI CHCTeMH ,.uorrOJIHH­

TeJILHHX YCJIOBHH COBMeCTHO C YCJIOBHJIMH OPTOHOpMaJIbHOCTH R pellIeHHIO 

Tpex CHCTeM ,.uJIJI rrOCJIe,.uoBaTeJIbHOH RoppeRIJ;HH e;, e1, e~ . Ha TaROM rrYTH 

y..uaJIOCL pellIHTL CHCTeMY 24 H3 27 ypaBHeHHH. OCTaJIHCL Hey,.uoBJIeTBOpeH­

HHMH 3 ,.uorrOJIHHTeJIbHHX YCJIOBHJI, o6eCrreqHBalOrn;He opTOrOHaJIbHOCTL BeR­

TOPOB elO, en, e12 . B 9THX COOTHOllIeHHJIX e1, e~ rrpHCYTCTBYIOT O,.uHOBpe­

MeHHO. TIorrHTRH pelliaTL rrorrepeMeHHO CHCTeMH OTHOCHTeJIbHO e1, e~ rrpH 

3aMopomeHHHX e~, e~ COOTBeTCTBeHHO He ,.uaJIH pe3YJIbTaTa. I1TepallHH Me­

To,.ua HLIOTOHa paCXO.n;HJIHCL, BRJIlOqaJI MO.n;H<pHRallHH C rrepeMeHHHMH llIa­

raMH. RoppeRIJ;HJI e2 6HJIa rrpOH3Be,.ueHa rrpe.n;BapHTeJIbHO: e;, i = 1,2,3, 
6HJIH orrpe,.ueJIeHH H3 pellIeHHJI CHCTeMH 

I 2 ..L I\e~e; = uUl(tel + te2), e6..L e5. 
i=l 

TIPH 9TOM el He;, i = 4, ... , I, OCTaBaJIHCL paBHHMH HCXO,.uHHM 3Haqe­

HHJIM. 3a,.uaqy y,.uaJIOCL pellIHTL ,.uo ROHlla Ha ..upyroM rrYTH. e3, e4 ROp­

peRTHpOBaJIHCL O,.uHOBpeMeHHO H3 pellIeHHJI CHCTeMH 45 ypaBHeH:HH C 45 
rrepeMeHHHMH: 

vd2 , vd3 , vd4 , u2, v2, u3, v3, 8u3, 8u4, 867, 868, 878. 

TIepBHe 36 rrepeMeHHHX JIBJIJIIOTCJI ROMrrOHeHTaMH 6a3HCHHX co6cTBeHHHx 

BeRTopOB H 9JIeMeHTaMH HCROMOH IDITH.n;HarOHaJILHOH MaTpHllH. OCTaJILHHe 

9 rrepeMeHHHX orrpe,.ueJIJIIOTCJI COOTHOllIeHHJIMH: u2 = E~=l A~e;e;, 
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vb 45 ypaBHemm: CHCTeMIiI 24 JlBJIHlOTCJI YCJIOBHJIMH OPTOHOpMaJIbHOCTH H 

,n;onOJIHHTeJIbHIiIMH YCJIOBHJIMH (HanoMHHM, -qTO Bcero HX 27, 3 6IiIJIH HC­

nOJIb30BaHIiI npH KoppeKIlHH e2). OCTaJIbHIiIe 21 ypaBHeHHe JIBJIHlOTCJI co­

OTHOnreHHJIMH, onpe,n;eJIHlOIUHMH 3JIeMeHTIiI MaTpHUIiI: 

H nepeMeHHIiIe u2, v2, u3, v3, 8u3, 8u4, 867, 868, 878. CHcTeMa 45 no­

JIHHOMHaJIbHIiIX ypaBHeHHH 6IiIJIa pemeHa Ha SPP (3,n;ecb H ,n;aJIee HMeeTCJI 

B BH.n;y HP Exemplar S-Class SPP-2000) C nOMOIIJ;blO naKeTa NUMERIC, 

REDUCE 3.6 [3]. B pe3YJIbTaTe 6IiIJIa o6ecne-qeHa H,lJ;eaJIbHaJI OPTOHOP­

MaJIbHOCTb BIiI-qHCJIHeMIiIX "6a3HcHIiIx" BeKTopOB, HO B03HHKJIO HOBoe npe­

llJITCTBHe, 0 KOTOPOM nOH,n;eT pe-qb B naparpa¢e 3. 

3. YCJIOBv.lfI COrJIACOBAHHOCTH 

ECJIH npH BIiI-qHCJIeHHH 3JIeMeHTOB TpeX,ll;HarOHaJIbHOH MaTpHUIiI H ee 6a­

3HCHIiIX co6CTBeHHIiIX BeKTopOB y-qaCTBYlOT Bce ypaBHeHHJI cneKTpaJIbHOH 

CHCTeMIiI [7], TO npH BIiI-qHCJIeHHH 3JIeMeHTOB paCCMaTpHBaeMOH llJITH.n;Ha­

rOHaJIbHOH MaTpHUIiI H ee 6a3HCHIiIX co6CTBeHHIiIX BeKTopOB (no 3a,n;aHHOMY 

cneKTpy H nepBIiIM N KOMnOHeHTaM ,n;JIH KaJK,n;oro 6a3HCHoro co6CTBeHHoro 

BeKTopa) HHJKHHe N ypaBHeHHH cneKTpaJIbHOH CHCTeMIiI He HCnOJIb3YlOTCJI. 

