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BBe.neHHe 

PaCCMOTpHM peJHITHBHCTCKOe ypaBHeHHe KBa3HnOTeHUHanbHOrO THna llng BOn

HOBOM Q>YHKUHH llBYXqaCTHqHOH CHCTeMbI [1]-[3]. B qaCTHOCTH, ollHoMepHoe ypaBHe

HHe IIIpCllHHrepa llng pallHanbHoM BonHOBOM Q>YHKUHH, OnHChlBaIOilleM OTHOCHTenb

HOC llBHJKCHHe llByX CKaJHlpHbIX qaCTHU C HMnynbcoM q, MOMeHTOM I H paBHhlMH 

MaccaMH m, HMeeT BHll 

2 2[2eJq2+ m e - Ho - V(r)] Wql(r) = 0, (1) 

H - 2 2 .h (~!!.-) n
2 
Z (I + 1) (~!!.-)

o - me e d + ( Of;; ) exp d'me r Zn me r 
mr r+

me 

rlle Ho peJHlTHBHCTCKHM raMHnbToHHaH, V KBa3HnOTeHUHan, e CKOPOCTb CBeTa. 

PacCMOTPHM cnyqaM S-BonHhI H nonmKHM n = m = 1, e: = lie. Torlla ypaBHeHHe 

(1) MOJKHO nepenHcaTb B 60nee Yll06HOM llng llanbHeMIIIHx HccnelloBaHHM BHlle: 

[Ee - He - V{r)] W(r) = 0, (2) 

(3)Ee = 2 (V1 + e:2q2 - 1] = Jl +2C:;:2 + 1 ' 

(4)H, = t~ [ch (it!) -1]. 
y 1l06cTBO 3THX 0603HaqeHHM CBSI3aHO C BaiKHhlM CBOMCTBOM, a HMeHHO: npH e: -+ 0, 
Ee -+ q2, He -+ d2ldr2. Pa3naraSI onepaTOp eh (ic:dldr) B PSIll, MOJKHO nonyqHTb 

cnenYlOillee llHQ>Q>epeHUHanbHoe ypaBHeHHe 6eCKOHeqHOrO IIOpgllKa: 

2 4 4 6
d2 2c: d 2e: d ) 1Ee + - - -- + -- + ... - V(r) w(r) = 0. (5)([ dr2 4! dr 4 6! dr6 

EcnH B ypaBHeHHH (1) BenHqHHY C Q>opManbHO YCTpeMHTb K 6eCKOHeqHOCTH, C -+ 00, 

TO 3TO ypaBHeHHe rrepeXOllHT B HepengTHBHCTCKOe ypaBHeHHe IlIpellHHrepa: 

[:' - V(r) + q'] Wql(r) : O. (7) 
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O,llHOH H3 Ba)KHhIX OC06eHHOCTeH ypaBHeHH.9: (6) .9:BJI.9:eTC.9: HaJIHt.lHe MaJIOrO napaMe

Tpa npH cTapweH npOH3BO,llHOH, TO eCTh 3TO CHHrYJI.9:pHO-Bo3MyweHHoe ,llm:p<!>epCH

UHaJIhHOe ypaBHeHHe. Bonpoc 0 CXO,llHMOCTH peWeHHH peJI.9:THBHCTCKOrO ypaBHeHH.9: 

IlIpe.nHHrepa K peWeHH.9:M ypaBHeHH.9: (7) BnepBhIe 6hIJI nOCTaBJIeH H nO,llp06HO pac

cMoTpeH B pa60Te [4J. 

C nOMOWhlO aHaJIHTH'IeCKHX H t.J:HCJIeHHhIX MeTO,llOB B 3TOH 06JIaCTH 6hIJIH npo

Be.neHhI HCCJIe,llOBaHH.9: ,llJI.9: KOHKpeTHo nOCTaBJIeHHhIX 3a,llat.J: [5]-[7]. HanpHMep) B 

pa60Te [7] 6hIJIa nOJIYt.J:eHa aCHMnTOTHKa co6cTBeHHhIX <!>YHKUHH H co6cTBeHHhIx 3Ha

t.J:eHHH ,llJI.9: CHHrYJI.9:pHO-Bo3MyweHHoro peJI.9:THBHCTcKoro aHaJIOra ypaBHeHH.9: IlIpe

,llHHrepa npH onpe.neJIeHHOM BhI60pe KpaeBhIX YCJIOBHH. 

