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BBEllEHHE 

PaCCMaTpHBaCTCli KpaCBali 3a.ua'la Ha nOnYOCH [0, (0) .unll 06b1KHOBCHHOrO .uH<P

<pCPCHUHaJlbHOrO ypaBHcHHlI BTOpOro nOpll.uKa C pcrynllpHoH OC06CHHOCTbIO B Hync 

H HppcrynllpHoH OC06CHHOCTbIO Ha 6CCKOHC'lHOCTH. PCWaCTCli np06ncMa onpc.uc

nCHHlI C06CTBCHHblX 3Ha'lCHHH H c06cTBcHHblx <pyHKUHH TaKOH 3a.ua'lH. llnll :noro 

6CCKOHC'lHbIH HHTCPBaJI [0, (0), KaK npaBHnO, 3aMCHlICTCli KOHC'lHbIM OTPC3KOM [0, R], 
ycnoBHc H3 6CCKOHC'lHOCTH nCpCHOCHTCli B TO'lKY R, nocnc 'lcro HaXO.ullTCli C06CTBCH

HbIC 3Ha'lCHHlI H C06CTBCHHbIC <pyHKUHH KpaCBOH 3a.ua'lH Ha 3TOM OTpC3KC. B pC3ynb

TaTC 3aMCHbI HCXO.uHOH 3a.ua'lH Ha [0,(0) 3a.ua'lCH Ha [0, R] B03HHKaCT nOrpCWHOCTb: 

HaH.uCHHbIC C06CTBCHHbIC 3Ha'lCHHlI H C06CTBCHHbiC <PYHKUHH OTnH'lalOTCli OT HCKO

MblX. 3Ta nOrpCWHOCTb CTPCMHTCli K Hymo npH R --t 00. B [1] palpa60TaH MCTO.u 

3KCTpanonllUHH no napaMCTpy R, n03BonlilOlllHH nOBbIwaTb TO'lHOCTb onpc.ucnCHHlI 

HCKOMbIX C06CTBCHHbIX 3Ha'lCHHH 1'1 C06CTBCHHblX <PYHKUHH 6C3 CYlllCCTBCHHOro yBC

nH'lCHHlI .unHHbI OTpC3Ka HHTcrpHpOBaHHlI. 

Y'lCT CBOHCTB PalHOCTHOH CXCMbI, ncnonb3ycMoH .unll HaXO)l(.uCHHlI C06CTBCHHbIX 

3Ha'lCHHH H C06CTBCHHbIX <PYHKUHH 3ana'ln Ha [0, R], n03BonliCT 06bc.uHHHTb 3KC

TpanonllUHIO no napaMc:rpy R H 3KCTpanonllUHIO PH'lap.ucoHa no napaMCTpy .uHC

KpCTH3aUHI'I. 

OTMCTHM, 'ITO Hccnc.uOBaHHC cHHrynllpHbIX .uH<p<pcpCHUHanbHbIX oncpaTopOB (B 

TOM 'lHCnC oncpaTopOB, 3a.uaHHbIX Ha 6CCKOHC'lHOM HHTcpBanc) lIBnllCTCli Ba)l(HOH 

3a.ua'lCH KBaHTOBOH McxaHUKH. MMCCTC}I MHoro pa60T, nOCBlIlllcHHbIX TaKI1M UC

cnenOBaHliliM. Hanpl1Mep, B [2, 3] pa3pa6aTbIBalOTcli MeTonbI 'lHCnCHHoro PCWCHHlI 

nonllpoHHbIX 3ana'I. ITpennaracMali B HacTolllllcH pa60Tc MCTo.uHKa nOBbIWCHlJlI TO'I

HOCTn 'lHcnCHHbIX peweHHH MO)l(CT 3<P<PCKTHBHO npuMcHlITbCli B TaKHX 3aJl,a'lax. 

1. 	 ITOCTAHOBKA 3AllA4M 

PaCCMOTpHM ypaBHeHue 

uTI - [,\ + q(x)] u = 0 	 (1.1 ) 

Ha nOJIYOCH [0, +(0), rne q,YHKUHlI q(x) ynoBneTBoplieT cnenYlOlllHM Tpe60BaHlJlIM: 

1) 	 €PYHKUHlI q(x) HenpepblBHa upn x > 0; 

2) 	 €PYHKUUlI x2q(x) ronoMopqma B TO'lKe x = 0, npU'leM Jim x2q(x) 2:: 0; 
:1:-+0 

3) 	 q(x) --t 0 npn x --t +00, npn'leM npH Bcex nOCTaTO'lHO 60nblUUX 3Ha'ieHUliX x 
q,YHKUllli q(x) MOHOTOHHa u ynoBneTBoplieT HepaBeHCTBY q(x) ::; -(1+t:)/{4x2

) ,; 

nnll HeKOToporo t: > 0; 

4) 	q(x) e/x + O(1/x2
) npH x --t +00, rIIC e ::; O. 

