DESY 95-118 /

| - FERMILAB
JUL 2 1595
——
- —— .
gg LIBRARY 7
<
=T *
(=]

On Quantization of Liouville Theory
and Related Conformal Field Theories

0 1ik0

|

|

s o5 Jf
il

2

J. A. Teschner
Fachbereich Physik, Universitat Hamburg

ISSN 0418-9833



DESY 95-118 ISSN 0418-9833
June 1995

ON QUANTIZATION OF LIOUVILLE THEORY AND RELATED CONFORMAL FIELD THEORIES

Dissertation
zur Erlangung des Doktorgrades
des Fachbereichs Physik

der Universitit Hamburg

vorgelegt von
Jorg Alexander Teschner
aus Berlin

Hamburg
1995



Gutachter der Dissertation:

Gutachter der Disputation:

Datum der Disputation:

Sprecher des Fachbereichs Physik
und Vorsitzender des
Promotionsausschusses:

Prof. Dr. H. Nicolai
Prof. Dr. G. Mack

Prof. Dr. H. Nicolai
Prof. Dr. K. Fredenhagen

19. Mai 1995

Prof. Dr. E. Lohrmann

Zusammenfassung

Themen dieser Arbeit sind die Quantisierung der Liouville-Theorie im Operatorformal-
ismus und die Klarung der Zusammenhange zwischen quantisierter Liouville-Theorie
und und verwandten konformen Feldtheorien. Analyse der klassischen Theorie und
bestimmte Probleme bisheriger, auf der Verwendung von Fock-Raumen beruhender
Quantisierungsverfahren motivieren eine Definition des Zustandsraumes mittels irreduz-
ibler Darstellungen der Virasoro-Algebra. Es wird ein geeigneter Operatorformalismus
basierend auf chiralen Vertex-Operatoren als elementaren Objekten vorgestellt. Eine
Reformulierung dieses Formalismus in Termen von Fusionsprodukten erlaubt es, sowohl
lokale wie globale Aspekte von Korrelationsfunktionen transparent zu machen. Fusions-
und Braidmatrizen werden mithilfe einer Realisierung durch freie Felder berechnet und
auf Einhaltung der Fusionsregeln untersucht. Sie erweisen sich als durch die Racah-
Wigner-Koeffizienten der Quantengruppe U,(sl(2)) darstellbar. Die Bedeutung des
Zusammenhangs zwischen Quantengruppen und konformen Feldtheorien wird dadurch
unterstrichen, daf sich die Korrelationsfunktionen letzterer als Losung eines mithilfe der
Quantengruppen-Strukturdaten definierten Riemann-Hilbert-Problems gewinnen lassen,
wie fiir den vorliegenden Fall gezeigt wird. '

Abstract

Subjects of this thesis are the quantization of Liouville theory and clarification of the
relations between quantum Liouville theory and related conformal field theories. Analy-
sis of the classical theory and certain problems of previous quantization schemes based
on Fock spaces motivate a definition of the space of states in terms of irreducible repre-
sentations of the Virasoro algebra. A suitable operator formalism bases on chiral vertex
operators is presented. The reformulation of this formalism in terms of fusion products
of representations allows to describe both local and global properties of correlation func-
tion in a transparent manner. Fusion and braid matrices are calculated via a free field
represéntation, and compatibility with the fusion rules is checked. They turn out to be
related to Racah-Wigner coefficients of the quantum group U, (sl(2)). The importance
of the connection between quantum groups and conformal field theories is emphasized
by showing that the correlation functions of the latter can be obtained as solutions of a
Riemann-Hilbert problem defined from the structural data of the quantum group. This
is explicitely carried out in the present case related to Uy (sl(2)).
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SECTION [I:

INTRODUCTION

There are at least two important motivations to study Liouville theory: One of them
originates from the fact that Liouville theory plays an important role for the quantization
of 2D gravity or string theory in a target space of dimension d # 26.

2D gravity may be an interesting toy model, in which those complications in the quanti-
zation of gravitational theories which are mainly due to diffeomorphism invariance, such
as the problem of time, may be studied in a technically simpler context.

String theories with target spaces of dimension d # 26 have been studied in the search
for string models that are phenomenologically interesting. Since first-quantized string
theory may be considered as 2D gravity on the world-sheet, one has an intimate relation
between these two problems.

Liouville theory arises in these models in the following way: A quantum anomaly results
in non-decoupling of the conformal factor of the metric, which leads to non-trivial quan-
tum gravitational effects [Pol]. In the so-called conformal gauge [DK] one has almost
decoupled dynamics of matter sector and conformal factor: There are no interaction
terms in the lagrangian, but a residual gauge-invariance forces one to build physical
states as non-trivial combinations of matter and conformal factor degrees of freedom
[DK]. The dynamics of the conformal factor is described by the Liouville Lagrangian

L= / 2(8,40% + ¢?). (1.1)
Construction of correlation functions in this approach therefore requires construction of
certain correlation functions of the Liouville field theory.

Despite a lot of effort in the last years, it is still hard to draw physically relevant con-
clusions from these models. At least one of the main problems is that quantization of
Liouville theory raises a number of hard technical problems, which in most of the physi-
cally relevant cases are not yet resolved.

The second motivation for studying Liouville theory is that it is an interesting example
of an integrable conformal field theory in two dimensions. It will be seen that the mini-
mal models may be considered as closed subsectors of Liouville theory. However, it is to
be expected that the complete quantum Liouville theory allows to consider much more

operators than those required for the minimal models. It may well be that the complete
construction of quantum Liouville theory will shed some light on the non-rational con-
formal field theories, on which not much is known yet.

The starting point of the present work was an attempt to construct correlation func-
tions for 2D gravity in the continuum approach. 1 soon realized that presently available
techniques are not powerful enough for a rigorous understanding of the relevant Liou-
ville correlators. This led me to reconsider those cases where a rigourous construction of
correlation functions is possible. The hope is of course that some structure that explains
solvability in the known cases may be generalized to provide information on the unknown
cases. It turned out that, despite much effort, in the explanation of solvability of the
known cases there still are open questions, the investigation of which is worthwhile in
itself.

In order to state my aims more precisely, I will now shortly describe the general strategy
for quantization of Liouville theory: Crucial for integrability of the classical theory is
the feature that reparametrizations of the light-cone coordinates %,z are realized as
a symmetry of the theory (conformal invariance). This is reflected in the fact that there
exist chiral (anti-chiral) fields f(z*), f7(z™), (i = 1,2) from which the Liouville field
may be reconstructed, and which transform covariantly under reparametrizations of z*
(resp. 7). These are good building blocks for a solution of the theory.

Upon quantization, it is a promising ansatz to try to preserve integrability by preserving
conformal invariance. The Hilbert space factorizes into spaces representing the chiral
(antichiral) excitations. The quantum analogs of the fundamental fields f(z*), f7(z™)
(and generalizations thereof) will then be operators that seperately act on the two chiral
halfs. Their construction turns out to be equivalent to the construction of the so-called
chiral vertex operators (CVO’s), which describe transitions between different sectors of
the chiral (resp. anti-chiral) parts of the space of states. These are the basic building
blocks for operators that transform covariantly under the conformal symmetry, such as
the quantum analogs of exponential functions of the Liouville field.

Construction of chiral vertex operators and investigation of their algebra and correlation
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functions will be one primary theme of this work. This provides the necessary requi-
sites for discussion of issues such as locality, hermiticity of field operators or unitarity.
Information on CVO’s and their correlation functions has previously been obtained by
several methods. In essence they all primarily exploit conformal invariance!. In their
development new structures related to quantum groups appeared.

One aim is therefore to reconsider the existing methods for construction of CVO’s, to
clarify the relations between them and to explore the range of applicability. Furthermore,
I will attempt to clarify the relation between Gervais-Neveu approach to Liouville theory
and the conformal field theory techniques that were initiated by Belavin, Polyakov and
Zamolodchikov [BPZ] and reformulated in terms of chiral vertex operators by Moore and
Seiberg [MS] as well as Felder, Frohlich and Keller [FFK].

A second aim is to understand the role of the quantum group structures. To this end, 1
will compare the different disguises in which these structures have appeared and try to
clarify the relations between them.

A primary aim is to investigate the possibility to construct correlation functions from
the quantum group structure. The latter provides the monodromies of the correlation
functions of chiral vertex operators, so that one has a kind of Riemann-Hilbert problem
of reconstruction of multivalued analytic functions from their monodromies.

The first two aims concern an area that has already been under extensive investigation.
I should therefore state what I consider to be the new aspects of the present work:

1. I will make a proposal on the relation of the conformal field theory techniques to the
Gervais-Neveu approach to Liouville theory. The latter approach uses Fock spaces
that are labelled by a variable called momentum for the space of states. There
are problems to achieve hermiticity of the energy momentum tensor on a discrete
subseries of these Fock spaces. This subseries is distinguished by the property that
the representation of the Virasoro algebra is no longer irreducible on the respective
Fock spaces. I propose to avoid the problems with hermiticity of energy momentum
by considering irreducible representations from the very beginning. In the course of
this work I will find several pieces of evidence in favor of this proposal.

2. Construction of an operator formalism for minimal models and related conformal
field theories: The formalism of [BPZ] or [MS] is not an operator formalism in the
usual sense. Rather one defines three point functions (or equivalently CVQ’s) by
the conformal Ward identities and builds higher point functions by ”sewing” three
point functions together.

Instead, I will define CVQ’s purely algebraically by their covariance properties and
examine in some detail the question of their existence: If there are null vectors in
the representations between which the chiral vertex operator maps, it turns out that

IThis is not so obvious in the Gervais-Neveu approach. More on this below.
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conformal covariance is impossible unless the conformal dimensions involved satisfy
certain restrictions (fusion rules). A complete answer is possible thanks to certain
partial information on general null vectors due to Feigin and Fuchs.

Then the notion of a CVO is reformulated as a product operation mapping two Vi-
rasoro representations into a third. This idea goes back to Moore and Seiberg, but
a constructive definition has, to the best of my knowledge not yet been given. It is
shown that the notion of a fusion product allows to formulate the conformal covari-
ance properties of arbitrary descendants of chiral vertex operators in a very concise
way. In this language, the relation between monodromies of conformal blocks and
quantum groups is just the statement that commutativity and associativity opera-
tions of fusion product and quantum group tensor product are equivalent.

A careful analysis of fusion and braiding matrices shows that the chiral vertex op-
erators satisfying the fusion rules form an algebra that is closed under fusion and
braiding, i.e. that no unphysical representations appear.

3. The next part is an investigation of free field realizations. CVQ’s are constructed
as integrals of products of vertex operators over certain multiple contours on the
universal cover of the punctured Riemann sphere. The space of such contours was
shown by Felder and Wiescerkowski [FW] to carry a natural quantum group struc-
ture. By combining this quantum group structure with a suitable operator formalism
one gets very efficient techniques for the calculation of fusion and braiding matrices:
they turn out to be given in terms of q-6j symbols. Previously used techniques have
not been capable for calculation of fusion matrices from free field realizations.

4. Drinfeld’s theorem on the uniqueness of quasi-triangular quasi Hopf algebras is
used to find an explicit relation between minimal model correlators and solutions of
the Knizhnik-Zamolodchikov (KZ) equations, i.e. WZNW-model conformal blocks.
Techniques of this kind may provide a starting point for the reconstruction of confor-
mal field theories from their quantum group structure by characterizing candidates
for the conformal blocks as solutions to a Riemann problem defined from the quan-
tum group structure. Moreover, one may hope that these methods still work in cases
where no free field representations are available to provide integral representations
for the correlation functions.

In the conclusions I will make some speculative remarks on possible extensions of the
present work. After all, the rigorous construction of 2D gravity correlation functions is
still elusive.



SECTION II:

CLASSICAL THEORY

Let classical Liouville theory be defined by the Lagrangian
L = kd,p0* ¢ — MeP? (2.1)

Two of the three parameters may be absorbed by simple shifts and rescalings of ¢. I will
thus take:

L= (10,609 - 8¢?) (22)

The Liouville equation of motion then reads
84+0-¢ +2¢ =0, (2.3)
where light-cone coordinates have been introduced according to
st=rto 8y = (8, £ 9,). (2.4)

Throughout this article 1 shall only consider the case that ¢ is periodic in o, i.e.
80 +27,7) = 8(0, 7).

A first important observation is the invariance of the action under following transforma-
tions:

6¢ ;= v*9,6+0,v*  where  Ouv, + 0,v, = g OV, (2.5)

In light-cone coordinates the condition on v# simply reads d_v* = 0 and d;v~ = 0.
One therefore finds reparametrizations of the light-cone coordinates as a symmetry of
the theory. This infinite-dimensional symmetry implies the existence of infinitely many
conserved charges. These may be constructed in the following way: Starting from the
canonical energy-momentum tensor

Ou = ;};8,,(&8,,45 — gu L, (2.6)
one may construct a {raceless conserved tensor by adding a total derivative term:

Ty = Opy — C(0,0, — .‘:";Jwa,\a’\)‘?S (2.7)

This tensor is on-shell conserved and traceless if C' is chosen as C' = 72—, These are all
the properties needed to prove that the charges
2n
Qv*] = dov* T, with 9,0, + 0v = guOav? (2.8)

0

are indeed conserved.
Let me anticipate a parametrization of the general solution:

6+A(z+)8-3(w-)) ‘ (2.9)
(A(z4) + B(z-))?