B HaCTO.9:weU pa60Te npOBO,llHTC.9: cpaBHHTeJIhHhIH t.J:HCJIeHHhIH aHaJIH3 CXO,llHMO

CTH peWeHH.9: KpaeBoH 3a,llat.J:H ,llJI.9: CJIYt.J:a.9: c<!>epHt.J:ecKH-cHMMeTpHt.J:HoH nOTeHUHaJIh

HOH .9:MhI, COOTBeTCTBYlOwero cHHrYJI.9:pHO B03MyweHHoMY peJI.9:THBHCTCKOMY ypaB

HeHHIO IlIpe.nHHrepa 4-ro nOp.9:,llKa, K peweHHIO aHaJIOrHt.J:HO nOCTaBJIeHHOH 3a,llat.1H 

,llJI.9: ypaBHeHH.9: IlIpe.nHHrepa 2-ro nOp.9:,llKa. 

KpaeBaJI 3a.llaQa .llJIJI ypaBHeHHa 2-ro H 4-ro nOpa.llKa 

PaCCMOTpHM ,llBH)KeHHe 'IaCTHUhI MaCChI m B c<!>epHt.J:eCKH-CHMMeTpHt.J:HoH nOTeH

UHaJIhHOH .9:Me KOHe'lHOH rJIy6HHhI Uo: 

-Uo, r ::; a,
U(r) = { (8)

0, r > a. 

nOJIO)KHM Ii == 1, m = 1/2. B CJIyt.J:ae S-COCTO.9:HH.9: ypaBHeHHe IlIpe,llHHrepa 2-ro 

nOp.9:,llKa, onpe.neJI.9:lOwee <!>YHKUHIO R(r ), HMeeT BH,ll 

[:2 -U(r) + E) R(r) = o. (9) 

MweM peweHHe ypaBHeHH.9: (9), y,llOBJIeTBOp.9:lOwee KpaeBhIM YCJIOBH.9:M 

R(O) == 0, 
(10){ R(+oo) = O. 

HaH,lleM peweHHe, COOTBeTCTBYlOwee OTpHuaTeJIhHhIM 3Hat.leHH.9:M 3HeprHH. nOJIO

)KHM fO == - E ~ 0, TOr,lla MO)KHO HanHcaTh 

r ::; a, 
(11) 

r > a, 
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rnp 

(12) 

PCIlICHHC ypaBHcHHB (9), ,\'.lIOBJICTBOPBIOWC'C KpaeBbIl\I YCJIOBHBM R( r) B HyJIe H Ha 

OCt:KOHCtIHOCTlf, HWC'M B BlI.lIe 

RI (r) = A sin(nr), r ~ a, 
(13){ R2(r) B exp (-tJr), r 2:: a. 

ITPH :r = a pellI(~HHB :lTn:x ypaBHeHHH .lIOJI)KHbI nCpeXO.lIHTb .lIpyr B .lIpyra Henpe

PbIBHO H (' HenpepbIBHoH I-H npOH3BO.lIHOiL ITOJIy'lJHM YCJIOBHe OTHOCHTCJIbHO fQ, 

onpC.lIf'JIBK)Wf'{' YPOBHH :meprHH CHCTeMbI: 

n cot (na) = (14) 

B paooTe [8] paCCMOTpeH Bonpoc 0 eYWCCTBOBaHHH PC'IlICHHB ypaBHf'HHB (14). BBO

.lIBTCB HOBbIe nepeMCHHble 

~ = an, 1/ = atJ. (15) 

Torna H3 Q>0PMYJI (14),(15) CJIe.lIyeT 

(16) 

(17) 

3Ha"lIeHHB 1] H ~, Y.lIOBJIeTBOpBIOWHe O.lIHOBpeMeHHo 060HM ypaBHeHHBM, onpe.lIE:'JIB

K)TeB TO'IKaMH nepecetleHHB KPHBOH (16) C OKPY)KHOCTblO (17) pa.lIHyca av'l{,. ITPH 

Uoa2 < 11'2/4 OTCYTCTBYIOT TO'IKH nepeCe'IeHHB rpaQ>HKoB H, CJIe.lIOBaTeJIbHO, HeT 

cTaUHoHapHbIx COCTOBHHH C oTpHuaTeJIbHOH JHeprHcH. 

IT}>H Uoa2 2:: 11'2/4 cTaUHoHapHble COCTOBHlfB cywecTBYIOT H ypaBH(,HHe (14) 
HMeeT l)(~llIeHHe. 3TO ypaBHeHHC pCllIaeTcSI '!HCJIeHHO, H pellIeHHe MO)KHO npe.lICTa

BHTb rpaQ>H'IecKH. 