COOTBeTCTBeHHO, BIiI-qHCJIeHHIiIe "6a3HCHIiIe" BeKTopIiI He y,n;OBJIeTBOpJIlOT 

HHJKHHM N ypaBHeHHJIM cneKTpaJIbHOH CHCTeMIiI aBTOMaTH-qeCKH H 3Ha-qHT 

He JIBJIHlOTCJI 6a3HCHIiIMH. 9TO BIiIJICHHJIOCb B npouecce -qHCJIeHHIiIX 3Kcne­

pHMeHTOB. LIT06IiI BIiI-qHCJIHeMIiIe "6a3HCHIiIe" BeKTopIiI ,n;eHCTBHTeJIbHO 6IiIJIH 

6a3HCHIiIMH, npHmJIOCb ,n;o6aBHTb YCJIOBHJI "COrJIaCOBaHHOCTH". CHa'tlaJIa B 

RaqeCTBe TaROBIiIX 6lilJIH B3JITlil COOTHOlIIeHHJI 

2 2 2 I i 2
vd5 + te9+ UUg = L:(Aie9) , 

i=1 

I 

vd~ + UU~ + tefo + uUfo = 2.:(Aieio)2, 
i=1 

I 

vd~ + UUIo + tefl + UUfl = 2.:(Aie;I)2, 
i=1 

I 

vd~ + UUil + tef2 = L:(Aiei2)2. 
i=1 

OHH no;ry'tlalOTCJI npOCTIiIM B03Be,n;eHHeM B KBa.n;paT HlDKHRX N ypaBHeHHH 

cneKTpaJIbHOH CHCTeMIiI C nOCJIe.n;ylOIIJ;HM CYMMHpOBaHHeM no i H y'tleTOM 

8 



OPTOHOpMaJIbHOCTH. 3aMeTHM, 'tlTO 3JIeMeHTLI HIDI<HHX N CTPOR MaTpHIJ;LI 

OIIpe.lleJIJIIOTCJI 6e3 HCIIOJI])30BaHHJI HIDI<HHX N ypaBHemdt CIIeRTpaJI])HOH 

CHCTeMLI. Boo6w:e rOBOpJI, OHH He 06J13aHLI y;noBJIeTBOpJlT:b BLIIIHcaHHLIM CO­

OTHOIIIeHHJlM. IIOIILITRH peIIIHT:b "IIOJIHYIO" CHCTeMY BMeCTe C IIOCJIe,llHHMH 

'tJeTLIp:bMJI ypaBHeHHJlMH He .llaJIH pe3YJI])TaTa. IIocJIe 3Toro 6LIJIa C.lleJIaHa 

ew:e O,llHa IIOilLITRa: B Ra'tJeCTBe YCJIOBHH "COrJIaCOBaHHOCTH" 6LIJIH B3J1TLI 

IIPOCTO 4 IIOCJIe,llHHX ypaBHeHHJI cIIeRTpaJI:bHOH CHCTeMLI IIpH Ai = AI: 

vd5 . e~ + (teg - Al)e~ + UUg . e~o = 0, 

vd6 . e~ + UUg . e~ + (tew - AI)eto + uUw . e~l = 0, 

vd7 . e~ + uUIO . e~o + (tell - AI)eil + UUll . eb = 0, 

vd8 . e~ + UUll . eil + (te12 - At)ei2 = O. 

8Ta IIOilLITRa ORa3aJIaC:b YCIIeiliHoH: .llJIJI OCTaJI])HLIX Ai HIDI<HHe N ypaBHe­

HHH Y.llOBJIeTBOpJlJIHC:b aBTOMaTH'tJeCRH. HTaR, 'tlTo6LI BLI'tlHCJIJIeMLIe 6a3H­

CHLIe BeRTopLI y;noBJIeTBOpJlJIH HH.lRHHM N ypaBHeHHJIM IIpH Bcex Ai, i = 
= 1, ... , I, .llOCTaTo'tJHO IIOTPe60BaT:b, 'tJTo6LI 3TH ypaBHeHHJI BLIIIOJIHJlJIHC:b 

IIpH RaROM-TO O,llHOM Ai. B Ra'tJeCTBe YCJIOBHH "cOrJIaCOBaHHocTH" MoryT 

6LIT:b B3J1TLI IIOCJIe,llHHe N ypaBHeHHH cIIeRTpaJI])HOH CHCTeMLI IIpH Ai = AI. 
HTaR, ROMIIOHeHTLI BeRTopoB e2, ... , eN .llOJI)f{HLI y;noBJIeTBOpJlT:b CHCTeMe 

L = (N - l)(N + 2)/2 + (N - 1)2(M - 1) + N 

ypaBHeHHH. IIoRa.lReM, 'tJTO L :::; (N - l)NM. IIocJIe,llHee COOTHOIIIeHHe 

3RBHBaJIeHTHO HepaBeHCTBY 2N -1 + (N 1)N/2:::; (N -1)2 + (N -l)M. 
IIocJIe .lleJIeHHJI Ha (N - 1) H IIpHMHTHBHLIX apHcpMeTH'tleCRHX IIpeo6pa­

30BaHHH IIOJIy'tJaeM 3 + 1/(N - 1) :::; N /2 + M. IIocJIe,llHee HepaBeHcTBo 

CilpaBe.n;JIHBO IIpH N 2:: 2, M 2:: 3. PaBeHcTBo .n;OCTHraeTCJI JIHIII:b IIpH 

N = 2, M = 3. CJIe.llOBaTeJI])HO, IIepBLIe ROMIIOHeHTLI 6a3HCHLIX co6cTBeH­

HLIX BeRTopOB e\ MoryT 6LIT:b BLI6paHLI IIPOH3BOJIbHLIMH, TOJI])RO IIe111 = 1. 

4. BbrtIMCJIEHME MATPHUbI 

06CY.lR.llaeTCJI 3a.lla'tJa BOCCTaHOBJIeHHJI cHMMeTpH'tJROH IIJITH,llHarOHaJI])­

HOH MaTpHIJ;LI 12 x 12 IIO 3a.llaHHoMY CIIeRTpy H IIepBLIM ROMIIOHeHTaM 6a3H­

CHLIX co6cTBeHHLIx BeRTopoB. Al = 0.96, OCTaJI:bHLIe Ai, i 2, ... , 12, OCTa­

IOTCJI HeBo3Myw:eHHLIMH. B Ra'tleCTBe e\ 6LIJIH B3J1TLI IIepBLIe ROMIIOHeHTH 

6a3HcHHX co6cTBeHHHX BeRTopOB HeBo3Myw:eHHoit 3a.lla'tlH. B paCCMaTpH­

BaeMOM cJIy'tJae ROMIIOHeHTLI BeRTopoB e2, ea, e4 .llOJI)f{HLI y;noBJIeTBOpJlT:b 31 
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YCJIOBHIO. l{oMnoHeHTLI e~, i = 8, ... , 12, npHHHMaIOTCJI paBHLIMH COOT­