#(r,0) =1In (

Since the variables A, B transform under (2.5) simply by reparametrizations of their
arguments (84 = vtd; A, 6B = v~ 0_B) one sees that starting from simple solutions
a whole class of others can be generated by applying diffecomorphisms of the light-cone
coordinates.

1. Solutions of the Liouville equation

I will now start a more detailed analysis of the solutions to the Liouville equation, which
is a important preliminary for both Hamilton formalism and quantization. The aim is
to derive different parametrizations for the space of solutions, each of which has certain
virtues and drawbacks.

1.1 ENERGY-MOMENTUM PARAMETRIZATION

The first step towards the solution of the Liouville equation is to express solutions of the
Liouville equation in terms of solutions of a linear equation. The result is the following:

If ¢ is a solution of 8,0_¢ + 2¢® = 0 then there always exist functions o,
t=1,2 such that

4900 = 37 g¥ (4)g7 (2-)- (2.1.1)

i=1,2
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gii are functionals of ¢ that are determined as solutions of

030 = Tyygf 0297 =T-_g7, (2.1.2)
normalized by
0xgi g5 — Org7 9f =1 (2.1.3)
and Ty4 1s given in terms of ¢ as
Tiy = e?/202e7 %2 = 10,4046 — 101 6. (2.1.4)

Conversely, assume given periodic data Ty4(z+). Then any function ¢ con-
structed as 1

3
(Siciz £ @0)f (22))
from solutions f£ of (2.1.2) and (2.1.3) gives a solution of 8,0_¢ + 2¢% = 0.

(2.1.5)

¢(&C+,x_) =In

The proof of above statement is based on the following fundamental observation: If ¢ is
a solution of the Liouville equation then

0xTes = 3019050+ — 303056 = 0. (2.1.6)

Writing the definition of T4 as (83 — Ty4)e"3% = 0 then shows that e~3¢ can be
written as a linear combination of two linearly independent solutions g?' ,1=1,2of

(9% = Tos(24))g] (24) = 0:

1
e 3% = z cigt (z4).

i=1,2

(2.1.7)

The defining equation of 7._ then implies that ¢; =: g7 (z-) are solutions of (02 —
T__(z-))g9; =0. The converse statement can be checked by direct calculation,

Now it is easy to derive the parametrization (2.9) from these results: Given f¥, intro-
duce A, B as

A _fr
f2 f2
Due to the normalization conditions (2.1.3) fii may be recovered as
=047 f7=(0-B)}
ff=(044)7%A4  ff =(8-B) 3B (2.1.9)

1. Solutions of the Liouville equation

Inserting these expressions into (2.1.5) yields

04 A(z4)0-B(z-) )
o) =1 .
¢(r,0)=1In ((l T+ A1) B )’ (2.1.10)
Note that by taking into account (2.1.3) one gets
A=(fF)2>0 d-B=(f;)?>0, (2.1.11)

so that reality of ¢ is guaranteed.

The equivalent parametrization (2.9) is obtained by defining A := A and B := 1/B. If
one now writes B = g, /g, with 8_g,9; — 0_g192 = 1 then instead of (2.1.5) one has the
representation!

1
(fi(z4)92(z-) + fa(z4)g1(2-))2

A number of remarks are to be made to clarify the utility of above statements for

parametrizing the space of solutions:

(1) Initial-value problem: This construction of solutions to the Liouville equation also
gives a way to solve the Cauchy-problem[PP]: Assume regular Cauchy-data é(o) =
#(0,0) and ¢(c) := ¢(0,0) to be given. By using the equation of motion it is easy
to rewrite Ty 4 as

#(z4,2-)=1In (2.1.12)

Tiz = (£ ¢) F b+ 6') +e?. (2.1.13)

Ti4 can therefore be expressed in terms of the Cauchy-data. Take two arbitrary
solutions g;(z_) of (82 — T__)g; = 0. The nice trick in [PP] is to define functions
fiat 7=0by

i) = (=14 (—ifa) + 16/ - b)) (114
One may then check that d_f; = 0 and (83 — Ty4+)fi; = 0. Moreover, the function
#(z4,2_) constructed from these f;, g; as in (2.1.12) reproduces the initial data. In
[PP] this is used to prove existence and uniqueness of a solution to the initial value
problem for a class of initial values with certain singularities.

(2) Singular solutions: (2.1.12) becomes singular when figs + fog: vanishes. There is
nevertheless a class of solutions where these singularities can be controlled in a well
defined way (see [PP]): These are obtained from initial values which have singulari-
ties only at discretely distributed points o; around which neighborhoods #; have to
exist such that in U;

! The transition from f~ to g is nothing but exchanging the réles of f” and f; .
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(3)

(o) =~ In (‘1’:;’2) + (o) fi € CPU), filoi) =0, vF <1
_ 5 ' (2.1.15)
b) = (24 10)) +9(0) 00 € ) i(o0) =0

The point is that precisely this type of singular behaviour allows to construct con-
tinuous T4+ and therefore twice differentiable f;, g; similiar as indicated in the
preceeding remark (for details see [PP]).
To give a qualitative picture of the time evolution of the singularities, I will use the
representation (2.9) resp. (2.1.12). The singularities are the zeros of A(z4)+B(z-).
They may be seen to form time-like non-intersecting trajectories along which singular
behaviour of the form (2.1.15) is found on every slice of constant time: A and B
have singularities whenever f, = 0 or g2 = 0 respectively. However, looking at
(2.1.12) one sees that they generically do not lead to singularities of ¢, but only if
the light-like trajectories of {z4|fo = 0} and {z_|g2 = 0} meet. These trajectories
form a mesh on the cylinder and by taking into account the monotony of A, B
between their singularities one may convince oneself (or see [PP]) that one and only
one singularity line of ¢ passes through each parallelogram forming the mesh. From
such considerations one also finds that the number of singularities N is just the sum
of the numbers N4 and Ng of singularities in A and B respectively.
Boundary conditions: Above construction of solutions from the data T4y suggests
to take them as elementary variables for a parametrization of the space of solutions.
Which data besides 714 are needed? The obvious candidates for additional data
are the initial conditions for the integration of (2.1.2). Now observe that as a conse-
quence of the periodicity of Ty4, Ty 4 (24 & 27) = Ty 4(x4) the functions ff have
to be quasiperiodic, i.e. fi (z4+271) = ff (:::+)MJ-"; and f7 (z- —27) = M f7 (z-).
The matrices M are called monodromy matrices. Solutions of (2.1.2) are uniquely
specified by T1+4 and initial conditions at some reference point zo. Solutions f,-‘“
corresponding to any other choice of initial conditions are linearly related to the
J AR f,-*’ = ffAj;, where detA = 1 to preserve (2.1.3). If f* have monodromy M
then f:-"' have monodromy M = A-'MA. The conjugacy class of M is therefore
independent of the initial conditions and a functional of T4 4 only. An alternative
parametrization of the boundary conditions is given by the matrix A which relates
via M = A"'My A the monodromy matrix M of given solutions of (2.1.2) to a stan-
dard representative My of its conjugacy class. For making convenient choices for Mg
I will distinguish three cases:

cosf sin@ )

e Elliptic case (|[TrM| < 2): My = (_s'me cos 8
e Parabolic case (|[TrM|=2): My = ((1) ?)

1. Solutions of the Liouville equation
o Hyperbolic case (|TrM| > 2): My = (eop 69,)
Two observations clarify the dependence of e~ 2% on these boundary data: First, in
order to have periodicity of ¢ it is necessary that M~ is inverse to M*. Second,
e~ 3% is invariant under inverse sl(2,R)-transformations of f;* and f;. It is therefore
no loss of generality to demand f;* to have monodromy M, and f; to have M.
This fixes f,?h up to multiplication of fli with a factor e* and f-j,t with e % so
that the only additional parameter besides Ty 4 needed for a unique specification of
solutions is ¢ = ¢4 + ¢--.
Note that a SL(2, R)-transformation f¥ — f; R;; with R = (§ ;) induces a Moebius
transformation A — % on A, and similarly for f, B.
We will see below that the three different classes of solutions (elliptic, parabolic and hy-
perbolic) form closed sectors which require individual treatments of Hamilton formalism
and quantization. One important distinguishing feature is that any regular solution is in
the hyperbolic sector, whereas the elliptic solutions always have singularities (see [PP]

or [ABBP]).

1.2 FREE FIELD PARAMETRIZATION

For Hamilton formalism and quantization it is desirable to have a parametrization of
phase space (=space of classical solutions) in terms of action-angle variables (i.e. har-
monic oscillators). The functions A, B can not be chiral components of a free field:
The latter have additive monodromy and do not satisfy ;A > 0, 8-B > 0 in gen-
eral. I will first consider solutions with hyperbolic monodromy, put into the form

Mt = (53” e_ob)‘ Because of 844 > 0, 8_B > 0 it is possible to define

p+(24) = In(04 A(z4)) p-(2-) :=In(d-B(z-)) (2.1.16)
Because of the diagonal monodromy of A and B, ¢4 can be expanded as
_ P+ einx*
wi(zi)—qzt*!-g;zi-l-z S n. (2.1.17)
n#o
Single-valuedness of ¢ requires p; = p_ = p, reality a;, = a_,,. Now fzi = e 3% jsa
solution of (81 — T:H:)fzi =0 iff
Tisx = L(019)® — 1830. (2.1.18)
In order to find fft in terms of ¢4 use (2.1.9) together with
Ty z_
A(zy) = / dze?+®) 4 ¢4 B(z.) = / dzre?-() 4 cp. (2.1.19)
0 0
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Requiring these expressions to have the right monodromy fixes c4, cg. Then A, B can
be written as follows:

- fe(z4-7) g4 (2)
Alzs) = QSmh(p/Q / dze? ¢
B(z_)=—s—— [ dze"5(E-2)ev-(2) 2.1.2
(2-) = " 2sinh p/2)/ ze? ¢ ' (2.1.20)
where €(z) = 1if £ > 0 and = —1if £ < 0. Finally ¢ can be rewritten as
B, 2-) = pa(e4) + p-(2-) = In (1 = S(ay, 2-))?) (2.1.21)

2%
S(z4,2-) = sk /0 dyydy. 34 —r)= e~y grs(z)bo- (o)

There is an ambiguity in the map to free fields: Instead of (2.1.16) one could have chosen

to define
pales)i=n (045~ o (-0-555)

One gets a second equivalent representation of the same solution. The momentum p of

P+ is just —p. This also implies that the functions ¢4 with negative p and those with

positive p parametrize the same space of solutions. One may impose i.e. p > 0 to cover

the Liouville space of solutions only once.
In order to introduce free field variables in the case of elliptic monodromy one also has
to diagonalize the monodromy matrix, which requires a complez similarity transforma-

. . ir/

tion. Write Mg as (e 0 ’ e-—?r/?

by replacing p with ir, but actually there are some complications:

(1) ¢+ now have to be complex variables. One therefore has to find the conditions
on @4 to guarantee reality of ¢. From (2.1.5) one may see that the necessary
and sufficient condition for ¢ to be real is (f)* = f;’Cj;, fF)y=qcj; ! f; with
C*C = 1. These reality conditions are compatible with the quasiperiodicity of f,?h
iff (M*)* = C~'M*C. For above choice of monodromy this fixes C' = ( e?; e;; ),

where compatibility with (2.1.3) requires e** = +i. Let me without loss of generality
choose (fit)* = iff, (f{)* = —if; . Expressing this condition in terms of the free
fields ¢4 unfortunately leads to rather complicated conditions on the oscillators: It
may be rewritten as e3(+-9%) = i4 and ¢3(¥-~92) = —iB or by taking derivatives
as

g-(z-):= (2.1.22)

). Then formally everything seems to work as before just

tes(extel)

1
2 Ox(px — 01) = (21.23)

2. Hamilton Formalism

In this form one recognizes how real and imaginary parts of ¢4 may be expressed
in terms of each other. This condition also ensures T4 to be real.

(2) For single-valuedness of ¢ one does not need r4. = r_ but only ry = ry +27k; k € Z.
This additional discrete degree of freedom can be interpreted as a winding number
(see [PP)).

(3) In case r, = 2rk; k € Z one observes that because of M* = 1 any c4 will do in
(2.1.19). One does not have to use the singular expression (2.1.20). Moreover, in
these cases arbitrary SL(2,R)-transformations applied on A and B will have the
same monodromy, which leads to an ambiguity in the definition of the free fields: To
see this, observe that an infinitesimal sl(2, R)-transformation 64 = %Az corresponds
to a transformation 6o, = A. There will be a one-parametric set ¢!, t € R of free
field configurations that all have M+ = 1 and describe the same Liouville solution!
A reduced set of variables will suffice to parametrize all solutions in these cases. I
propose that the symmetry that expresses this redundancy is related to the classical
counterpart of the Felder-BRST [Fell]. Anyway, these facts indicate that the case
r4 = 2wk requires special treatment,

2. Hamilton Formalism

The Hamilton formalism provides one with hints on the definition of quantum commu-
tation relations by giving their classical limits. Especially the réle of symmetries for
the classical integrability of the theory can be made transparent. One may hope that
the symmetries responsible for classical integrability can also be realized in the quantum
theory and allow for its solution.