IlPOD<l.IlCM aHaJIOrH"lIHbW paeeY)K.lIeHHB .lIJIB CJIY'IaB cHHrYJIBpHO-Bo3MyweHHoro 

ypaBHeHHB 4-ro nOpB.lIKa. PaccMoTpHM pelliCHHe ypaDHeHHB 

(18) 

r.lIC It = c'l/12, .lIJIB nOnmUHaJIa U(r) (8). liJIB ypaBHeHHB 4-ro nOpB.lIKa .IlOnOJIHHM 

.lIBa KpaeBbIX yeJIOBHB (10) BbIpO)K.lIeHHOH 3a.lIa'!H B TO"l[KC r = 0 H Ha oeCKOHe'lJHOCTH 

ewe .lIBYMB: 

(19) 
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1101ImKHM {IJ = - EIJ ;::: O. PelIleHHH, YllOBlIeTBOpHIOWHe 3THM rpaHH"tIHhIM yC1IO

BHHM, HweM B BHlle 

1101ImKHM 

Torlla 

OTMeTHM, 'liTO 

rlle Q H /3 COOTBeTCTBYIOWHe K03~~HUHeHTbI pelIleHHH ypaBHeHHH 2-ro nopHllKa. 

n1IH ypaBHeHHH 4-1'0 nopHllKa B TOqKe ClIlHBaHHH x = a nOTpe6yeM paBeHCTBa 3Ha

qeHHH ~YHKUHH R11J1 R21J H HX npOH3BOllHblX 110 3-ro nopHllKa BK1IlOqHTe1IhHO. 113 
n01IyqeHOH CHCTeMbI 4 ypaBHeHHH HaXOllHM YC1IOBHe HaXO}KlleHHH YPoBHeu 3HepI'HH 

06weu CHCTeMbI {IJ: 

(21) 

I'lle 
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PaCCMOTpHM nonpoc 0 cymecTBoBaHHH peIIIeHHg nonyqeHHoro ypaBHeHHg. BBe.neM 
HOBbIe nepel\feHHbIe 

(23) 

Tor.na 

(24) 

(25) 

3Ha~IeHHg fJp H f.p , y.nOBneTBOpglOmHe o.nHOBpeMeHHO 060HM ypaBHeHHil:M, onpe
nenglOTCg TOqKaMH nepeCeqeHHg KPHBOH (24) c OKPYlKHOCTblO (25) pa.nHyca p. 

l-b ypaBHeHHg (25) cne.nyeT, qTO 

limp = a/Uo . 
p-tO 

Hccne.nonaHHe nOBe.neHHg <PYHKUHH n (p" a, Uo) npH p, -+ 0 nOKa3aJIO, qTO 

lim n (p" a, Uo) = 0 , 
p-tO 

n (p" a, Uo) 2: 0 . 

CpaBHHM CHCTeMbI (16)-(17) H (24)-(25). H3 BbIIIIeCKaJaHHoro cne.nyeT, qTO npH 
p, -+ 0 OKPYlKHOCTb (25) 6y.neT nepexo.nHTb B OI<PYlKHOCTb (17). A rpa<PHI< (24) no
nyqeH CMemeHHeM rpa<pHKa (16) BHH3 no OCH fJ Ha BenHqHHY, CTpeMgmylOCg K 0 npH 
p, -+ 0 . Cne.nOBaTenbHO, npH .nOCTaTOqHO 60nbIIIHx p, O.nHO cTauHOHapHoe COCTOgHHe 
COTpHuaTenbHOH 3HeprHeH nbIcoKoro nopg.nKa .nng ypaBHeHHg IIIpe.nHHrepa 4-ro no
pg.nKa MOlKeT OTCYTCTBOBaTb. A npH p, -+ 0 ycnoBHe HaxolK.neHHg YPoBHeH 3HeprHH 
Ep .nng ypaBHeHHg 4-ro nOpg.lIKa nepexo.nHT B ycnoBHe .nng HaxOlK,neHHg 3HaqeHHH 
3HeprHH Eo .lIng ypaBHeHHg IIIpe.nHHrepa 2-ro nopg.nI<a (CM. pHC. 1). 

PHC. 1. 
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0.5 

PHc.2. 

PeWeHHg ypaBHeHHH (14), (21) npe,llCTaBJIeHbl Ha rpacpHKe. MMH gBJIgroTCg a6

CUHCCbl TOqeK nepeCeqeHHg rpacpHKoB (CM. pHC. 2). 