BeTCTBYIOIUHM HeB03MYIUeHHLIM 3HaqeHHJlM. TIepBLIe 7 KOMnOHeHT BeKTopa 

e2 H Bce KOMnOHeHTLI BeKTopOB e3, e4 HaXOMTCJI H3 perneHHJI CHCTeMLI 64 
nOJIHHOMHaJIbHLIX ypaBHeHHH O,1lHOBpeMeHHO C 3JIeMeHTaMH HCKOMOH B03My­

IUeHHoH MaTpHItLI H nepeMeHHLIMH suI, su2, su3, su4. CHcTeMa pernaeTCJI 

C nOMOIUhIO naKeTa NUMERIC, REDUCE 3.6 [3]: 

load_package numeric; 
rt:=num_solve(sys,var,accuracy=na,iterations=ni); 
var:={xl=eg(2,1),x2=eg(2,2),x3=eg(2,3),x4=eg(2,4), 
xS=eg(2,S),x6=eg(2,6),x7=eg(2,7),yl=eg(3,1),y2=eg(3,2), 
y3=eg(3,3),y4=eg(3,4),yS=eg(3,S),y6=eg(3,6),y7=eg(3,7), 
yS=eg(3,S),y9=eg(3,9),yl0=eg(3,10),yll=eg(3,11), 
y12=eg(3,12),zl=eg(4,1),z2=eg(4,2),z3=eg(4,3),z4=eg(4,4), 
zS=eg(4,S),z6=eg(4,6),z7=eg(4,7),zS=eg(4,S),z9=eg(4,9), 
z10=eg(4,10),zll=eg(4,11),z12=eg(4,12),uul=-1,uu2=-1, 
uu3=-1,uuS=-1,uu6=-1,uu7=-1,uu9=-1,uul0=-1,uull=-1,te2=4, 
te3=4,te4=4,teS=4,te6=4,te7=4,teS=4,te9=4,tel0=4,tell=4, 
te12=4,vdl=1,vd2=1,vd3=1,vd4=1,vdS=1,vd6=1,vd7=1, 
vdS=1,su2=du2,su3=du3,su4=du4}; 

Ba3HCHLIe BeKTopLI JlBJIJlIOTCJI cToJI6I(aMH MaTpHI(LI eg(12, 12). B lIHCJIO 64 
ypaBHeHHH CHCTeMLI sys BXOMT 9 YCJIOBHH OPTOHOpMaJIbHOCTH, 18 .n;onOJI­

HHTeJIbHLIX YCJIOBHH, 4 YCJIOBHJI COBMeCTHOCTH, 29 cooTHorneHHH, onpe.n;e­

JIJlIOIUHX 3JIeMeHTLI MaTpHI(LI, H 4 COOTHOrneHHJI, onpe.n;eJIJlIOIUHX sui: 

I . 
sui = E(.AjeD2, i = 1,2,3,4, 

j=l 

B naKeTe NUMERIC peaJIH30BaH anropHTM MeTo.n;a H:bIOTOHa .n;JIJI perne­

HHJI CHCTeM HeJIHHeHHLIX ypaBHeHHH F(x) = 0, x = (XI, ... ,xn)T, F = 
= (II, .. " fn)T. B KaqeCTBe KOMnOHeHT xo, HaqaJIbHLIX .n;aHHLIX .n;JIJI HTe­

xn+1paI(HH MeTo.n;a H:bIOTOHa = xn - (F'(xn))-l F(xn) [1], 6LIJIH B3J1TLI 

3HalleBHJI nepeMeHHLIX, OTBeqaIOIUHe HeB03MYIUeHHoH 3a.n;alle. 

5. TIPOBEPKA KOPPEKTHOCTH 

,llJIJI npOBepKH KoppeKTHOCTH nonylleHHLIx pe3YJIbTaTOB no 3a.n;aHHLIM 

.Ai, el H CKoppeKTHpOBaHHLtM e2, .." eN BLIt{HCJIJIeM 3JIeMeHTLI IDITH.lI:H­

arOHaJIbHo]}i MaTpHI(LI C H OCTaJIbHLIe KOMnOHeHTLI 6a3HCHLIX co6CTBeHHLIX 
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BeKTopOB eN+l, ""el, C HCnOJTh30BaHHeM CHCTeMLI REDUCE 6LIJI peaJIH30­

BaH aJIrOpHTM, aHaJIOrH'tIHLIit aJIr0pHTMY peKOHCTpYKIJ;HH Tpex.n;uarOHaJTh­

HLIX MaTpHD; [7], 
AJIrOPHTM, IIo 3aaauuoMY cne'ICmpy U 3aaaUU'b/,M nepB'b/,M N 'lCOM­

noueumaM a.ll,Sl. 'lCa;w;aOZO 6a3UCUOZO co6cmBeuuozo Be'ICmOpa nOC.II,eaOBa­

me.ll,'bUO no i = 1, .. " N B'b/''liUC/I,Sl.1OmCSl. tei = E~=l Aj(e1)2; 

I .. 

UUi = E Ajeje1+1' i i= N; 
j=l 

x1 = UUi-leLl + (tei - Aj)ef + uUie1+b j = 1, .. " l. 

3aec'b U aa.ll,ee UUo = 0, UUN = 0, UU2N=O = 0, .. " UUMN = ° : UMeemCSl. 

B Buay, 'limo C.II,aZaeM'b/,e, coaep;w;aw,ue UUi C i 'lCpamU'b/,M N, omcym­

cmBY1Om, 

vdi = ­ I:(xf)2, e~+i = -x1/vdi , j = 1, ... ,l. 
j=l 

,l(a.ll,ee pe'ICyppeumuo no q = 1, .. " M - 1 U nOC.II,eaOBame.ll,'bUo no 

i = 1, ... , N B'b/''liUC.II,Sl.1OmCSl. 

I 	 . 2 
teqi = 	E Aj(e~i) , qi = q x N + ij 

j=l 

I .. 

UUqi = E Aje~ie~i+l' i i= N; UUqO = UUqN = 0. 
j=l 

H a.ll,Sl. q = 1, ... , M - 2 B'b/''liUC.II,Sl.1OmCSl. 