The aim of this subsection is therefore threefold:

e To exhibit the conformal symmetry in the Hamilton formalism,

o to discuss the transition to action-angle variables, and

o to derive the quadratic Poisson algebra of the variables f,-i, which may be the starting

point for a discussion of the classical origin of quantum group symmetries.

Let’s start from the Lagrangian

L= 355(0,00"¢ — 2¢%) = 5(3 147 — 1¢/2 — &%), (2.2.1)
introduce the momentum density = = g{fr = ;ﬁ;q&,, and define fundamental Poisson
brackets

{n(c,0),¢(c’,0)} = é(c — o). (2.2.2)
The canonical Hamiltonian is
2%
H=2 [ do(3(y*n)*+ 147 +¢%). (2.2.3)
0
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2.1 CONFORMAL SYMMETRY

The improved energy momentum tensor 74 +2 has previously been identified as a generat-

ing function for the conserved Noether charges corresponding to the conformal symmetry.

It was moreover seen to be a fundamental variable for a chirally split presentation of the
solutions.
Expressing 744 at 7 = 0 in terms of ¢, 7,

Tex = 5 (;(V’ 1 £ ¢ F (YPr £ ¢') +e?), (22.4)
one finds from {7, ¢} = é that
2 /
{Ti4(0), Te4(0')} = —(85 — 85/ )(T1£(0)b(0 — 0')) + 7—25'"(0 - ')
{Tes(0), Tax(c")} =0 (2.2.5)
or in terms of modes .
LE = / doet™ T,y (2.2.6)
0
one has 4
iH{LE L¥) = —(m — n)Lnym — 7—’2’n35m,_n (2.2.7)

Note that the Virasoro algebra defined by the Poisson brackets (2.2.7) is centrally ex-
tended already at classical level. This expresses the fact that 714 does not transform
covariantly under conformal transformations, but rather inhomogeneously as a connec-
tion.

1T =P Ten+ S50, sw=% -2 (L) o
This kind of transformation law is characteristic for a projective connection.
I will now consider what transformations 714+ generate on ¢:
{LE,6(0)} = (046 + im)e™ = (A—" _o A + im) e'me (2.2.9)
A A+ B
Phrased differently (¢ = ¢[A, B])
¢+ €{Lim, 8} = ¢[A(0 + €€'™7), B(a)] + O(€). (2.2.10)

274 .. is proportional to the trace of T and therefore vanishes on-shell

2. Hamilton Formalism

In this form it is obvious that the L, are the canonical generators of reparametrizations
of the lightcone variables.

One may now verify conservation of the Noether charges: First note that H = LF +L; .
Then by using v* = v¥(z4) one calculates

2x 27
%Q[vi] = da(@,v*’]}o + vi{H, Tio0}) = :l:/ ((’%vi’T:to + niaano) =0.
0 0

2.2 FREE FIELD POISSON BRACKETS

It is in fact possible to derive the Poisson brackets for the variables ¢4 introduced in
section 1 from the canonical Poisson brackets of the Liouville field [PP]. Since this
requires quite some calculation, I will just scetch how this is done. The basic strategy
is that of the inverse scattering method, but the peculiarities of Liouville theory require
several modifications.

One basic observation is that the Liouville equation is equivalent to the zero-curvature
condition for the connection I defined as

g okt 1o ko
R 1 3
U, = (e%¢ B 4;7r) U, == (—e%‘f’ _%(ﬁ,) (2.2.11)
The zero-curvature condition reads
&Uy — B,Ur — Uy, U= 0. (2.2.12)

Then introduce an object called transition matrix T(¢), defined at time 7 = 0 as solution
of 8,T = U,T with initial condition T'(0) = 13. The utility of introducing T lies in the
following two facts, to be elaborated on in the sequel:

e Variables A(z;) and B(z.) from which ¢ may be reconstructed as in (2.9) can be
found from ratios of matrix elements of T'. After diagonalizing the monodromy free
field variables are obtained as in section 1.2.

e The Poisson brackets of the matrix elements of T' can be calculated from the funda-
mental Poisson brackets (2.2.2) at time 7 = 0, those of A and B follow.

To find the Poisson brackets of T' note that at 7 = 0 the Poisson brackets of U, may be
directly calculated and written as

{U,(0) B Us(0")} = [R,Us(0) ® 1 + 1@ U,(0))b(c — o), (2.2.13)

3This object is analogous to the functions f{t which can be defined from the initial data by solving
the second order differential equations (2.1.2)
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with
0000
2
Y 100-10
7?,_—? 01 0 0 (2.2.14)
0000

Now it is a standard calculation, to be found i.e. in [FT] to show that Poisson brackets

{T(o) 8 T(0")} =O(0’ = 0)(1 @ T ()T~ (0))[R, T(0) ® T(0)]
+0(0 - ' NT()T o) ® )[R, T(¢') @ T(")]  (2.2.15)
follow from (2.2.13).

In order to find A and B from T one first introduces A and B by A= -Tll/le,
B := Ty1/Toz. By writing U, = 0, T - T~ one finds that ¢ is recovered from A and B
as in (2.9). Moreover, because of (2.2.12) there exists a continuation T'(o, 7) to arbitrary
times which also solves 8;T = U, T iff ¢ solves Liouville’s equation. Because of

3 = (U )12 = (0, T T V)12 = THO, A
=Us)12 = (0T - T V)12 = TS, A

one finds that 8_ A = 0, and similarly that 8, B =

However, A and B will in general not have diagonal monodromy. To find functions A
and B from which one may define free fields one has to apply sl(2, R)-transformations to
diagonalize the monodromy. What complicates the computations of the Poisson brackets
for A, B with diagonal monodromy is the fact that the parameters of the diagonalizing
5l(2,R)-transformation are functionals of ¢, = and therefore have nontrivial Poisson

brackets. In the end one indeed finds [PP] free field Poisson brackets for ¢ := In(04A4) +
In(0- B), namely
{¢(0,0), (", 00} =0 {¢(c,0), (0", 0)} = 7*6(c — o'). (2.2.16)

It is convenient to use a slight redundancy in the parametrization of phase space by
introducing independent zero-modes ¢4, p+ for the chiral halves of the theory. The
condition py = p- is then imposed as a constraint. By letting the nonvanishing zero-
mode Poisson brackets be {ps,q+} = 7> one gets the advantage that the two chiral
sectors Poisson-commute. The fundamental Poisson brackets in terms of the variables
@+ then are (see (2.1.17)):

{p1(0), p5(e")} = 0. (2.2.17)

2
{pz(0),p£(0')} = :!:12—6(0' —a')

2. Hamilton Formalism

All of this works fine in the hyperbolic sector, where the variables ¢+ can be taken
to be real. However, in the elliptic sector one unfortunately finds nontrivial Poisson
brackets (see [GN2]) {0494 (0), (O+¢+(¢’))*} in addition to (2.2.16), such that neither
real nor imaginary part of ¢, can be expanded in terms of ordinary real oscillators.
One possible way to deal with that problem [GN2] is to introduce a larger phase space
with independent real and imaginary parts of . The condition of reality of the energy
momentum tensor is imposed as a constraint. For non-integer values of the momentum
it is shown in [GN2J[GN3] that the constraint may be solved such that the Liouville
phase space is recovered The solution given in [GN2][GN3] breaks down for integer
values of the momenta®. 1 strongly suspect that this is related to the ambiguity in the
definition of the free ﬁelds for integer momenta. I will discuss a quantum counterpart of
this phenomenon later. However, even classically it seems that the correct hamiltonian
treatment of the subleties at integer momenta is still to be worked out. Maybe a classical
version of Felder-BRST is at work.

2.3 POISSON STRUCTURE FOR THE CHIRAL COMPONENTS

The possibility of writing solutions of the Liouville equation in terms of the chiral vari-
ables fi is crucial for it’s integrability, because the action of the symmetries becomes
simple in these variables. To get a preparation for exploiting these symmetries in quan-
tization it is useful to study their realization in the Hamilton formalism.

In the following a slightly more general class of variables will be considered, namely

Yh(ze) = NL(FF (Y

— N,{,e‘j‘P+(’*)(A(:c+))j“’“. (2.2.18)

These variables are useful for a chirally split representation of Liouville exponentials such

as
e IHTm=) = N L gl (24 ), (22) (2.2.19)

m
First of all these variables transform simple under conformal transformations: By ex-

pressing 7;4 in terms of free fields and using the Poisson brackets (2.2.16) one may
check

{Ln, —J*P+(1'+)} = e""”(&,. — inj)e™ jp4(z4) (2.2.20)
Especially one has
{Ln, ew+(r+)} = 3+(eiﬂr+e«p+(-‘r+)), (2.2.21)
so that one finds:
{Ln, A(z4)} = €™+0, A(z4). (2.2.22)

4] thank J. Schnittger for drawing my attention to this fact.
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From these formulae it immediately follows that the ¢, do indeed transform covariantly
27
(Tlo] := [2" dov(o)Ty+ (o))

{Tlol, ¥in(24)} = +0(24)04 ¥ (24) = §(O4 v(24 ) Win(24)-

The next task will be to compute the Poisson brackets among themselves: Starting from

(2.2.23)

2
{p+(0),p4(0")} = Fre(o — o) (2.2.24)
one immediately has
1 2 !
[eXe+(0) erea(a) = Aﬂ%f(a — 0')erP+()ener (o) (2.2.25)
For the computation of {A(¢), A(¢’)} one needs (2.2.25) and
{f(p),+(} = Xy* f(p)e**(). (2.2.26)

After some calculation one finds
2
{4(0), A0} = =T (elo = )(Ale) = A())? = coth(p/2)(4%(0) - A%(¢"))). (2221)

Finally one needs

,),2 e5e(o-o')

Apy(o’) =\ (A — Ao’ Ap4(a') 999
{A(o), e } 5 Sinh(p/2)( (o) (c')e ( 8)
to find
(¥l (o), ¥z, (0)} =
52
’2—((1'1 —my)(j2 — ma)e(e — o') +
1 . -0’ - _o! : .
sinh(p/?)(mlhe%c(o ") — majre”B=) gt (o)i, (o)
72 efeo=7") , . i1 Jjz ’
+?2sinh(p/2) (1 = m1)(jz + m2)¥in, 41(0)¥m, -1 (o)
72 efeto=o1) . . J 2 !
"2 2sinh(p/2) (1 + M)z — ma2)dn, 1 (@)Y, 41 (0")
This can be rewritten in a more compact way in terms of the variables
Xin(9) 1= (sinh(p/2)) =5 9, (0) (2.2.29)

2. Hamilton Formalism
if one introduces an sls-action on xi, by
Fxin =+ m)xm_,
Exty=(j — M)Xinp1

Hx} =2mxi,, (2.2.30)
uses a vector notation defined by x72 x#2. = (X' ® X?)m,m, and defines
4rt =HQH+4EQF , 4 :=-HQH+4FQE. (2.2.31) |

Then one has
{7'(0) @ X*(¢)} = L (e(o = o)+ ~ ™) + coth(p/2)(r* + r7)x (0) © X2 ().

These are the classical counterparts of exchange relations for the quantum operators that
will become important later. Again, the occurrence of W indicates trouble with
the Hamilton formalism at p = ik, k € Z.



SEcTION I1I:

QUANTIZATION OF LIOUVILLE THEORY

In the present chapter I will give a general discussion of the principles the present
approach to quantizing Liouville theory will be based on. The discussion has two main
purposes:

First, to discuss the choice of the space of states. This question turns out to be nontriv-
ial in the case corresponding to the elliptic sector of the classical theory. I will present
evidence for my proposal that the problems of the Gervais-Neveu approach which occur
at a discrete subseries of momenta may be cured by considering irreducible Virasoro
representations instead of Fock spaces.

Second, I will outline the general strategy to be followed in the construction of Liouville
field operators in order to identify the technical problems to be considered later.

Throughout, I will work in euclidean two-dimensional space-time, parametrized by vari-
ables z,z. These are related to the coordinates 7,0 on the cylinder by z = e™+7,

2 — eT—lU.

1. Space of states

The analysis of the classical theory exhibits the crucial réle of the conformal symmetry
for the integrability of the theory. To preserve conformal symmetry upon quantization
is therefore one of the most important requirements.

As a consequence, the space of states of the theory has to carry representations of the
Virasoro algebra. More precisely, two commuting copies of the Virasoro algebra are
required, the generators of which are collected in the chiral (resp. anti-chiral) parts of
the energy momentum tensor.

[Ln, Lin] = (n = m) L ym + %n(nz —1)bp,—m
— - - [+
Ln, Ll =(n—=m)Lpym + 1—271(712 = 1)bn,—m

T(2) T(z)=) 2" L,

n

Zz'";gLn

n

10

As in the classical theory, the operator H = Lo + Lo will be identified with the Hamil-
tonian. The space of states will be defined to be of the general form

H=EPHi oMU, (3.1.1)
1

where the L, (L,) act on Hy (resp. H;) only. In order to have energy bounded from
below one only considers highest weight representations: These are representations which
contain a vector vy, called the highest weight vector, such that L,v; = 0 and Lovy = hjv;.
There are three different types of highest weight representations relevant for Liouville
theory, called Verma modules, irreducible highest weight modules and Fock modules. The
following subsections contain a review of the relevant properties of these representations.