Tpe6YCTC}I HaHTU Te 3Ha'leHUli ,\ (co6CtnBemtble 31ta1leHUR), npll KOTOPbIX ypaBHcHuc 

(1.1) HMeeT HeTpHBHanbHbIe peweHHlI (co6cmBeH1tble !PYHK'ijUU), ynoBneTBoplilOlllue 
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KpaeBbIM ycnoBlulM 

u(O) = 0 , (1.2) 
U(+oo) = 0 . (1.3) 

B [1] .n;OKa3aHa TeopeMa cymecTBoBaHIUI co6cTBeHHblx 3HaqeHHH H co6cTBeHHbIX 

Q>YHKUHH nocTaBneHHoH 3a.n;aqH. 

TeopeMa 1. lIpu cdeAaUUb&X omuocumeAbUO q(x) npednOAO:HCeUWIX 1-3 3ada"l.a 
(1.1), (1.2), (1.3) UMeem co6cm6eUUb&e 3Ua"l.eUWI u co6cm6euubze (/jyutctfU':U, npU"l.eM 
6ce ee co6cm6euubze 3Ua"l.eUUR npocmb,e, nOAO:HCUmeAbUbze u 06pa3Y1Om 6eC1COUe"l.
UY10 y6bz6a1OutY1O nocAedo6ameAbuocmb Ab A2, ... , An,' .. c eduucm8ewHoTl npedeAb
uoil mO"l.1Coil A = 0, a co6cm8euuaR (/jyn1C'qWI un(x), Om8e"l.a101.4aJI co6cm6eunoMY 
3Ua"l.enU1O An, 'U.Meem 6 UUmep8aAe 0 ~ X < 00 6 mO"l.nOCmU n nYAeTl. 

PaCCMOTpHM Tenepb ypaBHeHHe (1.1) Ha KOHeqHOM OTpe3Ke [0, R], ['.n;e R npe.n;

nona['aeTCSl .n;OCTaTOQHO 6onhlliHM, a q(x) y.n;OBneTBopSleT ycnoBHSlM 1-4. KpaeBoe 

ycnoBHe (1.2) OCTaBHM 6e3 H3MeHeHHH, a ycnoBHe (1.3) 3aMeHHM HeKOTOpblM ycno
BHeM B Bbl6paHHoH HaMH TOQKe R. Bocnonh3yeMcSl .n;nSl 3TOro H3BecTHOH acHMnTQ

THKOH HCKOMOH co6cTBeHHoH Q>YHKUHH: 

u{x) = e-.fixx -C/(2V).) [1 + 0 (l/x)] , x --+- 00 

(CM. [4], c. 157), H nOCTaBHM B TOQKe R KpaeBoe ycnoBHe 

y'(R) + [v'X + c/(2v'XR)] y{R) = 0 (1.4) 

(CM. [1]). lInSl 3a.n;aQH Ha OTpe3Ke [0, R] TaK:lKe .n;OKa3aHa TeopeMa cymecTBoBaHHSl 

co6cTBeHHblx 3HaQeHHH H co6cTBeHHblx Q>YHKUHH. 

TeopeMa 2. lIpu doemamo"l.uo 60AbWOM 3Ua"l.enUU R 3ada"l.a (1.1), (1.2), (1.4) 
'U.Meem tcone"l.uoe "l.UeAO (amo "l.UCAO meM 6oAbwe, "l.eM 60Abwe R) nOAOllCumeAbnb&X 

u (R) (R) (R) (R) s:: 6 co 6em8eUUb&X 3Ua"l.eUUU JLI ,JL2 , ... , JLn , ... , JLN , 1Comopbze oupa31J1Om Y bJBa1O
1.4Y1O noeAedo6ameAbuoemb, a eo6em6eUnaJI (/jyUtcqWI y~R)(x), Om8et4a101.4aJI eo6
em6eUUOMY 3Ua"l.eUU1O JL~R), UMeem 6 uumep8a.n..e 0 ~ x < R B mo"luocmu n UYAeTl. 

By.n;eM CQHTaTb co6CTBeHHble q,YHKUHH un{x) 3a.n;aQH (1.1), (1.2), (1.3) Ha no

nYOCH H COOCTBeHHble q,YHKUHH y~R)(X) 3a,n;aQH (1.1), (1.2), (1.4) Ha OTpe3Ke {O, RJ 
HOpMHpOBaHHblMH cne.n;ylOmHMH ycnOBHSlMH: 

00 

/ U; (x) dx = 1 , (1.5) 
o 
R

'\,.... 