X~i = Vdqi-Ne~i_N + UUqi-le~i_l + (teqi - Aj)e~i + UUqie~i+b j = 1, .. .1; 

I.. . 
vdqi = ­ E(X~i)2, e~i+N = -x~dvdqi, j = 1, ...l. 

j=1 

3aTeM BLI'tIHCJlJleTCJI (c npHMeHeHHeM naKeTa ROOTS [3]) cneKTp sp 
nOJIY'tIeHHoit MaTpHD;LI mt. ilpOBepJleTCJI TaKJRe OPTOHOpMaJThHOCT1> BS­

'tIHCJIeHHLIX BeKTopOB ej, j = 5, ... , 12, TaR, npH pemeHHH CHCTeMS 24 
ypaBHeHJCI:.B - CHCTeMLI, o6eCne'tIHBalOlIleit OPTOHOpMaJThHOCT1> el, •.. , e4 H BLI­

nOJIHeHHe .n:onOJIHHTeJThHLIX YCJIOBHH, KpOMe Tpex nOCJIe,l(HHx,- 6SJIH nony­

'tIeHS TaKHe pe3YJThTaTS. B cKo6Kax C HOMepOM i CTOJIT BeJIllllHHH 

«ell ei), ... , (ei, ei), 0, ... ,0). 

11 



er := mat«1,O,O,O,O,O,O,O,O,O,O,O), 
(0,1,0,0,0,0,0,0,0,0,0,0), 
(1.148 ... e-27, - 1.454 ... e-26, 1.0,0,0,0,0,0,0,0,0,0) , 

2.800 ... e-25, - 2.869 ... e-25,6.621~ .. e-24,0.00408 ... ,1,O), 
(3.566 ... e-26, 9.102 ... e-26, -5.177 ... e-26, - 5.092 ... e-27, 
7.934 ... e-26, 3.662 ... e-25, -1.325 ... e-25, 3.102 ... e-26, 
-6.333 ... e-25, 0.305 ... , 0.0103 ... , 1)). 

liaK H oIKH,llaJIOCb, BeKTopLI elO, ell, e12 He opTOrOHaJIbHLI, TaK KaK He 

Y,llOBJIeTBOpeHLI COOTBeTCTBYIOIII,He 3 nOCJIe.ZlHHX ,llOnOJIHHTeJIbHLIX YCJIOBIDI. 

B TO BpeMJI KaK OCTaJIbHLIe YCJIOBIDI OPTOHOpMaJIbHOCTH BLInOJIHJlIOTCJl C 

BLICOKoit TOt:IHOCTbIO. 

6. Ql1CJIEHHhIE PE3YJIhTAThI 

06CYIK.ZlaIOTCJl pe3YJIbTaTLI pemeHIDI3a,llat:IH BOCCTaHOBJIeHHJl CHMMeTpHt:I­

Hoit IIJITH,llHarOHaJIbHOH MaTpHD;LI 12 x 12 no 3a,llaHHOMY cneKTpy H nep­

BLIM KOMnOHeHTaM 6a3HcHLIx co6cTBeHHLIx BeKTopoB: Al = 0.96, OCTaJIb­

HLIe TOt:IKH cneKTpa H nepBLIe KOMnOHeHTLI 6a3HCHLIX co6CTBeHHLIX BeKTO­

POB COBIIa,llaIOT C HCXO.ZlHLIMH 3Hat:IeHHJlMH, OTBet:IaIOIII,HMH HeBo3MYIII,eHHoH 

MaTpHD;e. 

PaCt:IeTLI BLInOJIHeHLI Ha SPP C npHMeHeHHeM REDUCE 3.6 [3]. B npo­

D;ecce Ct:IeTa onpe,lleJIJIeTCJl BpeMJl Ct:IeTa, BKJIIOt:IaJI aHaJIHTHt:IeCKHe BLIt:IHCJIe­

HHJl, CBJl3aHHLIe C IIOCTpoeHHeM nOJIHHOMHaJIbHoit CHCTeMLI 64 ypaBHeHHit. 

Time: 3077050 ms plus GC time: 2371770 ms; 

BTopoe BpeMJI "GS time" - BpeMJl C60PKH Mycopa. PaCt:IeTLI IIPOBO,llH­

JIHCb C TOt:IHOCTbIO PRECISION 15, 6LIJIO C,lleJIaHO 10 HTepaD;HH no Me­

TO.ny HbIOToHa. llOJIyt:IeHLI CJIe.nyIOIII,He pe3YJIbTaTLI. HlDKe npHBo,llHTCJl 

pemeHHe CHCTeMLI 64 nOJIHHOMHaJIbHLIX ypaBHeHHJl - rt. ,UJIJI KpaTKOCTH 

OCTaBJIeHLI JIHmb 3 IIepBLIe KOMnOHeHTLI B03Mym;eHHoro BeKTopa e2, KOMIIO­

HeHTLI Hait,lleHHLIX e3, e4 He IIPHBO.ZlJlTCJl, BMeCTO HHX CTOJlT MHOrOTOt:IHJl, 

,llaJIee CJIe.nyIOT aJIeMeHTLI B03Mym;eHHoit MaTpHD;LI. 

rt := {x1=0.29199744810, x2=0.17892815399, x3=-0.1860226459, 

uu1=-0.99857616882 , uu2=-0.93278096115, uu3=-0.92501588, 
te2=4.0243560284, te3=4.0497279369, te4=4.025782195, 
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te5=3.9695149371, te6=3.9827897090, te7=3.9924048391, 
te8=4.040954776, te9=3.9898643965, te10=3.973428471 , 
te11=3.9635271034, te12=3. 9801649979 , vd1=1.0022334844, 
vd2=1.0358524379, vd3=1.0554057399, vd4=0.9513142332, 
vd5=1.0607333883, vd6=0.97310263007, vd7=0.9340274450, 
vd8=0.98235300221, uu5= - 0.96948708247, uu6=-1.010745346, 
uu7= - 1.0396662704, uu9= - 1.0376083614, uu10=-1.06095785, 
uu11= - 1.022499574, su2=19.135666402999, su3=19.239912353, 
su4=17.9675754512291}. 