1.1 VERMA MODULES VS. IRREDUCIBLE HIGHEST WEIGHT MODULES

A Verma module V;, is defined as the highest weight representation for which the states

LonLop,...Lop,vn with k€N and n; >n; forall i<j 4,j=1.. .k
(3.1.2)
form a basis. V;, may be decomposed into Lo (energy) eigenstates.
Vi = P LoV{™ = (h + n)V{™. (3.1.3)

neN

The subspace V,(,") with energy h + n is spanned by all vectors of the form (3.1.2) such

that n = Zle n;. The number n will be called level in the following.

1.1.1 There is a unique bilinear form (.,.) on Vj such that (vy,vy) = 1 and (Ln€,¢) =
(&, L-n¢). The latter property implies that the energy momentum tensor on the cylinder
T(x) = Y Lne™™™° is hermitian with respect to this inner product and that the inner
product is invariant under conformal transformations. This inner product is in general
degenerate. One may prove [KaRa] that its kernel is the maximal proper subrepresen-
tation contained in Vj. (.,.) becomes nondegenerate on the irreducible representation
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Hp :=Vi/Ker(.,.).

1.1.2 Reducibility is equivalent to the existence of vectors n, besides v, that obey
Long =0, n > 0, called null vectors. An example is the vector (L_, — mLz_l)vh

which is a null vector if for given ¢ the parameter h is a solution of (2h +1)(4h +£) = 9h.
One may easily see that indeed the null vector and any vector generated from it are in
Ker(.,.).

1.1.3 V3 and H}, are up to isomorphism unique for given values of ¢ and h. It is therefore
important to know how the reduciblity of V;, depends on these parameters. The answer
has been given by Feigin and Fuchs in [FF2]. The parts relevant for my purposes may
be summarized as follows:

(1) Case 1: ¢ irrational
In this case there is precisely one nullvector in the Verma modules to the discrete
set

—1)a? +(n® - 1)e? +2(1 - n'n)) n',n>1,

Roin = %((n'2 (3.1.4)

where

(3.1.5)

\/1—-c \/25—c
ag = .

Note that o and consequently hy, are real only if ¢ < 1 or ¢ > 25.

The irreducible module is obtained by dividing V4 _, by the submodule generated
by this nullvector. For all other values of h the Verma module is irreducible.

Case 2: c=cprp=1-— 6%}{9—2 with p’, p relatively coprime

Now the structure of the Verma-modules V,,/,, := Vi, is more complicated. Con-
sider first the case 1 < n’ < p'—1,1 < n < p— 1. Because of the degeneracy
hnin = hpi_ni p_n there now are two immediate! nullvectors in Vp/n: One at level
n'n, the other at level (p' — n’)(p — n). But now the weights of the null vectors are
also among the {hn/n;n',n > 1}, so that the Verma modules generated by the null
vectors themselves contain nullvectors. One ends up with an infinite set of nullvec-
tors which are contained in an infinite nested inclusion of Verma modules, one being
generated by the nullvectors of the other. The structure of embeddings of Verma
modules may be summarized by the following diagram:

2)

1T will call nullvectors immediate if they are not contained in submodules generated by null vectors
with lower level of the respective Verma module

11

1. Space of states

/ S1 — 83 —> 83 ..
) X X X
82 —> 54 — S84

There is an arrow from a vector s; to another vector s; whenever s; is an imme-
diate nullvector in the Verma module generated by s;. The cases j'p'+ 1 < n’ <
G+ -1, jp+1<n<(j+1p+1for j,j € N have a similiar structure,
whereas the remaining cases n’ = j'p’, n = jp, j,j/ € N also have a structure of
nested inclusions of Verma modules, but with each Verma module having only one
immediate null vector (instead of two in the other cases).

Case 3: ¢ = épip =25+ GM with p’, p relatively coprime

The diagram that describes how the Verma modules are imbedded into each other
is now obtained by the following remarkable symmetry: If one reverses all arrows in
a diagramm for central charge c,/p, in which the singular vectors s; have conformal
weights h; then one gets the diagram for é,/,, where now the singular vectors at the
corresponding vertices have conformal dimension 1 — h;.2

(3)

1.2 FOCK MODULES

Consider the Fock space F, defined by acting with oscillators a,,, n € Z with [a,, am] =
2né, _m on a vector v, which satisfies a,ve = 0, n > 0 and agve = @vq. One has

(3.1.6)

There is a representation of the Virasoro algebra on this space given by

1 [ o]
1 Z an—rar —ag(n+ l)a,, n#0,

k=—o00

L,=

1 & 1
=§Z kak+4ao—aoao

A direct calculation shows that the so defined L,, obey a Virasoro algebra with central

2This symmetry should have implications for 2D gravity, since it relates the structure of a module
H .1, to that which corresponds to its gravitational dressing.
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charge C = 1 — 2403, In the case ¢ > 25 one may use @ = —iag. The Fock space forms
a highest weight module of the Virasoro algebra with highest weight
(3.1.8)

have := Lovg = (ar2 — 2000) Vg

Fo may also be decomposed into Lg-eigenstates:

o]
Fu=EPFP,

n=0

(3.1.9)

where LoFS" = (hq + ).

1.2.1 Expectation values of operators will be defined by means of the dual pairing:
Denote the dual vector space to F, by fg' . It is the direct sum of the duals to the fc(,") :

[oe]

Fo = DEMT,

n=0

(3.1.10)

Denote the dual pairing of ¢ € F, and { € FX by < (,€ >. The dual is also a Fock
space:

(3.1.11)

T _ T T T
Fr=p P Cd,. . a2,

k=01<n <. .<ny,

where aT is the usual transpose of an operator, defined by < aT¢, € >=< ¢ af >. vT

will be normalized by < vT,v, >= 1. There is a natural Virasoro action on FI 1tis
defined by

< LnC, € >=<(, L_nk > . (3.1.12)

It is important to note that FZ is isomorphic as a Virasoro module to F_a424,- The
isomorphism may be defined by the mapping af — —a_,, + 4aqbn,0 which sends L to
L_,.

1.2.2 The structure of the Fock modules ([FF1]) depends on the value of & as well as the
central charge c. In the generic case ho # hnm the Fock space Fy is isomorphic to the
irreducible module A3, (which coincides with the Verma module V4, ). The situation is
more complicated for those a where hq = hpnin, n'n > 0. The corresponding values of «
may be parametrized as

1—-n

2

1-7n

5 a- (3.1.13)

pip = ay.

12

1. Space of states

I will first describe the case ¢ # ¢prp. First, F_pns _ (n > 0,7’ > 0) is isomorphic to the
corresponding Verma module. The null vectors (also called singular vectors) are nonvan-
ishing when expressed in terms of oscillators. Because of —apip + 209 = av—pv,_y, and the
isomorphism of FX and F_q424, one finds that F,:, must be isomorphic to the dual of
the Verma module V,1,. If the null state in V1, is expressed as some polynomial ¢, in
the L_, acting on the highest weight state then the state on:,v,:y, vanishes identically if
the L_,, are expressed in terms of oscillators. Instead there must be a Fock space state
at the same level that is not created by the Virasoro action. This state is the dual to the
singular vector in F,:, and will therefore be called cosingular.

1.2.3 Again, everything gets much more complicated if ¢ = cp,. What one needs to
know is which parts of the Fock space have to be divided out in order to get the irre-
ducible module. There is an elegant description of the irreducible modules inside the
Fock space as a kind of BRST-cohomology due to Felder [Fell]. It will be described in
the next subsection. But to prepare for an explanation of how it works I will need to
scetch the description given by Feigin und Fuchs [FF1] as presented in [Fell]:

First of all F,/, contains infinitely many singular vectors u;, us2... that generate a sub-
module S}",(l(‘]i. This submodule is a direct sum of irreducible highest weight modules.
A further set of infinitely many vectors ...v_j,vp,v; ... become singular vectors if one

divides SF) out to get .F,(ﬁf), = J’,(i?,),/Sf,(f,)z. Here one identifies vg with v,,,. Again

nn
the subspace Sf,(,}z‘ generated by these vectors v; is a direct sum of irreducible highest
weight modules. Now there still are vectors that can not be generated by acting with
Virasoro generators on v,,. These are contained in the quotient f,(ﬁ,), = .7,(,2 /8FE)

which finally also is a direct sum of irreducible highest weight modules. -

1.3 FELDER-BRST

Felder’s characterization of the irreducilbe Virasoro module M, contained in Fp:, es-
sentially states that it is isomorphic to the cohomology of a suitably constructed BRST
operator . It is constructed as an integral over products of vertex operators. These
are operators that map one Fock space to another. Their definition therefore requires
introducing an operator ¢ conjugate to ag such that e*?ag = (ag — 2a)e®?. It is defined
as

o0 oo
Vo 1= e¥912%% exp (a Z 1_—ﬁz"‘) exp (-—a Z 2-’12"") . (3.1.14)
n=1 n n=1 n
Then define )
Qm = - duy ... dup, Ve, (u1) ... Vo, (um), (3.1.15)
C

where C is a multiple contour encircling the origin. The most important property of Q in
this context is that it commutes with the Virasoro algebra and therefore maps Virasoro



I1I: Quantization of Liouville theory
modules to others (intertwining property).

1.3.1 Again I will start by discussing the case ¢ # cpp. One may prove ([Fell]) that
Qmv-m’ m is the singular vector in F_ps _p,. By the intertwining property of Qn,
one therefore finds that the whole submodule generated by Qpmv_m/ m is BRST-trivial.
Femt,—m/QmF _m' m is isomorphic to the irreducible module H,y/p,.

In addition one finds that

m'm =~ Ker(Q@m : Fn'm — Fmt,-m) (3.1.16)

by duality. The irredcible submodule in F,,/p, is therefore the submodule of BRST-
invariant states.

In the case ¢ = ¢pip consider the class of Fock modules F/r, relevant for the minimal
models, i.e. 1 <m' <p'—1and 1< m< p. Now the result of [Fell] may be stated as
follows:

There exist operators Qp—m :
(i) Qm@pom = 0

(i1) KerQum/ImQp_p is isomorphic to the irreducible highest weight module Hyp' .

fm’,2p—m — Fmim and Qm : Fotm — fm’,-—m such that

1.4 ON THE LIOUVILLE SPACE OF STATES

All existing approaches to quantum Liouville theory use Fock-spaces to define the space
of states. This is absolutely justified for quantization of the hyperbolic sector, since
in that case the classical map from a real free field to the Liouville field is one-to-one,
i.e. any Liouville solution has an unique representation in terms of oscillator variables®.
However, in the present work I shall mainly be concerned with the quantization of the
elliptic sector corresponding to imaginary values of the momentum. This sector is par-
ticularly interesting due to the fact that in 2D gravity models one needs states from this
sector in order to construct physical states (the so-called gravitational dressing).

In trying to use Fock-spaces for the construction of the elliptic sector of quantum Li-
ouville theory, one has the problem of finding appropriate hermiticity conditions on the
oscillators that ensure hermiticity of the energy-momentum tensor. In terms of the Vi-
rasoro generators one needs L}, = L_p,.

For the following considerations it will be useful to use the form of the Virasoro generators
that is more natural when working on the cylinder instead of the complex plane:
1 .
L, = ZZ I Pn-kPk : HQnpy,, (3.1.17)
keZ

3Unique of course only if a branch for the momentum variable has been choosen, two-to-one otherwise
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where : ... : denotes the usual normal ordering and the p, coincide with the a,, except
for a shift of the zero-mode: py = ag + 2iQ. This shift may be seen to arise from the
transformation from the cylinder to the complex plane, so that po is the ”true” momen-
tum.

In order to describe the elliptic sector one demands py to have purely imaginary eigen-
values p. po will therefore be required to be antihermitian.? But then it is nontrivial to
find hermiticity conditions on the oscillators a,, that ensure L}, = L_,,. One has to solve
the equations

1 .
i Z CPen-kCr I FiQnp., =L_, (3.1.18)

kEZ

1 ,
L= 13 s plely s +ins}
keZ

for p}, as function of the pi, k € Z under the condition pg
observed in the classical theory.

= —po. A related problem was

In the approach of Gervais and Neveu this problem is treated as follows: They propose
to start by considering two free fields with oscillators p, and p, with corresponding
Virasoro generators L, and L, that are related to each other via the constraints

L,=1, and po = —Po- (3.1.19)
In [GN3] it is shown that for generic values of pg (i.e. p # parn = ann +iQ, n'n >
0) there indeed exists a solution p, = pn({pr; k¥ € Z}) of (3.1.19) as a formal power
series fn = Y oo FT)({px; k € Z}). Hermiticity of the energy momentum tensor is now
achieved by imposing p}, = p_,,.