/ (y~R)(X»)2 dx + 
o 

00 

+ (y~R)(R»)2 e2v'p.~R)RRC/.;;J!fi / e-2v'~R)Xx-c/.;;J!fidx = 1 . (1.6) 
R 
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B (1) .llOKa3aHO, l.fTO c06cTBeHHhle 3Hal.feHHR H c06cTBeHHhle <PYHKUHH 3a.llal.fH Ha 

OTpe3Ke [0, R] npH R -t 00 cTpeMRTcR K c06cTBeHHhIM 3Hal.feHHRM H c06cTBeHHhIM 

<PYHKUHRM HCXO.llHOH 3a.llal.fH Ha nOJlyocH. TIPH 3TOM f..L~R) -t An, H y~R)(x) -t un(x), 
'TO eCTh c06CTBeHHhIe 3Hal.feHHR H c06CTBeHHhle <PYHKUHH 3a.llal.fH (1.1), (1. 2), (1.4) 
CXO.llRTCR K coomaemcmaY1OW/UM HM c06CTBeHHhIM 3Hal.feHHRM H c06CTBeHHhIM <PYHK

UHRM 3a.llal.fH (1.1), (1.2), (1.3) (cooTBeTcTBHe Me2K.llY c06CTBeHHhIMH 3Hal.feHHRMH 

f..L~R) H An H Me>KJlY c06CTBeHHhIMH <PYHKUHRMH y~R)(X) H Un{X) YCTaHaBJlHBaeTCR no 

l.fHCJlY HYJleH 3THX c06CTBeHHhIX <PYHKUHH B HHTepBaJlaX [0, R) H [0, 00) COOTBeT

cTBeHHo). 

TeopeMa 3. llycmb R iJocmamo'tl.no aeAU'll;O, ma'll; 'tl.mo cYttJ,ecmaY1Om nOAO'JICU
meAbnoe co6cmaewuoe ana'tl.enue f..L~R) U co6cmaennaa fPyn'll;'U;u.H y~R)(X) aaiJa'tl.u (1.1), 
(1.2), (1.4), coomaer(tcmeY1OttJ,ue co6cmeennoMY ana'tl.enU1O An U co6cmeennou. fPyn'll;
'U;UU un(x) aaiJa'tl.U (1.1), (1.2), (1.3), U nycmb co6cmeennb~e fPyn'll;'U;uu Un{X) U y~R)(X) 
nopMupoeanbl YCAOeU.HMU (1.5) U (1.6) coomeemcmeenno. 

T02iJa npu R -t 00 UMe10m Mecmo paaAO'JICenU.H 

= 	 An + 1J(An)t5 (R, f..L~R») [1 + 0 (IIR)] (1.7) 

Un(X) + v(x, An)t5 (R, f..L~R») [1 + 0 (IIR)] , (1.8) 

clVJi(clVJi + 2)J 
4R2 ' 

OTClO.lla BH.llHO, l.fTO c06CTBeHHhIe 3Hal.feHHR H c06CTBeHHhIe <PYHKUHH 3a.llal.fH 

Ha OTpe3Ke [0, R] TeM 6JlH2Ke K HCKOMhIM, l.feM 60Jlhllle R (6JlH30CTh c06CTBeHHhIX 

<PYHKUHH: nOHHMaeTCR B CMhICJle HX 6JlH30CTH B paBHOMepHOH: HOpMe). 

MeTO.ll YTOl.fHeHHR c06cTBeHHhlx 3HaqeHHH H c06cTBeHHhIx <PYHKUH", OCHOBaHHhIH 

Ha 3KCTpanOJlRUHH no napaMeTpy R, COCTOHT B CJle.llYlOlUeM. 

TeopeMa 4. llycmb Rl U R2 iJocmamo'tl.no aeAU'll;U, ma'll; 'tl.mo cyttJ,ecmaY1Om 
f..L~Rl), y~RI) U f..L~R2), y~R2) co6cmeennb~e ana'tl.enu.H U co6cmeennb~e fPyn'll;'ijuu aaiJa

'tl.U (1.1), (1.2), (1.4) na ompe3'll;ax [0, RIJ U [0, R2] coomeemcmeenno (R2 > R1), 
.HeA.H1OttJ,ueC.H npU6AU'JICenU.HMU iJA.H co6cmeenno2o ana'tl.enu.H An U co6cmaennou. fPyn
?l;'U;UU un(x) aaiJa'tl.U (1.1), (1.2), (1.3). llycmb, 'll;pOMe m020, onpeiJeAen napaMemp 

! 

npU'tl.e.M a f:: 1.1 
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T02aa Jl.tmeU71ble ?';oM6u71a'ijuu 

J.L~R2) 

1 

0:J.L~R2) 

0: 
(1.9) 

y~(x) = 
y~R2)(X) _ o:y~Rt}(X) 

1-0: 
x E [0, Rd , (1.10) 

npu6Jl.u:»ca'lOm An UUn(X) coom6emCm6e71710 C n02peW710CmHMU 

EcnH 3allaqa (1.1), (1.2), (1.4) pewanaCb 60nee qeM llBa pa3a, npouecc YTOqHeHHjI 

MOJKHO npOllOnJKHTb (CM. [1]), qTO npHBOllHT K ll8J1bHeHweMY nOBbIllleHHIO TOqHOCTH 

onpelleneHHjI c06CTBeHHbIX 3HaqeHHH H c06CTBeHHbIX $YHKUHH 3allaqH (1.1), (1.2), 
(1.3). 