)lJIH npoBepKH KoppeKTHocTH c'tJeTa no 3a.llaHHHM Ai, el H HaH.lleHHHM B03­

MymeHHHM e2, e3, e4 6HJIa BH'tJHCJIeHa (no aJIrOpHTMY, aHaJIOrH'tJIIDMY aJI­

ropHTMY BH'tJHCJIeHHJI CHMMeTPH'tJHHX TpeX,llHarOHaJIbHHX MaTpHIl, CM. na­

parpa<l> 5) CHMMeTpH'tJHaJI nJITH,llHarOHaJIhHaJI MaTpHila mt. Ee 3JIeMeHTH 

H.lleaJIhHO (npaKTH'tJecKH C pac'tJeTHoH TO'tJHOCTblO) COBnaJIH C COOTBeTCTBY­

lOmHMH KOMnOHeHTaMH pellIeHHJI nOJIHHOMHaJIbHOH CHCTeMH rt. O.n;HO­

BpeMeHHO C 3JIeMeHTaMH MaTpHIlH BH'tJHCJIHlOTCJI Bce KOMnOHeHTH 6aaH­

CHHX co6CTBeHHHX BeKTopOB. MaTpHila er = 1+ 0(10-11 ) .lleMoHcTpHpyeT 

npeKpacHYlO OPTOHOpMaJIhHOCTb BH'tJHCJIeHHHX co6cTBeHHHx BeKTopoB Ej 

(cpaBHHTe C er B KOHile naparpa<l>a 5). BHJI HaH.lleH xapaKTepHcTH'tJecKHH 

MHoro'tJJIeH det(mt - AI), H C npHMeHeHHeM naKeTa ROOTS [3] BH'tJH­

CJIeHH ero KOpHH. HHJKe, B JIeBOM cToJI6Ile, npHBe.lleHH HCXO.n;HHe aa.llaHHHe 

co6CTBeHHHe 3Ha'tJeHHJI. B npaBOM cToJI6Ile CTOJIT pellIeHHJI xapaKTepHCTH­

'tJeCKoro MHoro'tJJIeHa BH'tJHCJIeHHOH nJITH,llHarOHaJIbHOH MaTpHIlH mt. 

Given spectrum. Found spectrum. 
g:={0.96, sp:={0.959999999999521, 
1.96775244887701, 1.96775244887522, 
2.38196601125011, 2.38196601125278, 
3.2038204263768, 3.20382042653208, 
3.38196601125011, 3.38196601088368, 
3.7961795736232, 3.79617957432827, 
4.2038204263768, 4.20382042508211, 
4.61803398874989, 4.61803399114552, 
4.7961795736232, 4.79617957192296, 
5.61803398874989, 5.6180339889683, 
6.03224755112299, 6.03224755104145, 
7.03224755112299}. 7.03224755112361}. 
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9JIeMeHTLI g, sp COBna.n;aIOT C BOCLMLIO 3HaICaMH nOCJIe TO"tIIGI, 3.n;eCL TO"tI­

HOCTL PRECISION 15. TIPH YBeJIH"tIeHHH TO"tIHOCTH .n;o PRECISION 25 
3JIeMeHTLI g, sp COBna.n;aIOT C ceMHa.zmaTLIO 3HaKaMH nOCJIe TO"tIKH. HanpH­

Mep, Al = 0.9600000000000000000000001. MHTepecHo, "tITO npH 3TOM 

BpeMJI C"tIeTa He B03POCJIO. BH.n;HO, "tITO HaH.n;eHO pelIIeHHe 06paTHOH 3a.n;a"tIH. 

Initial with lines, found with errorbars Initial with lines, found with errorbars 

::~! !r:0J3 ~!:! l\t:~ti
0.15 -8.g '---'-----'-_'-----'----'--L---"lI 

o 2 4 6 8 10 12 0 2 4 6 8 10 12 
E1 (j) E7(j) 

Ha pHCYHKaX BLIlIIe npe.n;CTaBJIeHLI nepBLIH H Ce.ll:hMOH 6a3HCHLIe co6­

CTBeHHLIe BeKTOpLI HCXO.n;HOH H B03MYlUeHHOH CHMMeTpH"tJRLIX llJITH.n;HarO­

HaJ.IhHLIX MaTpHIl. 

TIpoBe.n;eHHLIH paC"tIeT HMeeT npHHIlHllHaJ.IhHOe 3Ha"tIemre. TIpe.n:napH­

TeJ.IhHLIe TeOpeTH"tIeCIGIe npHKH.lUCH npHBO.n;HJIH K JIO)KHLIM 3aKJIIO"tIeHlIJIM. 

Ra3aJIOCL, "tITO .n;OCTaTO"tIHO y.n;OBJIeTBOpHTL JIHlIIL "tIaCTL .n;OnOJIHHTeJILHLIX 

YCJIOBHH. B npoIlecCe BLI"tIl'ICJIeHHH BllJICHl'IJIaCL Heo6xo.n;HMOCTL BLInOJIHe­

HlIJI Bcex .n;OnOJIHl'ITeJ.IhHLIX YCJIOBHH. Ho 3Toro OKa3aJIOCL He.n;OCTaTO"tIHO. 

TIoCJIe TOrO KaK 6LIJIa pelIIeHa "nOJIHaJl" Cl'ICTeMa, CTaJIO BH.n;HO, "tITO nOCTpO­

eHHLIe "6a3l'ICHLIe" BeKTopLI He y.n;OBJIeTBOpJlIOT nOCJIe.n;HHM N ypaBHeHlIJIM 

cneKTpaJ.IhHOH Cl'ICTeMLI. PaC"tIeTLI nOKa3aJIl'I Heo6xo.n;HMOCTL nOCTaHOBIGI 

YCJIOBl'IH COrJIaCOBaHHOCTH. 