However, it has already been noted by J. Schnittger that the constraint (3.1.19) can not
be solved on states with the momenta p,: ,, n’n > 0. The simplest example is the case
p=p1,1 = iQ where

but I:_l‘U,'Q # 0.

More generally, hermiticity of the energy momentum tensor can not be achieved on the
Fock spaces build upon Va,,  for n'n > 0: If the null state in F_,,, _,; is written as the
polynomial opn({L-n}) acting on v_y,+ _, then (see section 1.2.2):

L—IviQ = 0 (3120)

Onm({Ln})Vontcn 20  but  opn({L-n})vop/,—n = 0.

*If one chooses py to be hermitian, then the inner product of momentum eigenstates vp must be
off-diagonal: (vp,vpr) = 6p4pr 0. Such an inner product can not be a scalar product. This may perhaps
have a sensible interpretation in the context of 2D gravity: Seiberg has proposed in [Sei] that wave
functions of states with imaginary momentum have to be non-normalizable in order to be associated
with local states.

(3.1.21)
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My proposal to avoid this problem will be to take irreducible Virasoro modules instead
of Fock modules for the definition of the space of states. The problem with hermiticity
of energy momentum is avoided from the very beginning: Since one does not have to
realize the Virasoro generators in terms of oscillators, it is possible to achieve L} = L_,
simply by definition of the inner product.

The physical heuristics behind my proposal is the following: The Fock-space Fy: , pro-
vides a redundant parametrization of the space of states: It contains unphysical states, on
which energy-momentum is not hermitian. However, hermiticity of energy momentum
may be maintained on a subspace of physical states, which is defined as Felder-BRS-
cohomology and is isomorphic to the irredicible Virasoro module. This interpretation is
supported by the observation made in the classical theory that free field variables provide
a redundant parametrization of the space of solutions at integer values of the momenta
(which are the classical limits of the pn ».).

Abovementioned problems with the free field realization do not mean that they cannot
be used for explicit constructions of operators or for obtaining integral representations
for correlation functions: One may define matrix elements, expectation values etc. by
means of the dual pairing. Since < L,{,& >=< {, L_,& > the dual pairing reduces to
the Shapovalov form on the subspace of physical states. The problem is to take care
that all relevant operators commute with the Felder-BRST operator in order to ensure
decoupling of the unphysical states!

From the point of view of starting from two free fields and imposing (3.1.19) as a con-
straint one may argue as follows:

One starts from a space Jn/, that is generated by applying both p_,, and p_n, to vur p.
Acting on v, , with p, (resp. pn) oscillators only defines subspaces &, and éngn
which are vir-isomorphic to F,+ pn and F_p _, respectively. Constraint (3.1.19) can only
be imposed on subspaces (or rather quotient spaces) of &, , and é,,',n that are vir-
isomorphic to each other. These are obtained by dividing out all singular and cosingular
vectors of Fpnr, and F_p/ _n and everything that is generated from them. In F, , one
will have to divide out every vector that can be obtained by acting both with p_, and
P-n on the singular and the cosingular vectors in the submodules &,/ , and Gpr py . 1
suspect that the subspace obtained by dividing out the singular subspaces and imposing
(3.1.19) is isomorphic to the irreducible Virarsoro module.

Anyway, taking irreducible Virasoro modules in the definition of the space of states will
be seen to lead to a consistent extension of the Gervais-Neveu approach to modules cor-
responding to the conformal weights h,:,: Most virtues and important achievments of
the Gervais-Neveu approach will be preserved, but the problems with the hermiticity of
the energy momentum tensor avoided. In the case ¢ < 1 this proposal will of course
naturally incorporate the minimal models into Liouville theory.
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2. Construction of operators: General strategy

Before going into detailed technical discussions, I now want to give a general overview of
the approach to the construction of field operators to be followed in this work. Certain
general assumptions that are motivated by the analysis of the classical theory suffice to
put the theory into a framework that is similar to that of Moore and Seiberg [MS] or
Felder, Frohlich and Keller [FFK] for rational conformal field theories.

The primary goal will be the construction of operators that transform covariantly with
respect to the Virasoro algebras:

[Ln,®n(z,2)] = 2" (20, + h(n + 1))®4(z, 2)
(L, ®n(2,2)] = 2" (205 + h(n + 1))®p(2, 2).

(3.2.1)
(3.2.2)

I already mentioned the main motivations for this: First, these are operators relevant for
applications to noncritical strings and 2d gravity. Second, Liouville exponentials were
seen to be covariant objects classically.

It can be proved [FFK]® that the covariant operator @ is of the form (chiral factorization)

Oi(2,2) = ) Drndm(2)bm (2)- (3.2.3)

The basic requirement on the quantum operators qﬁ,’;, is that of conformal covariance
[Lin, 6 (2)] = 2" (20, + h(n + 1))p(2). (3.2.4)

Consider a field ¢ () acting on a highest-weight state § € Hy,. The resulting state can
be decomposed into states from different modules:

45,';(2)& = Zcp',:z,“(z) with <,o?,2hl € Hp,. (3.2.5)
ha .
It is therefore natural to consider as elementary objects the operators
1/)(,':',“ ) (z) : Hp, — MHp, and 1/3(,‘:,”)(5) . Fn, — Ha, (3.2.6)

which transform according to (3.2.4). Such operators are called chiral vertex operators.
Mathematically, chiral vertex operators are intertwiners between different Virasoro rep-
resentations. They will be seen to be uniquely defined by their intertwining property.

5The argument given in [FFK] does not use rationality of the CFT.
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The physical field operators ®4(z, Z) may be reconstructed from the chiral vertex oper-

ators in the form
a2 = Y 0,4 ) (a5, ) @9(ah, ) @),

hy,ha

h

hahs (3.2.7)

where D( hzhh, ) are numbers that depend on the normalizations of v, ¥. The construction

of the chiral vertex operators is therefore a decisive step in the construction of the theory,
and will be one of the main themes to be treated in the present work.

It will be seen later that there is at least a large subclass of chiral vertex operators that
satisfy exchange (or braid-) relations® of the following form:

(2 ) () ) =3 Buw[ 2 2], 2 ) (o)
n

The matrix B is called braid matrix. For the anti-chiral vertex operators i one then
has a similiar relation, the corresponding braid matrix denoted B. In the present case it
turns out that the anti-chiral operators ¢ can always be constructed such that B and B
are related by complex conjugation.

Two physical field operators ®5, and ®5, will then be local to each other if a relation of
the form

3 o(2) (i) |

holds. It turns out that the braiding matrices of all chiral vertex operators needed for the
construction of Liouville exponentials may be expressed in terms of the Racah-Wigner
coefficients of the quantum group U (sl(2)), in which case (3.2.9) reduces to the well-
known orthogonality relations for the g-Racah-Wigner coefficients, see [GS].

hy hy
hoo ho

hy

e (3.2.8)

hy ha
heo ho

hy

hy h;
h B! ho

. hu} thu[ ] = Spr D( ) o’:’h,)D( (3.2.9)

These considerations put quantum Liouville into a general framework for conformal field
theories. However, further assumptions are needed to establish the correspondence to the
classical theory: Which of the covariant field operators are to be identified with Liouville
exponentials? Remember that classically the chiral components ¥, (z4), ¥, (z-) of a
Liouville exponential were given as products of powers of the fundamental fields fi, fa,
see (2.2.20). These were defined as linear independent solutions of 82 f = T'f. One of the
basic results obtained by Gervais and Neveu is the following: There exist two operators
11, P9 such that

%In the framework of algebraic quantum field theory one may prove existence of exchange relations
from general principles of two-dimensional quantum field theory, see [FRS]. However, these results can
not be applied in the present approach to Liouville theory, since unitarity of the representations is not
assumed a priori, but can in some cases be established a posteriori.
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1. i, 1 = 1,2 satisfy a differential equation of the form
O(z) = v : T(2)¥(z) :, (3.2.10)
where : (...): denotes an appropriate normal ordering.

2. Both operators transform covariantly under conformal transformations according to
(3.2.4), where the conformal weight h goes into its classical value of % in the classical
limit.

3. Acting with ¢; on states £ € Hj, produces states from only one representation
Mh(h,)- The decomposition of ¥; in terms of chiral vertex operators is therefore of
the form

h .
G =Y. w(,h_(,,l) W)@ i=12 (3.2.11)
hy

4. ; satisfy an exchange relation of the form

(3.2.12)

Yr(z1)¥i(z2) = 3 B $m(22)¥n (1),

which reproduces the Poisson brackets of f; in the classical limit.

These properties justify to view y¥; as the quantum operators corresponding to the f;.
I will rederive these properties in the present approach that uses irreducible representa-
tions instead of Fock spaces as space of states.

By taking operator products of 1, 12, one generates a discrete series of operators %7, (z)
that are to be identified with the quantum analogs of products of powers of f;, fo. Covari-
ant operators build from this discrete series will be identified with Liouville exponentials.

Construction of the operators ¢, for all j € N, —j < m < j suffices for the construction
of Liouville exponential operators. However, it is probable that these do not encompass
all operators of interest. For example, Gervais has noted in [Ge2] that the operators
corresponding to powers of the metric in models of 2D gravity can not in general be con-
structed from the ¥f,. This motivates me to consider the construction of chiral vertex
operators in a more general framework as required for the construction of the ¥, only.

One may wonder that a quantized version of the Liouville field equation is not explicitely
required. In considering covariant field operators one has already made an assumption
on the dynamics by identifying Lo + Lo with the Hamiltonian: The covariance property
(3.2.2) explicitely determines the time evolution just as in the classical theory. It is
therefore not surprising that a quantum version of the Liouville equation can be proved
a posteriori, as has been shown by Gervais and Schnittger [GS].
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3. Chiral vertex operators

The first approach to the construction of chiral vertex operators will exclusively rely
on their conformal covariance properties. I will consider covariant operators between
Verma-modules, a subclass of which will be found to project to irreducible modules.
Conformal covariance uniquely defines (up to normalization) arbitrary matrix elements
of operators between irreducible modules. This leads to a unique determination of cor-
relation functions as formal power series with coefficients given by complicated recursion
relations. For a certain subclass of chiral vertex operators that correspond to the 1, one
finds operator differential equations which lead to more manageable information on the
correlation functions. In the simplest nontrivial case the operator differential equation is
equivalent to the one used by Gervais and Neveu.

3.1 CONSTRUCTION

I now want to investigate existence and uniqueness of such operators ¢g(z), H = (h:';’“):

3.1.1 First of all note that it suffices to define the action of ¥g(z) on the highest weight
state vy, : Given that, simply define its action on arbitrary states recursively via

Yu(z)L_kbn, = —27*(28; + h(1 — k))vm(2)én, + L-r¥u(2)én, (3.3.1)
3.1.2 The vector ¥g(2)vs, can be decomposed into Lo eigenstates:
va(2)on, = Y &5 (2), (3.3.2)
n=0

where £"(z) € V4, and Lgflgln)(z) = (ha + n)LoﬁéI")(z). Acting on this expansion with
Lo and using (3.2.4) allows to determine the z-dependence:

£ (2) = ¢ hemha=hutn (3.3.3)

Relations between the Cg') for different values of n are obtained by calculating the action
of Lj, on the vectors Cé{') with the help of (3.2.4) and Livs, = 0:

Lect) = (A+n—k+hk+1))E™ for k<n (3.3.4)

3.1.3 In the following it will be demonstrated that the relations (3.3.4) may be used for
a recursive determination of those components of (,']%I") , n > 0 that lie in the irreducible
submodule of V4,. The initial term (ﬁﬁo) is proportional to vy,. Since the factor of

proportionality will multiply all (]%["), it is called the normalization Ny of ¥y(2).
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In order to investigate the solvability of (3.3.4) first note that L_;, L_, generate all other
L_y, k> 0. It follows that one may write an arbitrary state £™) ¢ V,(,:) as
€M = [_160D 4 LD with €D eV, i=nn-1n-2

(3.3.5)

v("'l)

In particular, V,(::) has the same dimensionality as W,(‘:) =W,

& V,(::_2). Now define
a linear map A(™):

A . V)E:) - W,(:) AM(EMY = L6 4 Lre,
Solvability of (3.3.4) is equivalent to invertibility of A(). It is obvious that invertibility
of A" is equivalent to the existence of nullvectors in V,(:;

)7 In all cases where Vi, is

irreducible, (3.3.4) has a unique solution (,%,") for all n.

3.1.4 Only the case that V3, does contain null vectors needs further discussion. Assume

that n is the first level where a null vector occurs, so that I may assume Cl(ﬂm) ,m< nto
be known. A(™) is still invertible on its image. However, equation (3.3.4) is solvable if and

only if C&""l) + Cg"z) € W,E:) has no component in the direct complement of the image

of A(). Since any coefficient of an expansion of (,‘é{"), m < n with respect to some basis
is a function of hy, hy, ha,c only, A(™ is invertible only if the triple (h1, ho, ha) satisfies
certain c-dependent restrictions, the fusion rules. These will be determined explicitely
below.