ITpHBe,lleM Ta6mfUY HaH,lleHHbIX YPoBHeH 3HeprHH npH pa3JIHqHblX '3Ha"lleHHgX JL 
,llJIg rJIy6HHbl nOTeHUHaJIbHOH gMbl Vo = 1 H WHpHHbI a = 15. CTpoKa JL 0 
cooTBeTcTByeT peWeHHgM BblpmK,lleHHOrO ypaBHeHHg. 

'JL Eop. Elp. E2p. E3p. E4p. 
0 -.9614 -.8463 -.6559 -.3942 -.0762 

0.2 -.9608 -.8407 -.6322 -.3277 -
0.01 -.9614 -.8460 -.6547 -.3904 -.0693 

0.001 -.9614 -.8462 -.6558 -.3939 -.0755 

0.0001 -.9614 -.8463 -.6559 -.3942 -.0762 

OTMeTHM 60JIee 6blCTPYro CXO,llHMOCTb K YPOBHgM 3HeprHH Bblp0:>K,lleHHOrO ypaB

HeHHg ,llJIg YPoBHeH ::meprHH 60JIee HH3Koro nOpg,llKa. 

HCCne,lJ;OBaHHe BonHOBblX «PYHKIJ;HH ,lJ;USI ypaBHeHHll 2-ro H 

4-ro nopll.nKa 

lIJIg HaXO:>K,lleHHSI BOJIHOBblX CPYHKUHH ,llOnOJIHHM YCJIOBHg CWHBaHHg peweHHH 
H HX npOH3BO,llHblX B TOqKe x = a YCJIOBHeM HOpMHpOBKH BOJIHOBblX CPYHKUHH. A 
HMeHHO: ,llJIg ypaBHeHHg 2-ro nOpg,llKa 

I
a 

Rf dx + I
00 

~ 1,dx 
o a 

I
a 

R~p. dx + I
00 

R~p. dx = 1 . 
o a 
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Torlla llJUI KRIKllOro ypOBH,SI :mepnm, IIOJIYl.leHHOrO H3 ypaBHeHH,SI (14), qHCJIeH

Hbll\IH l\I(~TOllaMH MO)KHO OllH01Hal.IHO OIIpelleJIHTb HeH3BeCTHbIe K03cpcpHUHeHTbI AI, Bl 

BOJIHOBblX CPYHKUldi ypaBHPHH,SI 2-ro IIOp,SlllKa. I111JI,SI KaIKlloro ypOBH,SI 3HeprHH, lID

JI),'H'HHOrO H3 ypaBHeHlI,SI (21), ~nfCJIeHHbIl\tH MeTOlla1\1H MO)KHO OllH03HatiHO oIIpe

llCJIHTb HCIf3BCCTHbIC K03CPcpHUHCHTbI A 11l , A21l , BIll' B21l llJI,SI BOJIHOBbIX CPYHKUHH 

ypaBH(,HIf,Sl 4-ro IIOp,SIllKa. 

P(,lYJIbTaTbI BbItlIfcm'HIIH IIpCllCTaBJIeHbI B Ta6JIHUaX IIpH pa3JIHQHbIX 3HaQeHH,SIX 

1',. CTpoKa II, = 0 eOOTB('T(,TBYCT PNII£'HIUM BbIpO)KlleHHOro ypaBHeHH,SI. nJI,SI HyJIe

BOro ypOBH,SI 1Hcpnm EOJt = -.9614: 

/I, AlII .-hll BIll B2Jt 

0 .3533 - 169335• -
0.1 .3535 -.122 10-22 440407. -.18 lO- rg 

0.01 .3533 -.44 10 -(j1S 18308l. -.26 10 ·68 

0.001 .3533 -.42 10 -:lll 170634. -.48 10 -220 

0.0001 •3533 -.42 10 -(j:>b 169332. -9 10 -646 

If llJI,SI 3-ro ypOBH,SI 3HCPIHIf E3/t = - .3602: 

It Alit A21l Bl/t B2/1 

0 •3471 - 3327. -

0.1 .3444 -.125 10 -:l2 2906. .28 10 -19 

0.01 .3469 -.114 10-67 3284. .15 10-63 

0.001 .3471 -.23 10-209 3322. .12 10 -207 

0.0001 .3471 -.9 10-656 3326. .36 10 -647 

113 IIpHBelleHHblX Ta6JIHU BIfllHO, QTO K03cpcpIfUIfeHTbI, OIIpellCJI,SIIOWIfC 3allaHIfC 

BOJIHOBbIX CPYHKUIfH B03MyweHHoro ypaBHeHIf,Sl, CXOll,SlTC,SI K COOTBeTCTBYIOWHM KO