,l1;JIJI rro.n;TBep»UJ;eHlIJI CKa3aHHoro rrpl'IBe.n;eM 3Ha"tIeHlIJI rrepBoro H rrOCJIe­

.n;Hero co6CTBeHHLIX 3Ha"tIeHHH BLI"tIl'ICJIJleMOH llJITl'I.n;HarOHaJ.IhHOH MaTpl'IIlLI 

mt B rrpOMemYTO"tIHLIX paC"tIeTaX, Kor.n;a B Ka"tIeCTBe HCXO.n;HLIX 3Ha"tIemrH 

KOMrrOHeHT e2, e3, e4 BLI6l'IpaJIl'ICL COOTBeTCTBeHHO: 

a) KOMrrOHeHTLI HeB03MYlUeHHhIX 6a3l'ICHhIX co6CTBeHHhIX BeKTopOB ­

Al = 0.9665730234841419237367531, A12 = 7.028411685655399396123375; 
6) pelIIeHHe "rrOJIHOH cHcTeMLI" 6e3 Tpex rrOCJIe.n;Hl'Ix YCJIOBl'IH, o6eCrre"tIH­

BaIOlUl'IX opTOrOHaJ.IhHOCTL elO, en, eI2,­

Al = 0.9859537736356722366983022, A12 = 7.003158151728631308074687; 
B) pelIIeHl'Ie "rrOJIHOH Cl'ICTeMLI" 6e3 Y"tIeTa YCJIOBl'IH COrJIaCOBaHHOCTl'I ­

Al = 1.007636440404440543026414, A12 = 6.97504704940886626821059. 
PeaJIl'I30BaHHLIH "tIl'ICJIeHHLIH aJIrOpl'ITM HeycTOH"tIl'IB. AHaJIOrl'I"tJHhIH pac­

"tIeT C Al = 0.973 .n;aJI CTOJ.Ih me xopomHe pe3YJ.IhTaTLI, KaK l'I .n;JIJI Al = 0.96. 
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B TO BpeMH RaR IIpH Al = 0.97 H Al = 0.975 HTepan;HH MeTo.n;a HblOToHa 

paCXO.n;HTCH. 

7. OBII.1;I1M CJIYLIAM: ,n;OnOJIHHTEJIbHbIE YCJIOBHR, k(M, N) 

OpTOrOHaJIbHOCTb Be:RTOPOB eN+i, i = 1, ... , N, K BeKTopaM el, ,." eN+i-l 

CJIe.n;yeT H3 OPTOHOpMaJIbHOCTH BeRTopOB eI, ... , eN H OlIpe.n;eJIeHHH tei, uUi . 

I{poMe Toro, .n;OJDKHIiI BIiIIIOJIHHTbCH .n;oIIOJIHHTeJIbHIiIe YCJIOBHH: 

1, ... , N - 2, q = i + 2, .. " N, eN+i 1. eq; 

I .. 

L AJeieLI = UUi-1 (tei + tei-l), i 2, .'" N, eN+i 1. eN+i-l; 
j=l 

I " 
L AJe1e1-2 = UUi-IUUi-2, i = 3, .. " N, eN+i 1. eN+i-2; 
j=l 

~ \2 j j - 0 '- 4 N 1 '3 IL..." /\j ei e q - ,z - '" ., ,q = , .. " z - ,eN+i ..J.. eN+q' 
j=l 

IIycTb 06eCIIeQeHa opTOrOHaJIbHOCTb BeKTopOB eNp+i, i 1, .. " N, K BeK­

TopaM eI, .. " eNp+i-I' Tor.n;a.n;JIH opTOrOHaJIbHOCTH eN(p+I)+i, i = 1, .'" N, 
K BeRTopaM el, .. " eN(p+I)+i-1 .n;OJDKHIiI BIiIIIOJIHHTbCH CJIe.n;ylOm;ue .n;onOJIHU­

TeJIbHIiIe COOTHomeHHH: 

I . . 

L Aje}..rP+ie}vp+q = 0, i = 1, "" N - 2, q = i + 2, ... , N, eN(p+l)+i 1. eNp+q; 
j=l 

UUNp+i-1 (teNp+i + teNp+i-l), i = 2, .. " N, 

I . .
L Aje}YP+ie}Yp+q = 0, i = 4, ... , N, q = 1, .. , i - 3, eN(p+l)+i 1. eN(p+I)+q' 
j=l 

3.n;ecb 1:S; p :s; M - 2, I{or.n;a CHCTeMa .n;onOJIHHTeJIbHLIX YCJIOBHit HCIIOJIb­

3yeTcH .n;JIH onpe.n;eJIeHRH He.n;OCTalOIllHX KOMnOHeHT, B Hee lIo.n;CTaBJIHlOTCH 
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e~p+i KaK JIBHIile <PYHKI(lIlI rrepBhlX N KOMrrOHeHT 6a3lICHhlX C06CTBeHHhlX 

BeKTOpOB. 8TlI <PYHK1lIIlI JIerKO BhllIlICJIJIlOTCJI 113 rrpOCThlX peKyppeHTHhlX 

COOTHODIeHIIA: 

. . '.' . T 
A 1G6 + DIG{ = AjG6, G~ = [e:VP+l, ... , e:VP+N] , 

Dp- 1G~_2 + ApG~_1 + DpG~ = AjG~_h 2::; p ::; M - 1. 

B pe3YJThTaTe rro.n:CTaHOBOK rronylIalOTCJI rpOM03.llKlIe Bhlpa)l{eHlIJI. Mx MO)l{HO 

yrrpOCTIITb, IICrrOJTh3YJI orrpe.n:eJIeHlIJI tei, UUi , COOTHODIeHlIJI OPTOHOP­

MaJIbHOCTlI II rrpe.n:meCTBYlOmlie rpyrrrrhl .n:orrOJIHlITeJIbHhlX rrpeo6pa30BaH­

HhlX yCJIOBlIA. TaK 6hlJIli rronylIeHhl rrpOCThle .n:orrOJIHIITeJIbHhle YCJIOBIiJI (CM. 

rraparpa<p 2). 
,Il;JIJI M = 3, N = 4 rrepBhle KOMrrOHeHThl 6a3lIcHhlx co6cTBeHHhlx BeK­

j . 1 1 j jTOPOB ell J = , ... , , 3a.n:alOTCJI rrpOlI3BOJThHO, a e2, ... , el orrpe.n:eJIJIlOTCJI 

lI3 peDIeHlIJI CIiCTeMhl. B o6meM cnylIae k rrepBhlX KOMrrOHeHT 6a3lIcHhlx 

co6CTBeHHhlX BeKTopOB e{, ... ,eL j = 1, ... ,1, 3a.n:alOTCJI rrpOlI3BOJThHO, a 

e~_k' ... , e~ orrpe.n:eJIJIlOTCJI lI3 peDIeHIIJI ClICTeMhl. ECTecTBeHHo rrpe.n:rro­

JIaraeTCJI, lITO BeKTophl el, ... , ek OPTOHOpMaJThHhl. l..JIICJIO k .n:OJl)l{HO 

y.n:OBJIeTBOpJITb COOTHODIeHlIlO 

N + (N -1)2(M _ 1) + (N _ k) + (N - k)(~+ N - 1) ::; (N - k)NM. 