3.1.5 Now assume that the fusion rules are satisfied, such that (3.3.4) is solvable. Cl(mﬂ)
is then uniquely determined up to the coefficient of the null vector itself. After giving
it an arbitrary value Néll), the recursion may be continued until the next null vector
occurs. If that is the case, additional fusion rules will have to be satisfied. In the case
¢ = ¢prp one may have to introduce an infinite set of additional normalization constants

N i=1,..., 00
3.2 FUSION RULES

In order to establish a precise criterion for existence of chiral vertex operators, I will now
give a second (equivalent) definition. Roughly speaking, the strategy is the following:
As explained above, it suffices to define the vector ¥m(2)vs,. One may always define
candidates for three point functions < p,¢¥m(z)vs, > with arbitrary out-states p by
writing p in terms of Virasoro generators acting on a highest weight state and using
< L_no,yu(z)vn, >=< 0,[Ln,¥u(z)vs, >, covariance of ¢y and < wvp,, Yu(z)vy, >=

7A state annihilated by Ly and L will be annihilated by all Lg, k& > 0.



III: Quantization of Liouville theory

zhs=h2=h1 This amounts to the definition of 1y as an operator from Vj, to the dual of
Vh,- It turns out that this object may be turned into an operator that maps to Vj, if

and only if decoupling of null vectors holds.

3.2.1 A linear form on Vj,, suggestively denoted by [¢m(z)vn,]T, will be defined as
follows: First set [Ym(z)vh,|T(vg,) = zP2~"3~h:1 Extend this definition to arbitrary
p € Vi, by induction on the level of p: Assume [¢m(z)vs,]T(p)) to be defined for any
P e V,(:;) with i < n. As already noted before (3.3.5), there exist unique p®=1), p(n=2)
such that p(®) = L_1p(*=1 4 L_5p("=2) Then define

[vm(z)vn, T (p™) = Z (20 + (k + 1)h)[vom(2)vn, |7 (6 P).

k=1,2

(3.3.6)

It is clear that [¢u(z)vs,]T (p()) depends on z only by zhs—h2=hi1+n This concludes the
definition of [¥m(z)vs,]7.

3.2.2 Now observe that if a chiral vertex operator ¥g(z) ezists then one immediately
has that
[u(2)on, IT(6™) = (o™, Yu(z)vn,), (3.3.7)
since both objects obey the recursion relations (3.3.6). A necessary condition for existence
of 1 is therefore that
[u(z)vn, " (™) = 0, (3.3.8)
if n(®) is a null vector at level n in V4,. On the other hand side, if [$m(2)vn,]7 satisfies
(3.3.8), then it is a standard fact from linear algebra that there exists an element ¢(*) €
V,(,:) such that
[wﬂ(z)vhx]T(p(n)) = (p(n)u E(n))a (339)
£(") being unique up to nullvectors®. The state ¥g(z)vs, is then obtained by summing
the £(*) as in equation (3.3.2).

3.2.3 In conclusion, I found that the necessary and sufficient condition for an operator
¥ to exist is that the linear form [¢m(z)vs,]T vanishes on null vectors.

3.2.4 The relation to the previous construction of chiral vertex operators is found as
follows: Because of

(p(n)’f(n)) = (p(”'”,Llf(")) + (p(n~2)’L25(n))

Blett: V(M) — p(m)T E(") — (.,5(“)) be a linear map from V(") to its dual V(T May further
N be the subspace of V(™T that annihilates the null vectors in V{?). Clearly Imt C N. But since Imt
and N have the same dimensionality they must be equal. Therefore ¢ is invertible on N.
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on one hand side and

(P, €M)= 7 2H(A+n—k+h(k+ 1))(p"H),607H)
k=12

on the other hand side one finds the recursion relations
L™ = 2F(A +n—k+h(k+ 1) (mod n) (3.3.10)

where mod n indicates that these equalities hold up to elements of the subspace of Vj,
generated by the null vectors. If one now considers the case that n is the lowest level at
which a nullvector occurs, then equations (3.3.10) hold exactly since both hand sides are
objects of level less than n. These equations are just the recursion relations used in the
previous construction of ¥g(z). However, now I already know that a solution ¢(*) exists
provided eqn. (3.3.8) holds.

3.2.5 Now consider the case that hz = hys,, such that Vi, contains a null vector at
level n'n. The problem of evaluation of (3.3.8) has essentially been solved by Feigin
and Fuchs in [FF2]:® What they calculate is the following: There is a simple Virasoro
representation on a vector space with basis {f,; n € Z} defined by L_¢f, :=(g+n—
Ak + D) favk, c¢fa := 0. Now write the null vector n,, € Vi 88 Ny = Gpintnin,
where ¢/, is a polynomial in the L_;’s. What Feigin and Fuchs calculated is o1y, fo =
P(p, A;n',n;t), where t = —aﬁ_.

Before stating the result, I want to demonstrate that this is precisely what one needs to
evaluate eqn. (3.3.8). Consider the vector space of three point functions (p™), ¥y (z)vs, ),
which has as basis {z#3~*2=%1+7. ¢ N}. The operation

(P, ¥m(2)vn, ) = (L-p™, ¥m(2)vn, ) = (A + 1 + ha(k + 1))(p™), Ym(2)vn, )

defines a Virasoro action on this vector space which may be idenitified with the action
on the f, provided g = hg— hy — h;, A = —hy. The evaluation of (3.3.8) therefore yields
a result proportional to gy, z"3=#2=M = P(hg — hy — hy, —hg; n', n;t)zhs—hz=hitn'n

3.2.6 The result of [FF2] may be conveniently written by introducing ”spins” j' = "'2" LY
j= 1”2‘—1 to parametrize the conformal dimensions h,: , as
h(7',3) = hajrarzier = (o + jar)((7 + Dac + (G + Day). (3.3.11)

Then oninfo = P(hs — ha — hy, —ha;n',n;t) = Q(hy, hy; §', j; a4 ), where ,
Q(h1,h2; 5, js04) = H {(hg—fn)2+2(h2+h1)[m'a_+ma+]2+h(m', m)h(—m', —m)}

__J‘rsmlsj)
~3<m<i

9The use of the result of [FF2] is inspired by [FF3], where the first general proof of the minimal model
fusion rules was given. However, the construction given in [FF3] of the objects that correspond to the
chiral vertex operators is rather different to the more physics-orientated formalism developed here.
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Another useful form of this expression is obtained by parametrizing h; = p? — a2, hy =
(p1 + 6)? — o and introducing rmim, = ma- + may:

Q(h1, h2;jlyj; ay) = H (6 + rm’m)(‘s - rm’m)(é + 2p1 + 7"m‘m)(‘S + 2p; — rm'm)—
—:'Jé':"é]'
3.2.7 A chiral vertex operator that maps to Vy(:;,) will exist whenever
Q(hy,h2;5', j; ay) vanishes. This leads to a quadratic equation on hy, hy for any pair
m', m. If hy = h(j1, j1) then the allowed values for hy are hy = h(j] +m’, j; +m), where
—js <m' < jsand —j3 < m < ja3. For generic central charge one has only one null
vector in V(j3, j3), so that above restriction (fusion rule) is the only constraint on the
existence of chiral vertexs operators.

3.2.8 The situation is slightly different if ¢ = ¢p1p,. Then the null subspace of V(j, j3) is
generated by two nullvectors. Consider the case 0 < 2j5 < p—2,0 < 2j3 <p-2.
One of the null vectors is just n,, the second null vector ny_,/p,_p arises due to
the degeneracy hnin = hp'_n’/p-n. So one of the restrictions on ji, ,jl, J5 J2 is
the one found above, the other one is obtained by replacing j3 — & — (j3 + 1),
ja — & — (ja+1). Now it is important to observe that because of p'a_ + pay = 0
one has R(j', j;m',m) = R(‘%l — (4 +1),% = (§ + 1);m', m). Therefore the only further
consequence of the second nullvector is to restrict m’, m to the range

ma'x(—jgvjé + 1- 22_) S ml S mln(]é) PE - (J:Ii + l))

max(-j3, ja+ 1 - %) <m < min(js, § — (js + 1)) (3.3.12)

3.2.9 The results of this subsection may be summarized as follows: A conformally covari-
ant operator with conformal weight h, (see eqn.(3.2.4)) that maps from a Verma module
with weight h; to a Verma module with weight h3 exists in the following cases:

1. hs # h(j5, ja): For any values of hy, hy

2. h3 = h(j}, j3) and hy # h(41, 1), ha # h(j3, j2): chiral vertex operator exists if and
only if there exist m',m with ~j§ < m’ < j§, —js < m < js such that h; and hs
are solutions of

(ha = h1)? + 2(hy + hy)[m'a- + may]? 4+ h(m', m)h(—=m’, —m) = 0.

3. hs = h(j4,73) and hy = h(31,51) ,h2 = h(jy,j2): Further distinguish ¢ = ¢prp,
[ # Cp'p:
(@) c#cpp:  Jh—Jj3<i1<iyt+iy J2—Ja<i<j2+7s
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(b) ¢ = ¢prp : Ishall only consider the case 0 < 2j; < p’—2,0 < 2j3 < p~ 2, which
is the one relevant for the minimal models:

max (J — g4 + 7 — £52) < 5 < min (5 + 5, 252 + 3§ - 1)
max (jz — ja, j2 + ja — £52) < j1 < min (j2 + js, 252 + j2 — ja)

Equivalently one might take

= 4] < 4 < min(jh + G5,/ ~ 2= = )
|72 — ja| < j1 < min(jp + ja,p— 2 — j2 — Js),

since these cases are obtained by ji — ”2—/ -(1+1),51—5-(1+1) and
therefore lead to the same set of conformal dimensions.

These restrictions form only a subset of what is known as fusion rules for minimal mod-
els. This is due to the fact that I considered the conditions for conformal covariance
of operators between Verma modules up to now. The conditions for operators to map
between irreducible modules will be found below.

I would like to point out that there exist more covariant operators than usually consid-
ered in the literature. Especially there do exist chiral vertex operators mapping Verma
modules without nullvectors to others that do contain null vectors (case 2). This result
seems to contradict general folklore.

3.3 DESCENDANT OPERATORS

Ym(z) is just one member of a whole class of operators ¥y(£s,|2z) which may be labelled
by vectors £ € Vj,. They are recursively defined by

Yu(va,|2) == Ym(2) Yu(L-1€|2) == OYm(£|2)

Yu(L-n|2) = lay(0"*Te(2)¥m(€|2) + ¥m(£]2)0"~T5 () (33.13)
where n > 2, and
Te(2) 1=} 2" Lon-s To(2):= Y 2 " Lnoa. (3.3.14)
n=0 n=1

Instead of considering ¢Yu(€|z) as an operator that maps from Vj, to V,, one may fix
an element { € V4, and consider ¥g( . [2)¢ as an operator that maps from Vj, to Vy,.
In the next subsection, a formalism will be presented that puts both points of view on
equal footing.
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3.3.1 The following theorem gives a convenient characterization of the conformal prop-
erties of the descendants (I will omit the subscript H in the following):
THEOREM

n+1
k+1

n for n>-1

oo for n<-1.
(3.3.15)

Before giving the proof, I want to explain its implications: The content of the theorem

may be summarized even more concise in the following rules: ‘

i(n)
[Ln, ¥(El2) = "(

k=—

) Y(Lk€n|z) where I(n) = {

[T (w), $(€]2)] = %(T> (u - 2)¢[2) (3.3.16)
[$(¢l2), T< (u)] = $(T> (u — 2)€[2) (3.3.17)
Y(Te(u = 2)|2) = T (w)(€]z) + D(E]2)T> (w), (3.3.18)

These formulae allow to write down the complete operator product expansion of

T(u)i(E]2):
T(u)y(€lz) = [T5 (u), ¥(€]2)] + Te (u)(€l2) + $(€]2)T> (u)
= > (u—2)"Y(Liglz)

k=—o00

(3.3.19)

= ¥(T(u - 2)¢]2).

The sum is finite if £ contains only finitely many L_,, generators. It is now possible to
make contact with the more usual formulations of conformal field theories [BPZ]: One
has

Y(L-n€l2) = Resu_[(u — 2) " T(w)y(€]2)] (3.3.20)
— f g%(u - Z)'ﬂ+1T(u)’([’J(€iz)_ (3321)

In [BPZ], these equations are used to define the formalism. In the present formalism
they have been derived purely algebraically.