2. Y4ET TIOrPEIllHOCTH P A3HOCTHOH CXEMbI 

3allaqy (1.1), (1.2), (1.4), KaK npaBHno, npHXOllHTCjI pelllaTb qHCneHHO, Hcnonb

3YjI KaKOH-nH60 pa3HOCTHbIH MeTOll. YqeT CBOHCTB Hcnonb3yeMoH pa3HOCTHOH cxeMbI 

n03BOnjleT npOH3BOllHTb a6yxnapaMempU1tect;y'lO 3?';cmpanoJl..H'ijU'IO: no napaMeTpy R, 
KaK onHcaHO BbIwe, H no napaMeTpy llHCKpeTH3aUHH h, KaK 3TO llenaeTCjI B H3BeCT

HOM MeTOlle PHqapllCOHa (CM. [5]). 
TIYCTb, HanpHMep, llnjl pellleHHjI 3a.uaqH (1.1), (1.2), (1.3) Ha oTpe3Ke [0, R] BBe

lleHa paBHOMepHag ceTKa C lllarOM h H Hcnonb3yeTCjI Pa3HOCTHajl cxeMa BToporo 

nOpjlllKa TOqHOCTH (CM. [6]). B 3TOM cnyqae nonyqaeMbIe qHCneHHO c06CTBeHHoe 

3HaqeHHe J.L~R,h) H c06CTBeHHajl $YHKUHjI y~R,h)(X) npH h -+ 0 CBSI3aHbI C c06CTBeH

HbIM 3HaqeHHeM J.L~R) H c06cTBeHHoH $YHKUHeH y~R)(x) 3allaqH (1.1), (1.2), (1.3) 
cnellYIOLUHMH COOTHOWeHHjlMH (CM. [5], c. 98-120]): 

J.L~R,h) = J.L~R) + U (J.L~R») h2 [1 + 0 (h2)] , 


y~R,h)(x) y~R)(X) + W (x, J.L~R») h2 [1 + 0 (h2)] 


rlle x - OllHa H3 TOqeK ceTKH, a u (J.L~R») H W (x, J.L~R») He 3aBHCjlT OT h. 
OTClOlla C yqeTOM pa3nO:>KeHH" (1.7) H (1.8), npeHe6perag BenHqHHaMH nopSIllKa 

IJ.L~R) Anl·IJ.L~R,h) - J.L~R)I, nonyqHM cnellYlOlllHe pa3nOJKeHH.sI:: 

J.L~R,h) An + 


+ 71{An)() (R, J.L~R,h») [1 + 0 (1/R)] + 


+ U(An)h2[1+0(h2)] , 

y~R,h)(X) 	 Un{X) + 


+ v(x, An)() (R, J.L~R,h») [1 + 0 (1/R)] + 


+ w(x, An)h2 [1 + 0 (h2)J ' 
npH R -+ 00 H h -+ O. 
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MeTo.L1 YToqHeHJUI C06CTBeHHbIX 3HaqeHHH H C06CTBeHHbIx q,YHKUHH, OCHOBaHHbIH 

Ha OaUOepeMeUUOU 3KCTpanomlUHH no napaMeTpaM R H h, 3aKJlIOqaeTC.sI B cne.L1YIO

meMo 

TeopeMa 5. llycmb UMe'lOmCR co6cmeeuuble 3Ua"leUUR J-t~Rl,h), J-t~Rl)h/2), J-t},R2 ,h) 
U co6cmeeuuble PYUK'l-'tUU yiR1,h)(x), yiRJ,h/2) (x), y~R2,h)(x). llycmb napaMemp a 

(a 1:- 1) onpeae.aeu no popMy.ae 

a 0 (R2' J-t~R2,h»)lo (Rl' J-t~Rl,h») . 

Toeaa .auueUUb&e KOM6uua'l-'tuu 

IJ(R2,h) _ 1/(RJ,h) 411(RI,h/2) _ I/(Rl,h) 

~n ~n + ~n ~n (2.1)

I-a 3 
y~R2,h)(x) _ yiRllh} (x) + _4y--'.i=-R_I,h_/_2)...;.(X_)~_y...:..:iR...;.I_,h_)..;..(x..:;...)

y~(x) (2.2)
1- a 3 

npu6.au:»ca'lOm An U Un(x) coomeemcmeeuuo C noepeUJ,UocmRMU 

IJ-t~ Ani = 0 (1J-t~R2,h) - AnlIRl) + 0 (h4) , 


Ily~-unll = O(lly~R2,h)-un"IRl)+O(h4). 


llOK8.3aTeJIbCTBO. I10.L1CTaBHB pa3nO)KeHH51 lW.sI J-t~Rllh) H J-t~R2,h) B nepBylO qaCTb 

q,opMynbl (2.1), nonyqHM 

I/(R2,h) _ I/(RI,h) 
~n ~n _ 

I-a 

o (R2' J-t~R2Ih») [1 + 0 (11R 2)] - 0 (RI, J-tiRl,h») [1 + 0 (11 Rt)] 
7J{An) 1 - a : 

I10n:CTaBn5151 pa:mO)KeHH51 n:n51 J-t~RJ,h/2) H J-t~RI,h) BO BTOPYIO qacTb q,opMynbI (2.1) H 

npeHe6pera51 BenHqHHaMH nop.sl.L1Ka 1J-t~R) '\nl'IJ-t~R,h) J-t~R)I, nonyqaeM 

4J-t(Rl,h/2) J-t(Rt,h) 
n 3 n = An + 7J(An)O (Rl' J-t~Rl,h») [1 + 0 (11 R 1 )] + 0 (h4) . 