JIeMMa. IIycm'b Xl - MeU'bw,uu U3 J6yX nOAO:JICUmeA'bU'blX 'lCopueu MUO­

eO'ltAeUa 

P(X) = x2 - (2MN - l)x + N(N 3) + 2(2N l)(M -1). 

Toeaa k ecm'b 'l,(eAa,a, 'ltacm'b X}, k = [xI]. 

TaK, .n:JIJI M = 3, N 4 MeHbDIlIA KopeR£, Xl = 1,48... , k = 1. A .n:JIJI 

M = 4, N = 7 MeHbDIlIH KopeHb Xl = 2 II k = 2. 
B o6meM cnylIae lIMeeM XI,2 = M N - 1/2 =F Vd, r.n:e 

d = (MN - ~)2 - N(N - 3) - 2(2N - l)(M 1). 

,Il;JIJI N 2: M 2: 3 crrpaBe.n:JIlIBO COOTHODIeHlIe (MN - ~)2 > d > 3N2
• 

TaK lITO o6a KOPHJI rrOJIO}KlITeJThHhle II X2 > 3N. 
TIpolI3BO.llJl 3JIeMeHTapHhle rrpeo6pa30BaHlIJI, rronylIaeM, lITO .n:JIJI 

N 2: M ~ 3 crrpaBe.n:JIlIBhl COOTHODIeHlIJI: 

P(l) = 2(N - l)(M - 2) + N(N - 3) 2: 4, 
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P(N) -2N - 2(N - 1)2(M - 1) < O. 


OTCIO,lla CJIe,llyeT, "tITO 1 < Xl < N, 1 :S k < N. 
B cJIy"tIae M = N = 2 HMeeM Xl = 0.62... , X2 = 6.37... , k = O. 

HaKOHell,,llM M = 2, N = 3 nOJIHHOM P HMeeT KOpHH X I 1, X2 10 
H 3Ha"tIHT k 1. 

CJIe,llOBaTeJIhHO,,llM N 2:: M 2:: 2, 3a HCKJIIO"tIeHHeM j\,f = N = 2 , 
"tIHCJIO npOH3BOJIhHO 3a,llaBaeMhIX KOMnOHeHT He MeHhIIIe 1 (,llM Ka>K,lloro 

6a3HcHoro co6cTBeHHoro BeKTopa). Ho Bce N KOMnOHeHT He MoryT 6hITh 

3a,llaHhI npOH3BOJIhHO k < N. TaK "tITO BCer,lla npHXO,llHTClI pelliaTh CHCTeMY 

,llM onpe,lleJIeHIDI N - k He,llOCTaIOlI.(HX KOMnOHeHT. 

3AMEQAHME. I1ocTpOeHHalI B03MYlI.(eHHalI CHMMeTpH"tIHM nlITH,llHa­

rOHaJIhHalI MaTpHlla C COOTBeTcTByeT ,llHCKpeTHOMY ypaBHeHHIO IIIpe,llHH­

repa C HeJIOKaJIhHhIM nOTeHIlHaJIOM [6]: 

tPi-l,j - 2tPi,j + tPi+I,j _ 1j'i,j-1 - 2tPi,j + tPi,j+1 + u- _,,/. __ + 
h2 h2 Z) 0/2) 

X Y 

+~ijtPi+l,j + ~i-l,j1j'i-l,j + TJijtPi,j+1 +T/i,j-ItPi,j-1 = >..1j'i,j. 

8JIeMeHThI MaTpHllhI C (CM. CTp. 3) cO,llep>KaT Oi, Ui, Vi, KOTophIe onpe­

,lleJI1IIOT 3JIeMeHThI HeJIOKaJIhHOrO nOTeHIlHaJIa 

BbIBO,llbl. KOHKpeTHhIH paC"tIeT n03BOJIHJI ,llO KOHlla npOlICHHTh nOCTa­

HOBKY 06paTHOR 3a,lla"tIH ,llJI1I ,llBYMepHoro ,llHCKpeTHoro ypaBHeHHlI IIIpe­

,llHHrepa. CHMMeTpH"tIHalI nlITH,llHarOHaJIhHalI MaTpHlla MO>KeT 6hITh BOC­

CTaHOBJIeHa no 3a,llaHHOMY cneKTpy H nepBhIM k( M, N) KOMnOHeHTaM,llJI1I 

Ka>K,llorO 6a3HCHoro co6CTBeHHoro BeKTopa. 8JIeMeHThI MaTpHllhI BMeCTe C 

He,llOCTaIOlI.(HMH KOMnOHeHTaMH e1, i = N - k, ... , N, j 1, ... , M N, MoryT 

6hITh onpe,lleJIeHhI H3 pellieHIDI CHCTeMhI rrOJIHHOMHaJIhHhIX ypaBHeHHH. B 
cHcTeMY BXO.ll1IT YCJIOBIDI opTOrOHaJIhHOCTH ei, i = N k, ... , N K npe,ll­