3.3.2 The proof of the theorem occupies the rest of this subsection.
As a preliminary note that an alternative basis for Vj, may be written as follows: Let

i = (ny,...,ng) be a vector of integers withn; > 0, np >0andn; > 0fori=2...k—1.
Then a basis for V4, is given by the set of all
(LTDELZ)LEY) - (L)L) o, (3.3.22)
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It therefore suffices to define (€ € Vy,)
¥(vn,|2) := ¥(2) P(L-1€|2) := ¥(¢]2)
P(L-28]|z) := T< (2)¥(€|2) + ¥(£]2)T> (2)

The theorem will be proved for vectors £ of the form (3.3.22) by induction on the integer

s, defined as s := Zf n;. For s = 0 one easily recognizes the theorem as the covariant

transformation law of ¢(z) Now assume that (3.3.15) holds for ¥(£|z). Consider first
[Ln,¥(L-1€|2)]: By using the definition of ¥(L_1€|z) and (3.3.15) this is calculated as:

k:..lzn_k( )w(kalz))
-H (i) £

Y(Leél)+ Y 2"
k=~1

The first sum may be rewritten by shifting k' = k + 1 and using (n — k + 1) ("}') =

(k+ 1) (n+1> as

(3.3.23)

I(n)

2

_ n+1
[Lm'l'(l/—lflz)] - 8 ( k +1
n+1
k+1

n+1

k4l ) Y(L-1Lir€|2)

k+1 o s
>t (31 e roe) (3:3.24)
so that
I(n) n+1
(s bEstl] = Y o (311 ) wleLosgle) (3.3.25)

k=-1

For the computation of [Ln, ¥(L-2€|z)] one has to distinguish two cases: n > —1 and

n < —1. In the first case use

[Ln, T<(2)] = 2"(20 + 2(n + D)T<(2) + 3 2" ™(2n~ m + 2)Lin_2 + —l—%n(nz —1)"2
m=1
[Ln, T5(2)] = 2" (20 + 2(n 4+ 1)) T5(2) — Z 2" (2n —m + 2) Lo,

with the convention that 7 _ (
of

..)=0if n < 1 in order to evaluate the right hand side

(L, $(L-2€|2)] = [Ln, T<(2)]$(£]2) + $(€|2)[La, T5 (2)]

+T<(2)[Ln, $(€|2)] + [Ln, $(£]2)]T5 (2).

(3.3.26)
(3.3.27)
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By the inductive assumption one recognizes the terms in the second line as

$ 1
Z -k (: i 1) Y(L-2Li€l2), (3.3.28)
k=-1
while the first line is equal to
MHUY(LogEle) + 2n + D)2 (L_2€]2) + l—gn(nz 124 S, (3.3.29)
where § 1= Z 2 7¥(2n — m 4 2)[Lin—2, ¥(€]2)] is evaluated as
m=-1
n m-2 m—1
— n—-m m—2-k -
s_:{qz (Qn-m+2)k§z (k+ . ) Y(Lié|z) (3.3.30)
n n — 1
= zn~k{2(2n+2—m) (T:__ ] )}1,0(14-25]2). (3.3.31)
k=1 m=k

One may prove by induction that the sum within the curly brackets equals (k+2) (:i; ),
so that

— . n-k n+1 _ c 2 n-2
$=32 (11 1) i £kl = fnto” - - (33.32)
Collecting the different terms one finds
(L, ¥(L-2€|2)] = zn: G P(LiL_2€|2) (3.3.33)
ns -2 k + 1 - ) b

k=-1

which was to be proved. The case n < 1 proceeds analogously, so I will only list the
changes:

0
[Ln, T<(2)] = 2" (20 4+ 2(n + )Te(z) = D 2" (@20 —m+2)Lm_s
m=n+1
0

(Lo, Ts(2)] = 220+ 2n + I)T5(2) + D 2" ™(2n—m+2)Lm_2

m=n+1

+—f§n(n2 —1)z"2
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0
S== Y ""(2n—m+2)[Ln-2, $(£l2)]
m=n+1
o) Q
=) "k m — 2(n + 1)) m=1 }1/1L..£z
; {m:Er;-}-l( ( (’“'*'1) (T4-sl2)

The sum in curly brackets obeys a similiar identity as above and is equal to (k+2) (';i'})
This concludes the proof of the theorem.

3.4 FUSION PRODUCT

Consider Y(€2|2)€1, & € Vh,, i = 1,2: Instead of viewing it as the action of an operator
on some state one may view it as the result of taking some kind of product of two states:
Yu(€2]2)€1 = [€2(2)R€1(0)], (3.3.34)

The state £, is considered to be located at z, £; at 0. In order to make this more precise
I will now introduce the concept of translated states:

3.4.1 Starting from a state £ € Vj, one may define a state translated to z by using the
translation generator e*L-1:

£(z) = erl-1g, (3.3.35)
In fact, translated states are nothing new: One has
£(=) = ¢( ,,"0)(6 |2)vo. (3.3.36)

This may be verified by noting that
e one has vp(z) = l;’)(hko)(Z)'f)g since vp(2) satisfies Livy(2) = 25(28 + h(k + 1))va(2),
k > 0, which are the conditions used to define 1,0( hho) (z)vo in sec. 3.1, and that

o (L-18)(2) = 8¢(z), (L-28)(z) = T<(2)&(z), from which equation (3.3.36) may be
inductively proved for arbitrary €.
The conformal properties of translated states may be conveniently summarized by

T (w)é(2) = (T5 (u — 2)€)(2) (T<(u— 2)€)(2) = T (u)e(z). (3.3.37)
Let me also mention the following important special case of (3.3.37):
h 1
Ts (wva(z) = ((u oy + — z(?) vp(z). (3.3.38)
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3.4.2 The fusion product of two translated states €;(z1) € Vi, and €3(z2) € Vi, may
then be defined in terms of chiral vertex operators as

[€2(22)®61 (21)]n = Ym(e "2 €a(22)] 22)€1(21) = Ym(€2l22)€1(21). (3.3.39)

The concept of the fusion product is completely equivalent to that of the chiral vertex
operator!

3.4.3 The conformal properties of ¥(£]z) derived above may now be rephrased as rules
for moving T'(u) within fusion products:

[E(2)8T<(u)¢()] = Te (w) € ()¢ ()] + [T> (w)é(2)8¢ ()] (3.3.40)
[T (w)é(2)&¢(2')] = Te (u) [€(2)OC(2)] + [€(2)OT> (u)((2)] (3.3.41)
T (u)[§(2)@¢(2")] = [T5 (w)é(2)@( ()] + [§(2)&T> (u){(2")] (3.3.42)

3.4.4 On the level of formal power series it is possible to define repeated products such
as

[[€3(23)®E2(22)]ns @E1 (21)]n  OF  [€3(23)@[€2(22)RE1(21)]h,0ln, (3.3.43)

where & € Vi, i = 1,2,3. Consider i.e. [[€3(23)®€2(22)]h,s RE1(21)]n, where & will be
assumed to have definite level n;: By definition, the inner bracket [€3(z3)®&2(22)]h,, may
be written as the formal series

[€3(23)@€a(22)]h,, = D (23 — 22)2 2475 (22),

n=0
_ e e B (n) (n)
where Agg = hog — hy —ny —hg—nzand §;3° € th' Then define
[[53(23)®52(Zz)]hu@ﬁl(zl)]h =
= Z(zg — 29)2 0 [60)(29) @61 (21)]n

= Z(Z3 - zz)A23+n Z(zz _ zl)A;(aa)+m—n€(n,m)(zl)

n=0 m=0

oot St 5 (222

m=0

z2
22— 2

) e

where Aj(s3) = h — haz — hy —n; and ¢nm) ¢ V,(lm). Note that the sum over n in the

last line defines a vector in ng) if it can be shown to be convergent.
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3.4.5 A first hint on the usefulness of using the fusion product language compared to the
more common vertex operator language is obtained by rewriting the examples (3.3.43)
in terms of chiral vertex operators:

[€3(23)®[€2(22)BE1 (1)), 11 = ¥ (,, ,.n)(ealza)w(,m . )(.52|Z2).51(z1 ) (3.3.44)
[1€s(20)8¢a(22)],, B (21)] = D (38 = 22) (132 Y&y 22)éa (1) (3.3.45)

h hy

The order [A[BC]] of taking the fusion product therefore simply corresponds to the
composition of chiral vertex operators, whereas the expression on the r.h.s of the sec-
ond line has the form one expects the terms of the operator product expansion of

¢(hl;‘32l ) (53|2;3)¢(}1‘2’1'2}‘1 )(ézlzg) to have (sum over descendants!).

3.4.6 Correlation functions may now be defined by taking the Shapovalov form with
arbitrary ”out”-states £ € V;, i.e.

(€, [€3(23)®[€2(22)®€1(21)],, I1)-

Such expressions are to be considered as formal series in the variables 21, z3~2),29—2;. In
order to show convergence to (possibly many-valued) analytic functions one needs more
information. This will be discussed later. However, it is important to note that conformal
covariance uniquely defines these series up to choice of the normalization constants Ny.

The different orders of multiplication in taking fusion products corresponds to different
ways of sewing three-punctured spheres in the more common conformal field theory
language (see i.e. [MS]).

3.5 NULL VECTOR DECOUPLING
ha

hs hx)

equals one of the h(j’, ). It will turn out that under certain conditions on H, the chiral
vertex operators ¥g(.|z) will have the property to map elements of the null subspace of
Vi, or V4, into the null subspace of V,,. I will call such operators null space preserving.
Only those chiral vertex operators that preserve the null subspaces can be used to define
chiral vertex operators between irreducible modules. The latter will be seen to obey
certain operator differential equations which in the simplest nontrivial case is equivalent
to the one used by Gervais and Neveu.

Now consider the special case that either hy or hy of the conformal weights H = (

3.5.1 A necessary condition for ¥y(.|z) to preserve the null space of V, (V4,) is

(vny, Ym(ng|z)vp,) =0 ( (vhy, ¥m(vn,|2)y) =0 ), (3.3.46)
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when n;, 7 = 1,2 are null vectors in Vj,,. Similarly as in the evaluation of (3.3.8) one finds
that (va,, Yu(n2)z)vn,) and (v, Yu(ve,|2)ny) are proportional to Q(hy, hs;jh, j2; ay)
resp. Q(hy, ha;j1,71;e4). In the case that hy = h(j3, j2) one finds fusion rules

Ai=i<i<ii+i hi—j2<js<h+i (3.3.47)
as necessary condition for ¢¥g(.|z) to preserve the null subspace of V), and the same
condition with 1 & 2 in the other case. Again further restrictions arise if ¢ = ¢p/, from
the existence of additional nullvectors in Vjy,, or V;,. They are obtained by replacing in

(3.3.12) 55 and j3 by j5 and j» or ji and j, respectively.

3.5.2 These conditions turn out to be sufficient as well: Since (&3, ¥m(n2|2)(1)
and (&3, ¥m(C2|z)n1) can be expressed as some differential operator acting on
(vhy, Ym(nalz)vn, ) and (va,, Yu(va,|2)n) respectively, vanishing of the latter implies van-
ishing of the former.

In general, the contributions of null vectors in the image of ¥m(n2|z) or ¥(.|z)n; will not
be zero. One may express the property of null space preservation as

¢m(n2|z) 0 y’)m(.{z)nl ~ 0,

where &~ means equality up to elements of the null subspace.

and (3.3.48)

3.5.3 It is clear, that the whole set of fusion rules, those necessary for existence of CVO’s
as well as those necessary for null space preservation, will be necessary for the operator
to exist on irreducible modules. The complete set of fusion rules in the case ¢ # cprp is

ii—sl<is<ii+ia =gl <3<+, (3.3.49)
while for ¢ = ¢p/p it is (I write only the condition on the unprimed j’s):
l71 = j2| < js Smin(G1 + j2,p — 2 — (j1 + j2)) (3.3.50)

. (§5,32) . . . . . .
A triple ((j;,;':ﬁ (j;,j;)) will be said to obey the fusion rules (restricted fusion rules) if

it satisfies (3.3.49) (resp. (3.3.50)). Under these conditions, the equations (3.3.48) hold
as exact equalities. By using the rules (3.3.16)-(3.3.18) for moving T, T one may
rewrite (3.3.48) as operator differential equations on ¥y(z) and ¢m(.|2)vs,. For example,
if hy = h(0,1/2) one finds (y = 2(2hy + 1) = a})

*yu(z) = (T (2)¥m + Yu(2)T> (2)),
if hy = h(0,1/2) one has
*Yu(|z)vn, = V(T (0)ym(.|2)vn, + Yu(T>(=2) . |2)vn,).

(3.3.51)

(3.3.52)
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3.5.4 One should note that there exist CVO’s between Verma modules that do not
preserve the null spaces. The simplest example is obtained by choosing k3 = h(—1/2,0),
hy = h(1/2,0) and h; = h(0,0) = 0. In that case ¢y does not annihilate L_vg, so that
the corresponding chiral vertex operator can not be defined to act between irreducible
modules. It nevertheless exists between Verma modules and provides a solution of the
Gervais-Neveu operator differential equation (3.3.51)!.

However, there may exist solutions of (3.3.51) that are not chiral vertex operators (even
between Verma modules): If hs = h(0,0) = 0, hy = h(1/2,0) and hy = h(0,-1/2)
one may construct a formal power series solution of (3.3.51), which due to the failure of
the conditions for existence of CVQ’s can not be covariant with respect to the Virasoro
algebra.

3.6 CORRELATION FUNCTIONS

I now want to describe the additional information one gets when one constructs a cor-
relation function out of CVQ’s that all have the property of null vector preservation:
Differential equations on the conformal blocks. These facts are of course well known
since [BPZ], but in the present formalism they may be rigourously derived rather than
conjectured as in loc. cit..