I103TOMY 

J-t~ An + 

A ) 0 (R2' J-t~R2,h») [1 + 0 (11 R2)] - ao (Rl) J-t~R!'h») [1 + 0 (11 RI)]
(+ 7J n I-a + 

+ 0 (h4) . 

BTopoe cnaraeMOO B nocne.nHeM Bblpa:IKeHHH, KaK 6b1no .L10K8.3aHO B TeopeMe 4 (CM. 

[1]), HMeeT nOp5l.L10K 0 (1J-t~R2,h) - AnIIR1). OTclOlla 

J-t~ = An + 0 (1J-t~R2,h) - AnllRl) + 0 (h4) 
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AHaJIOnp·IHO llOKa3blBaeTCH YTBep)KJleHHe TeOpeMbI OTHOCTHTe.TIbHO C06CTBeHHblX 

q,YHKUHU. TeOpeMa llOKa3aHa. 

OTMeTHM, qTO q,0PMY.TIbl (2.1) H (2.2) HBmnOTCH 0606LUeHHHMH KaK q,opMyn (1.9) 
H (1.10), onHCbIBaIOLUHX 3KCTpanO.TIHUHIO no R, TaK H H3BeCTHblX q,opMyn PHlIapll

COHa, onHCbIBaJOLUHX 3KCTpanO.TIHUHIO no h. 

3. flPHMEP 

PaCCMOTpHM B KaqeCTBe npHMepa C.TIellYIOLUYIO 3allallY (onpelleneHHe c06cTBeH

HblX 3HaqeHHU 3HeprHH H pallHanbHblX BO.TIHOBblX q,YHKUHH aTOMa BOllopolla): 

u" (A - 2/x + 2/X2) U = 0, u(O) = 0, u(oo) = 0 . (3.1) 

2C06CTBeHHble 3HaqeHHH H co6cTBeHHbIe q,YHKUHH 3TOH 3allallH H3BeCTHbI: 

1/{n + 1)2 , (3.2) 

4 -x/(n+l) 2 ~ (2x)kun{X) e x L-ak -- (3.3)
(n + 1)3 k=O n + 1 

rlle 

k-n 
aO = ~Jn(n + l)(n + 2) , ak = ak-l k(k + 3) , 


k = 1,2, ... , n - 1, n 1, 2, . .. . 


COOTBeTCTBYIOLUeu eH 3~aqeU Ha oTpe3Ke [0, R] 6YlleT CnellYIOLUaH: 

y" - (J.L 2/x + 2/X2) Y = 0 , (3.4)
y(O) = 0, y'{R) + [v'P 1/(v'PR)] y(R) = 0 . 

ll.TIH lIHC.TIeHHOrO onpelle.TIeHHH c06cTBeHHblx 3HalleHHH H c06cTBeHHblx q,YHKUHH 3a

llallH (3.4) BBelleM Ha OTpe3Ke [0, R] paBHOMepHYIO ceTKY {Xk = kh, k = 0, ... , N} 
C IIlarOM h R/N H nOCTpOHM Pa3HOCTHYIO cxeMY BTOpOro nopilllKa TOllHOCTH (CM., 

HanpHMep, [6], c. 93-94): 

BlYl + Y2 0, 
Yk-l BkYk + Yk+l 0, k 2, ... , N - 1 , (3.5) 

{3YN-l + YN 0, 

rlle 

Ric = 2+h2(J.L-2/Xk+2/x~), k=I, ... ,N-l, 

{3 [1 + h (v'P - 1/(v'PR)) + h2/2 (J.L - 2/R + 2/R2)]-l 
00 

2npHBOWlTCJI CoOcTBeHHhle 4>ymanm, BOpMHpOBaHHWe YCJIOBBeM J u~(z)dz = 1. 

o 
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Co6cTBeHH.DIe 3Ha"leHHjI pa3HOCTHOH 3a.n;a"lH (3.5) BbI"IHCnjllOTCjI KaK KOpHH xapaK-

TepHCTH"IecKoro ypaBHeHHjI 

-Bl 1 0 0 0 0 
1 -B2 1 0 0 0 
0 1 -B3 0 0 0 

det =0. 