1CPCPIfUHcHTaM llJI,SI 3allaHIf,Sl BOJIHOBbIX CPYHKUIfH HCB03MYWCHHoro ypaBHCHIf,Sl: 

Alll -+ AI, 


Bill -+ B I , 


Ha rpacpHKC (eM. pHC. 3) IIpellCTaBJlCHbI pellIeHIf,Sl cIfHrYJI,SIpHO-Bo3MyweHHoro 

ypaBHcHH,SI IIIpellIfHrepa 4-ro IIOp,SlllKa, a IfMeHHO, llJl,Sl TpCX 3HatIeHIfH YPOBHCH OT

pIfuaTCJIbHOH 3HcprIfH IIoeTpoeHbI TpH COOTBCTCTBYIOWHC HM BOJIHOBbIe CPYHKUIflf. 

B PC3YJIbTaTC MO)KHO t:ll<'JIaTb BbIBOll, ~ITO IIPIf BBellCHIfIf llOIIOJlHHTCJIbHbIX ~'CJIO

BHH B TO~IKC CllIHBaHIf,Sl ~t = a., TO~IKC x = 0 H Ha 6ecKoHc~IHOCTIf pellICHIf(, KpacBoH 

3allal.IIf llJI,SI eJIYQM CCPCPIftICCKIf-CIfMMCTPIfl.IHQH nOTCHUHaJIbHOH ,SIMbI, (,OOTB(,TeTB~'

lowee CHHrYJI,SIpHO-B03MYWCHHOMY PCJI,SITHBHCTCKOMY ypaBHcHlilO IIIpcllHHrepa 4-ro 

IIOp,SIllKa, eXOllHTC,SI K P(~llICHHIO aHaJIOrH'IHO IIOCTaBJICHHOH 3allal.1If llJI,SI ypaBHPHU,SI 

IIIpellHHrepa 2-ro nOp,SIllKa. 
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0.4 

-0.4' 

PlIe. 3. BonHOBbIe (j>YHKUlIlI OCHOBHoro COCTOHHlIH (n = 0) 11 B036Y)KnCHHhIX COCTO
HHlIH c n = 2 11 n = 4 
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AMHpxaHOB H.B., )KH,llKOB E.n., KOHHOBa C.B. PII-2oo0-154 
HccJIeJloBaHHe pemeHHSI KpaeBOH 3a)la'IH 
JlillI CHHryJUlPHO-Bo3MymeHHoro ypaBHeHHSI IlIpeJlHHrepa 
4-ro nop».llKa 

IIpOBOJlHTC5I cpaBHHTeJILHLIH 1.JHCJIeHHLIH aHaJIH3 CXO.n:HMOCTH pemeHH5I Kpae
BOH 3a.n:a1.JH .D:JI5I CJI)"IU ccpepH1.JeCKH-CHMMeTpH1.JHOH nOTeHUHaJILHOH 51MLI 
.D:JUI CHHryJUlPHO-B03MymeHHoro peJUlTHBHCTCKoro ypaBHeHH5I IlIpe.n:HHrepa 4-ro 
nopMKa, K pemeHHlO aHaJIOrH1.JHO nOCTaBJIeHHOH 3a.n:a1.JH .D:JI5I ypaBHeHH5I IlIpe.n:HH
repa 2-ro nopMKa. IIonyrHo paCCMaTpHBaeTC5I Bonpoc cymecTBOBaHH5I pemeHH5I 
.D:JUI B03MymeHHOH 3a)la1.JH. IIpHBeJleHLI pe3YJILTaTLI 1.JHCJIeHHLIX paC1.JeTOB. 

Pa60Ta BLIOOJIHeHa B na60paTopHH BLI1.JHCJIHTeJILHOH TeXHHKH H aBToMaTH3a
UHH OIHIH npH cpHHaHcoBOH nOJlJlepJKKe P<1><1>H, rpaRT 99-01-01101, rpaHT 
00-01-00617. 

CooowellHe 06bC.JlHllelllloro HIiCTHTyra llllepULlX HCCne.JlOBaHHH. ,/ly6ua. 2000 
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Investigation of Solutions of Boundary-Value Singular Perturbated 
Problem for SchrOedinger Equation of 4th Order 

For the case of spherical-symmetrical potential we have considered the con
vergence of the solution of singular-perturbated SchrOedinger equation of the 4th 
order to the solution of the corresponding standard nonrelativistic Schroedinger 
equation by numerical and analytical methods. The questions of existence 
of the solutions are explored. Numerical results are given. 
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