IIIecTBYIOlI.(HM BeKTopaM e}, .,', ei-l , YCJIOBHlI HOpMHpOBKH Ileill 1, ,llO­

rrOJIHHTeJIhHhIe YCJIOBIDI, o6eCrre"tIHBaIOlI.(He opTOrOHaJIhHOCTh BeKTopoB e~, 

~ N + 1, ",,1 K rrpe,llIlIeCTBYIOlI.(HM el, .. " e~-l, YCJIOBIDI COBMeCTHOCTH, 

06eCrre"tIHBaIOlI.(He BhInOJIHeHHe N HH>KHHX ypaBHeHHR cneKTpaJIhHOH 3a­

,lla"tIH, H, HaKOHell, COOTHOIIIeHHlI, orrpe,lleJI1IIOlI.(He 3JIeMeHThI MaTpHllhI "tIepe3 

co6CTBeHHhIe 3Ha"tIeHH1I H KOMrrOHeHThI 6a3HCHhIX co6CTBeHHhIX BeKTopOB, 
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3AKJIlOtIEHME. I1pHHomy 6JIarO.n;apHOCTb B.H.3axapbeBY 3a rrOCTa­
HOBKY 3a.n;aQH. I1pHHomy 6JIarO.n;apHOCTb H.C.BaXBaJIOBY H E.I1JRH.n;KOBY 
3a rrOJIe3HHe o6cy»<,n;eHIDI HrrO,ll.l1;ep)I{KY. I1pHHomy 6JIarO.n;apHOCTh M.I1aBJIy­
my 3a COTp)'.1lHHQeCTBO BHaQaJIhHOH CTa,1J;HH HCCJIe.n;OBaHHH. I1pHHomy 6JIa­
ro.n;apHOCTh A.A.BorOJI106cKOH, H.C.3aHKHHY, B.M.Kopo6oBY, r.B.Kopo6o­
BOH, B.A.POCTOBII;eBY, A.M.ParropTHpeHKO, B.A.CTerraHeHKO, T.A.CTpHiK, 
E.I1.lOKaJIoBoH 3a KOHCYJIbTaII;HH H rrOMOmb Ha .n;JIHHHOM rryn! B rrOHCKe 
pemeHIDI 3a.n;aQH. 
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Cep,QIOKoBa C.H. PI 1-2000-57 
06paTHrui 3a,Qaqa ,LJ,JUI ,QBYMepHoro ,QHCKPeTHOro ypaBHeHHjI 
Wpe,QHHrepa 

Jlnjl ,QByMepHoro ,QHcKpeTHoro ypaBHeHHjI Wpe,QHHrepa peWaeTCjl KpaeBrui 3a,Qaqa 
B npjlMoyroJIbHHKe M x N, M ~ N, CHYJIeBblMH rpaHHqHbIMH YCJIOBUjlMH. B :nOH pa60Te 
YCTaHOBJIeHO, qTO 06paTHrui 3a,QaQa CBO,QHTCjI K nocTpoeHHIO cHMMeTpHQHOH rulTH,QHa­
roHaJIbHOH MaTpHUbl C no 3a,QaHHOMY cneKTpy H nepBblM k(ft1, N), 1~ k < N, KOMno­
HeHTaM .LJ.JIjI KaJK.lJ.Oro 6a3HcHoro c06cTBeHHoro BeKTopa. MaTpHua C HMeeT JIaKYHY Me­
JK.llY BTOPOH H (N + I)-H ,QHaroHaJIjlMH. B pe3YJIbTaTe nepBble N KOMnOHeHT 6a3HcHLIx 
co6cTBeHHblx BeKTOPOB ,QOJIJiKHbl Y,QOBJIeTBOpjlTb CHCTeMe (N - 1)2 (ft1 - 1) ,QonOJIHHTeJIb­
HblX YCJIOBHH H N YCJIOBHH comaCOBaHHQCTH. 3JIeMeHTbi C onpe,Qe.rIjlIOTCjI COBMeCTHO C 
«He,QOCTaIOIllHMH» (N - k) KOMnOHeHTaMH H3 peWeHHjI CHCTeMbl nOJIHHOMHaJIbHblX 
ypaBHeHHH, B KOTOPyro Hapjl,QY C YCJIOBUjlMH OPTOHOPMaJIbHOCTH, ,QonOJIHHTeJIbHbIMH 
YCJIOBHjlMH H YCJIOBUjlMH comaCOBaHHOCTH BXOJUlT COOTHOWeHUjI, onpe,Qe.rIjlIOIllHe ::me­
MeHTbI MaTPHUbl C Qepe3 c06CTBeHHbie 3HaQeHHjI H KOMnOHeHTbl 6a3HCHbiX c06CTBeH­
HblX BeKTopOB. ilOCTaHOBKY 3a,QaQH Y,QaJIOCb npOjlCHHTb ,QO KOHua B npouecce KOHKPeT­
HblX paCQeTOB. BblBO,Q H peweHHe rpOM03,QKHX nOJIHHOMHaJIbHblX CHCTeM npOBO,QHJIHCb 
Ha SPP C npHMeHeHHeM CAS REDUCE 3.6. 

Pa60Ta BblllOJIHeHa B JIa60paTopHH BblQHCJIHTeJIbHOH TeXHHKH H aBTOMaTH3aUHH 
OM51I1. 

npenpHHT 06DeJlHHeHHoro HHcTHTyra IIJlepHblX HCCJle)lOBaHHH. .rIy6Ha, 2000 

ilepeBOJl aBTopa 

Serdyukova S.I. PI 1-2000-57 
Inverse Problem for Two-Dimensional Discrete Schrodinger Equation 

For two-dimensional discrete Schrooinger equation the boundary-value problem in 
rectangle M x N with zero boundary conditions is solved. It's stated in this work, that 
inverse problem reduces to reconstruction of C symmetric five-diagonal matrix with 
given spectrum and given first k(M,N), I ~ k < N, components for each of basic eigen­
vectors. C matrix has lacuna between the second and (N + l)-th diagonals. As a result 
the first N components of basic eigenvectors must satisfy (N - 1)2 (M - 1) additional 
conditions and N conditions of compatibility. The elements of C together with «lack­
ing» (N - k) components can be determined by solving the system of the additional 
conditions, the compatibility conditions and the orthonormality conditions coupled 
with relations determining elements of C matrix by eigenvalues and components of ba­
sic eigenvectors. We succeeded to clear the statement of the problem to the end in the 
process of concrete calculations. Deriving and solving the huge polynomial systems 
had been performed on SPP by using CAS REDUCE 3.6. 

The investigation has been performed at the Laboratory of Computing Techniques 
and Automation, JINR. 
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