0 0 0 -BN  2 1 0 
0 0 0 1 -BN  1 1 
0 0 0 0 -(3 1 

llnjl 0.n;H03Ha"lHOrO onpe.n;eneHHjI co6cTBeHHblx <PYHKUHH MO)l(HO nocTaBHTb, HanpH

Mep, cne.nYJOlllee ycnoBHe HOPMHPOBKH: 

r.n;e Xk - 3apaHee Bbl6paHHaJI TO"lKa ceTKH, a Un(Xk) - 3Ha"leHHe TO"lHOH c06cTBeH

HOH <PYHKUHH (3.3) B :nOH TO"lKe. 

B Ta6Jl. 1 npHBe.n;eHbI HeCKOJlbKO nepBblx TO"lHblX co6cTBeHHblx 3Ha"leHHH (3.2) 
HCXO.n;HOH 3a.n;a"lH (3.1), .n;Jljl Ka)l(.IJ;OrO co6cTBeHHoro 3Ha"leHHjI npHBe.n;eHbI COOTBeT

cTBYJOlllHe eMY co6cTBeHHble 3Ha"leHHjI 3a.n;a"lH (3.4), HaH.n;eHHble "IHCneHHO C Pa3

H.DIMH R H h, norpeWHOCTH 3THX co6cTBeHHblX 3Ha"leHHH, a TaK)I(e YTO"lHeHHOe c06

CTBeHHoe 3Ha"leHHe, nOCTpoeHHoe no <p0pMyne (2.1), Hero norpeWHOCTb. 

Ta()nun;a 1 
n An R h J.L~Jt,h) 1J.L~Jt,h) Ani J.L; IJ.L; - Ani 

10 0.1 0.2500525 0.0000525 
1 0.2500000 10 0.05 0.2500131 0.0000131 0.2499997 0.0000003 

15 0.1 0.2500522 0.0000522 
25 0.1 0.1110947 0.0000164 

2 0.1111111 25 0.05 0.1110766 0.0000345 0.1111108 0.0000004 
30 0.1 0.1111320 0.0000209 
45 0.1 0.0624991 0.0000009 

3 0.0625000 45 0.05 0.0624898 0.0000102 0.0624997 0.0000003 
50 0.1 0.0625101 0.0000101 
70 0.1 0.0400020 0.0000020 

4 0.0400000 70 0.05 0.0399967 0.0000033 0.0399998 0.0000002 
75 0.1 0.0400058 0.0000058 
95 0.1 0.0277759 0.0000018 

5 0.0277778 95 0.05 0.0277726 0.0000052 0.0277774 0.0000004 
100 0.1 0.0277800 0.0000022 

B Ta6Jl. 2 npHBe.n;eHbI 3Ha"leHHjI B HeKOTopbIX TO"lKax O.n;HOH H3 TO"lHblX c06

CTBeHHblX <PYHKUHH (3.3), 3Ha"leHHjI COOTBeTCTBYJOIllHX eH c06CTBeHHblX <PYHKUHH 
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3anaqli (3.4), HaHneHHhIx qliCneHHO C pa3HhIMIi R Ii h, a TaK:}Ke 3HaqeHIi.R. YTOqHeH

HOH c06CTBeHHOH <PYHKUlili, nocTpoeHHoH no <popMyne (2.2). B nocnenHeH cTpoKe 

Ta6nliuhI npliBeneHhI BenliqHHhI norpewHocTeH nonyqaeMhIX c06cTBeHHhIx <PYHKUliH 

B paBHoMepHoH HopMe. (B KaqeCTBe ycnOBIi.R. HOpMlipOBKIi CTaBliTC.R. ycnoBlie paBeH

CTBa nonyqaeMhlX c06cTBeHHhIx <PYHKUliH Ii TOqHOH co6cTBeHHoH <PYHKlllili (3.3) B 

TOqKe x 1.) 

Ta6nulla 2 
x U2{X) y~25,O.1)(X) ,l25,O.05)( )Y2 x y~30,O.1)(X) Yi(x) 
1 
5 
10 
15 
20 
25 

0.0722278 
0.0951952 
-0.2876809 
-0.2750755 
-0.1436782 
-0.0575456 

0.0722278 
0.0948824 
-0.2873886 
-0.2743108 
-0.1425696 
-0.0555509 

0.0722278 
0.0950898 
-0.2875993 
-0.2746529 
-0.1427891 
-0.0556478 

0.0722278 
0.0949157 
-0.2873992 
-0.2745942 
-0.1433185 
-0.0572632 

0.0722278 
0.0951950 
-0.2876810 
-0.2750728 
-0.1436705 
-0.0575282 

llYn - unll 0.0019947 0.0018978 0.0004826 0.0000174 

TIpliBeneHHhIe Ta6nlillhI Harn.R..llHO nOKa3hIBalOT 3<p<peKTliBHoCTh npennO}l(eHHOrO 

MeTOna nn.R. nOBhIWeHIi.R. TOqHOCTIi c06cTBeHHhix 3HaqeHliH Ii c06CTBeHHhIX <PYHKUliH. 

3AKJllOLfEHME 

Pa3pa60TaHHhIH B [1] MeTOn 3KCTpanomIlllili no nnliHe OTpe3Ka liHTerplipOBaHIi.R. 

npliMeH.R.eTC.R. npli peweHli1i 3anaqli 0 co6cTBeHHhIx 3HaqeHIi.R.X Ii co6cTBeHHhIx <PYHK

llli.R.X nn.R. 06hIKHoBeHHoro nli<pcpepeHllliMhHoro ypaBHeHIi.R. BToporo nOp.R.nKa Ha no

nyocli. TIPIi 3aMeHe 3TOH 3anaqli 3anaqeH Ha KOHeqHOM OTpe3Ke (qTO, KaK npaBlino, 

nenaeTC.R. npli qliCneHHOM peweHlili) nonyqeHHhIe c06cTBeHHhIe 3HaqeHliSi Ii c06cTBeH

HhIe <PYHKlllili npli6nli}l(alOT liCKOMhIe c06CTBeHHhIe 3HaqeHliSi Ii co6cTBeHHhIe <PYHK

Ulili C HeKoTopoH norpeWHOCThlO. B [1] nonyqeHa aCliMnTOTliKa 3TOH norpewHo

CTIi npli YCTpeMneHli1i nnliHhI oTpe3Ka liHTerplipOBaHIi.R. K 6eCKOHeqHOCTIi, C licnonh

30BaHlieM 3TOH aCliMnTOTliKIi nocTpoeHhI <popMynhI nnSi YTOqHeHliSi c06cTBeHHhIx 

3HaqeHliH Ii c06cTBeHHhIx <PYHKUliH. B HaCTO.R.meH pa60Te onlicaH cnoc06 nByX

napaMeTpliqeCKOH 3KcTpanOn.R.Ulili: no nnliHe oTpe3Ka Ii napaMeTpy nliCKpeTli3aulili. 

OueHKIi norpewHocTeH YTOqHeHHhIx c06cTBeHHoro 3HaqeHIi.R. Ii co6cTBeHHoH <PYHK

UliH nalOT OCHOBaHlie O}l(linaTh cymecTBeHHoro nOBhIWeHIi.H liX TOqHOCTIi. B paCCMQ

TpeHHoH MOnenhHoH 3anaqe ynanoch n06HThcSI nOBhIweHliSi TOqHOCTIi Ha nOp.HnOK 6e3 

cymecTBeHHoro YBenHqeHIi.H nnliHbI oTpe3Ka HHTerplipOBaHIi.R. Ii 6e3 cymecTBeHHoro 

YMeHhWeHIi.R. wara pa3HocTHOH cxeMhI, qTO .R.Bn.R.eTC.R. npeKpacHoH linnlOcTpaulieH 

3<P<peKTliBHoCTIi npennO}l(eHHOrO MeTOna. 

9 



CTIHCOK JIHTEPATYPhI 

1. 	 )/(Uatc06 E.n., COJl.06be6 A.r. TIoBblmeHHe TOI:.fHOCTH onpelI.eneHH.sI COOCTBeH
HblX 3Hal:.feHHH H COOCTBeHHbIX 4lYHKUHH KpaeBoH 3alI.al:.fH Ha nonYOCH. / / )K. 
Bbll:.fHcn. MaTeM. H MaTeM. $H3. 1999. T. 39. N 7. C. 1100-1120; TIpenpHHT 
OHSIH P11-98-69, llyoHa: OHSIH, 1998. 

2. 	 AtcuULuU n.r., nY3bl1iUU H.R, CMUPU06 10. C. MeTOlI. I:.fHCneHHoro pemeHH.sI 
TpeXMepHbIX ypaBHeHHH nOn.slpOHa. / / )K. BbII:.fHcn. MaTeM. H MaTeM. 4lH3. 
1996. T. 36. N 7. C. 109-118. 

3. 	 AMupxauo6 H.B., 3eMJI.RUaR E.B., nY3bmUUa T.n. HTepauHoHHblH MeTOlI. pe
meHH.sI YI)aBHeHH.sI nOn.slpOHa B c4lepHl:.feCKH-CHMMeTpHI:.fHOM cnYl:.fae. Cooowe
HHe OH5IH P11-91-139, llyoHa: OHSIH, 1991. 

4. 	 Tum'lUf.apw 3. l.f. Pa3nO)f(eHH.sI no COOCTBeHHblM 4lYHKUH.sIM, CB.sI3aHHble C lI.H4l
4lepeHUHanbHblMH ypaBHeHH.sIMH BToporo nOp.sllI.Ka, T. 1. M.: H3lI.-BO HHOCTp. 
nHT., 1960. 

5. 	 Map'l/,ytc r.H., maii.aYP06 RB. TIoBblmeHHe TOI:.fHOCTH pemeHHH pa3HOCTHbIX 
cxeM. M.: HaYKa, 1979. 

6. 	 CaMapc'tCUii. A.A. TeopH.sI Pa3HOCTHbIX cxeM. M.: HaYKa, 1977. 

PyKonHCI> noc1)'nHJIa B H3Jl1lTeJII>CKHA OT'/(eJI 

4 olml6pa: 2000 ro,/(a. 

10 

http:TeopH.sI
http:nOp.sllI.Ka
http:Pa3nO)f(eHH.sI
http:YI)aBHeHH.sI
http:pemeHH.sI
http:3alI.al:.fH
http:onpelI.eneHH.sI


)f(HJlKOB E.n., COJIOBbeB A.f. PI 1-2000-227 
npHMeHeHHe llByxnapaMeTPHtteCKOH 3KCTpanOIDIUHH 
npH peWeHHH CneKTpaJIbHOH KpaeBOH 3aJlattH Ha nOJIYOCH 

npelJ)10.IKeH MeTOll nOBbiweHIDI TOlJHOCTH npH6JIH.lKeHHbiX c06cTBeHHblx 3HatteHHH 
H c06cTBeHHblx $YUKUHH KpaeBoH 3aJlattH Ha nOJIyocH M5I 06blKHOBeHHOro llHcjx):JepeHUH
aJIbHOrO ypaBHeHH5I BToporo nOp5lllKa. LlJI5I ttHCJIeHHoro HaXO)f(JleHH5I C06CTBeHHblX 3HatteHHH 
H c06cTBeHHblx $YHKUHH KpaeBoH 3aJlattH Ha nOJIynp5lMOH HHTepBaJI [O,eo), KaK npaBHJIO, 

3aMeH5IeTC5I oTpe3KoM [0, R], YCJIOBHe H3 6ecKOHettHOCTH nepeHOCHTC5I B TOttKY R, nOCJIe 

ttero HaX01l$lTC5I C06CTBeHHble 3HatteHH5I H C06CTBeHHbie $YUKUHH KpaeBOH 3aJlattH Ha 3TOM 
KOHettHOM oTpe3Ke. B pe3YJIbTaTe TaKOH 3aMeHbI B03HHKaeT norpewHocTb: nOJIyqeHHble c06
CTBeHHble 3HatteHH5I H c06cTBeHHbie $YUKUHH OTJIHttaIOTC5I OT HCKOMLIX. 3ra norpewHocTb 
cTPeMHTC5I K °npH R ~eo. KaK npaBHJIO, 3apaHee Bbl6paTb R M5I onpelleJIeHH5I C06CTBeHHblX 
3HatteHHH H C06CTBeHHbIX $YUKUHH C 3aJlaHHOH TOttHOCTblO HeB03MO.IKHO. n03TOMY 3a.natty 
Ha [0, R] npHXOllHTC5I pewaTb nOBTopHO, C66JIbWHM R. YTOttHeHHoe c06CTBeHHoe 3HatteHHe 

nOJIyqaeTc5I KaK JIHHeHHa51 KOM6HHauH5I llByx C06cTBeHHbIX 3HatteHHH, HailileHHbIX npH pe
weHHH 3aJl3ttH Ha JIByx pa3JIHttHbiX OTpe3Kax. AHaJIomlJHo nOJIyttaeTC5I H YTOttHeHHa5I c06
CTBeHHa5I $YUKUIDI. YtteT CBOHCTB PalHOCTHOH cxeMbI, HCnOJIb3yeMoH M5I HaXO)f(JleHH5I c06
CTBeHHbIX 3HatteHHH H C06CTBeHHblX $YHKUHH 3aJlattH Ha [0, R], n03BOJI5IeT 06'beJIHHHTb 3KC

TpanOJI5IUHIO no napaMeTpy R H 3KcTpanoIDIUHIO PHttapllCOHa no napaMeTpy llHcKpeTH3aUHH. 

Pa60Ta BbmOJIHeHa B fla60paTopHH HH$opMauHoHHbIX TeXHOJIOmH OH5Il1. 
C(X)6WeIlHe 06'bellHllelllloro HIICTHTYfa H.!1epUblX HCCne1l0BaJmH. ,Uy6Ha, 2000 

nepeBOJl aTOpoB 

Zhidkov E.P., Soloviev A.G. PI 1-2000-227 
Application of Two-Parameter Extrapolation 
for Solution of Boundary-Value Problem on Semi-Axis 

A method for refining approximate eigenvalues and eigenfunctions for a boundary-value 
problem on a ha1f-axis is suggested. To solve the problem numerically, one has to solve 
a problem on a finite segment [n,R] instead of the original problem on the interval [O,eo). 
This replacement leads to eigenvalues' and eigenfunctions' errors. To choose R beforehand 
for obtaining their required accuracy is often impossible. Thus, one has to resolve the prob
lem on [O,R] with larger R. If there are two eigenvalues or two eigenfunctions that corre
spond to different segments, the suggested method al10ws one to improve the accuracy 
of the eigenvalue and the eigenfunction for the original problem by means of extrapolation 
along the segment. This approach is similar to Richardson's method. Moreover, a two-para
meter extrapolation is described. It is combination of the extrapolation along the segment 
and Richardson's extrapolation along a discretization step. 

The investigation has been performed at the Laboratory of Information Technologies, 
JINR. 
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