3.6.1 Remember that in the present approach correlation functions had been defined as

(boo, [ [61(21)& . . . [€i(2) @41 (zig1)]nr - ] - . ] (3.3.53)

It is useful to have a concise notation for the data involved: Consider all possible multi-
plications of states &;, i = 1...n. They are characterized by the following data:

1) A permutation o(i), i=1...nof (1,...,n),

2) a complete binary bracketing of o(1)...0(n) such as (((3,5),((1,4),6)),2),

3) The set of tuples (h;,&;, 2;), where &; is a state in the Verma module of conformal
weight h; and z; is the position where the state is supposed to be inserted, and finally
4) a set of real numbers A", r = 1,...,n — 1 associated with each pair of brackets which
denote the weights of the ”intermediate” representations appearing in the multiplication.
Let B;, denote the set of all collections of data 1)-2), i.e. of all bracketings ((1,4),.. ..
The elements of B, will be denoted by 7,7’ etc.. The tuples (h!,...,h" ! = hy)
will be abbreviated as H. One may distinguish the ’external’ data (h;,§&;, z;) from the
‘internal’ data I" := (7, H), which parametrize the possible ways to form fusion products
of £i(z;). As a shorthand for the multiplication parametrized by I' I will use the notation

[T &i(=).

3.6.2 The first important observation is that any correlation function (e, [Ir &i(2i))
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may be expressed as some differential operator acting on (veo, [y vi(2:)). To see this
write each &; as some polynomial o; in the L_, acting on v;. By using rules (3.3.40)-
(3.3.42),(3.3.37) and the defining property of (.,.) one may move one L_, from z; to all
the other z;, j # ¢ and £, where it either produces differential operators or reduces the
level of the states located at z;. By iterating this procedure one ultimately ends up with
a result that consists of meromorphic differential operators acting on (veo, [ [ vi(2i)).
Correlation functions of the form (veo, ][] vi(2:)) are usually called conformal blocks.

3.6.3 The same procedure may of course be applied if some of the & are nullvectors n;.
Now if all sub-products within []. satisfy the fusion rules, then any product that con-
tains one or more null vectors n; will produce only elements of the null subspace of Vo,
so that the corresponding correlation functions vanish. One most conveniently considers
the case that one & = n;, all other §; = v;. One thus gets a differential equation on the
conformal block. An important example is the case h; = h(0,1/2) or h(1/2,0), where
n=(Los~— W%ﬁl,il)v;. The differential equation one gets is

1
2 _ E ,
6,' Y (zi—ZjaJ+

i
3.6.4 In order to find out how many of these differential equations one needs to completely
determine the z;-dependence, one has to observe that there always are two differential
equations following from

0 = (L1veo, [[pvi(2:)) = Z 9:3r({=:})

hj

(zi — 2;)?

) Sr({z}) =0 (3.3.54)

(3.3.55)

hooBr({2i}) = (Loveo, [[pvi(2i)) = Z(z;&- + h)F({z))- (3.3.56)
i

One therefore does not need to have null vectors in all V4, but only in n — 2 of them in

order to fully determine the conformal blocks.

3.6.5 It should be possible to prove by analysis of these differential equations that the
formal power series used to define the conformal blocks indeed converge. The necessary
results are well known in the case n = 3, where (3.3.55) and (3.3.56) allow to reduce the
differential equations to one differential equation of fuchsian type:

k
(}:p,(z)a:) F=0,
r=0

where the functions p,(z) are meromorphic functions with poles of order not greater than
k—r.

(3.3.57)
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4. Fusion and braiding

The previous discussion was entirely based on conformal covariance properties of the chi-
ral vertex operators, which provide the local information on correlation functions (power
series expansions, differential equations). A crucial piece of information that is needed
i.e. for the check of locality of the complete field operators is missing: Commutation
relations and operator product expansions of chiral vertex operators among themselves.
It will be seen that they are of the following form:

'I’(h::hf )(52|22)¢(;.?’h°)(51 |z1) = Z Bh,,h;[ ]Tl)(;,:h; )(51 lzl)iﬁ(h?io)(fﬂ%)
v

ha hy
hoo ho

(2, ) Elz)o (05, ) Eln) = Z Fum 22 b ] So(e — 2@ty B, Y (6120),
K n

where A1y = h; —hy —ny — hy — ng if €, &, are states of definite level ny, ny respectively.
The matrices B and F will be called braiding and fusion matrices respectively. These
matrices depend on the normalization chosen for the chiral vertex operators: If the

normalization is relevant I will use the notation %~ ( h;"h‘ ), where the normalization is
given by
N(hﬁu) = (”’*s’d’N(h:th )(l)vhll (3.4.1)

One may of course always take A' = 1, but it will turn out to be convenient to use A
with nontrivial dependence on hy, hs, hs. The relation between the fusion matrices for
normalization ' = 1 and any other choice of A/ is given by :

N N
1+ 0 oo '

The matrix F has a nice interpretation in the language of fusion products: It corresponds
to the equivalence transformation that describes associativity of the fusion product. It
follows from eqns. (3.3.45), (3.3.44) that the definition of the fusion matrix is equivalent
to

hs ha
h hy

[Ea(z)8[E2(22)061 (21) ] Jo = 3 P

haa

| l€a(20)862 (22,061 (21

To determine the commutativity relations for fusion products requires a choice of the
logarithm used to define (z2 — z;)***~*1=h2_ For the principal value one has the relations
In(z) = In(—z) +in for arg(z) € (0, 7], and In(z) = In(—2) — i for arg(z) € (~=,0]. One
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therefore has to distinguish two zones: C} := {(z1,22) € C?|arg(22 — z1) € (0, 7]} and
C? = {(21,22) € C?|arg(z2 — z1) € (—m,0]}.

R e thn=hi-halg (7))@Es(22)],,, In Ci
[52(22)‘@61(21)]);,, = {e_i”(h”_h‘_h’)[fl(zl)@)fz(zz)]:; in (C?_} (3.4.3)
The phase factor will in the following be abbreviated by
Q1) = e, (344)

The definition of the braid matrix reads in fusion product language

[€a(28)@162(22)861 (20l Jn = Y Bhahas| 3 12| [62(22)8 1€ (2) 61 (21)]h,,

his

It may be calculated by combining associativity and commutativity operations according
to the scheme A(BC) — (AB)C — (BA)C — B(AC) in terms of Q, F'

| = S o5 ) |

haahsy
1 will therefore take 2, F as elementary data. Knowledge of these is equivalent to
the knowledge of global information on the correlation functions: Their monodromies.
Consider i.e. the correlation function

(€, [E3(2a)®€2(22)®E1(21)]4,, 1)

The monodromies when z; encircles z3 or z; (or vice versa) are diagonal and given by

th
Q( ha hl
around 23, one has to use associativity to express in terms of functions with diagonal
monodromy.

ha hy
h hy

hs ha
h hy

hz hs
h hy

haz

ma hay [ ha hs

2 2
) and Q( hs ';m) respectively. In order to find the monodromy when 2z, circles

1 will describe a setup to determine these data by using certain consistency conditions (the
Moore-Seiberg polynomial equations) as recursion relations. The initial terms for this
recursion are found from the special case where the four point function can be expressed in
terms of hypergeometric functions. Such a strategy has been used by Cremmer, Gervais
and Roussel in [CGRY], where it was called conformal bootstrap. I will consider the case
that all conformal weights involved are in the discrete subseries, i.e. h; = h(j{, ;). Due to
the subleties in the definition of Liouville theory on states with these conformal weights,
it has not yet been considered by Gervais and collaborators.

The main points to be discussed are the following:

24

4. Fusion and braiding

1. The very existence of fusion and braiding matrices, or equivalently, of commutativity
and associativity operations for the fusion product has to be proved. This is nontriv-
ial if there are fusion rules. It follows if conformal blocks that satisfy all fusion rules
form a complete set of solutions to the null vector decoupling equations. Different
orders of taking the fusion products lead to different bases in the vector space of
solutions to the decoupling equations. Commutativity and associativity operations
are special cases of the linear transformations between these bases.

2. A general transformation between one order of taking the fusion product and another
may be decomposed into commutativity and associativity operations. If there are
two different ways to do this, one gets identities on the representation matrices of
these operations. These are the Moore-Seiberg (MS) polynomial equations.

3. In some simple cases one may determine the fusion and braiding matrices explicitely.
One may then take some of the MS polynomial equations as recursion relations to

determine fusion and braiding matrices in more complicated cases.

4. An important check on these results is done by analyzing whether the fusion and
braiding matrices so obtained are indeed consistent with the fusion rules.

4.1 EXISTENCE OF THE FUSION MATRIX

The aim of this section is to outline a way to prove the following theorem:

One has

[€a(23)B€2(22)861 (2], [h 2 D thlhaz{

has

h3 hy
h hy

] [[€3(23)@€2(22)],,,, 61 (21)),

where = means equalily up to elements of the null subspace, provided the fol-
lowing assumplions hold:

L ki = k(i 5), i=1,2,3, & € Ha,.
2. The triples(,.f;’,’11

Jor ¢ = cprp).

), (ha ';m) satisfy the fusion rules (restricted fusion rules

h32

Then the triples (hs i

for ¢ =cpip).

), (hn}’m) will also satisfy the fusion rules (restricted
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1 will not give the proof in full detail. Rather I will try to explain the main issues involved:
First, the theorem is equivalent to the validity of

Zthhag[

haa

hs ha
h hy

(6, [Ea(z0)Bl62(22)8€1(21)] ] & [s(za)@a (22 B2 (1))

(3.4.5)
for arbitrary &, that can be generated by Virasoro action on vs. By using the rules
(3.3.40)-(3.3.42) for moving the Virasoro generators one may express the correlation
function on both hand sides of (3.4.5) as the same meromorphic differential operator
acting on the correlators with &; = v; = vs,, €5 = vp. It therefore suffices to prove

?1221)3 - Z thlhsa["a » ] gil(s?za)) (3.4.6)
haa
where
Gina(z1, 22, 28) := (v, [va(28)@[va(z2)vi (1)), In) (3.4.7)
g?ffa)(zl: 22, 23) 1= (vn, [[va(23)®va(22)],, B v1(21)]) (3.4.8)

For ¢ = cprp both g(12)3 and gl(za) are simultaneous solutions of eight differential equa-
tions: From the decoupling of the null vectors in Vj,, one gets a partial differential
equation of order (2j! +1)(2j; + 1) and another of order (p—2j; — 1)(p — 2j; — 1) for each
¢ =1,2,3, but in addition one has two equations (3.3.55), (3.3.56) expressing projective
invariance of the correlation functions. These latter two equations may be used to prove
that gm)a and gl(za) are of the form

Each of the null vector decoupling equations reduces to an ordinary differential equation
of Fuchsian type on the function F(z). This differential equation has poles at 0,1 only.
Solutions to differential equations of this kind are uniquely determined up to normaliza-
tion by demanding diagonal monodromy around 0 (or 1) and by specifying the leading
singularity at 0 (resp. 1). In order to get 6(12)3 one has to take the solutions with diag-

ke (3.4.9)

Z3— 21

G(21,22,23) = (23 — 21 )PP —ha=hap (

h3a

1023) around 1.

onal monodromy around 0, for G

The crucial fact, from which the theorem follows, is that one gets a complete set of solu-
tions to the six null vector decoupling equations by varying hs; (resp. hgz) in the range
allowed by the fusion rules. One has to exclude the possibility that there exist solutions
to the differential equations that can not be identified with conformal blocks. If com-
pleteness holds, then the theorem is just a consequence of the fact that each solution
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may be expanded with respect to any complete basis of solutions.

The basic strategy for the proof of completeness is the following: Each differential equa-
tion implies restrictions on the exponents of the singularities of its solutions, what has
to be proved is that these restrictions are nothing but the fusion rules.

It is useful to consider the following four-point functions:

(3.4.10)
(3.4.11)

Giina(21, 22, 23, 24) := (vo, [vn (24)@[va(23)B[v2(22)Bv1 (21 )]n,, 1nlo)
G123)(21, 22, 23, 24) 1= (vo, [vn (24)B[v3(23)®v2(22)]a,, B 01 (21)],],)

These satisfy eight differential equations from null vector decoupling and three differential
equations expressing projective invariance of the solutions (let hy = h):

4
5]
Zz}‘ (z,-a—zj-{-(n-!- l)hi> G(z1,22,23,24) = 0 n€ {-1,0,1}. (34.12)
i=1 i
These three equations determine G to be of the form
G(21, 22,23, 20) = [ [ (2 — 25)*~ MM F ((zz — )z - 23)) : (3.4.13)
(23 — 21)(24 — 22)

i>j

where A = -};}:?___1 hi. Any of the eight null vector decoupling equations leads to an
ordinary fuchsian differential equation on F(z). It is easy to see that

zlgnoo zzh‘g(zl, 22,23, 24) = G(21, 22, 23). (3.4.14)
Now consider
(vo, [[vn(24)®va(23)]y,, ®[v2(22)@v1(21)]4, 1o)- (3.4.15)

This function is also of the form

I -

i>j

(22 — z1)(24 — 23)
(23 — 21)(2a — 22)

),

where F satisfies the same differential equations, also has diagonal monodromy around
0 and has the same exponent at 0. Therefore F = F.


http:3.3.40)-(3.3.42

III: Quantization of Liouville theory

To see how to find the restrictions on hy; that follow from the differential equations,
consider the simple example where h; = h(0,1/2) for i = 1,...4. One half of the null
vector decoupling equations is then

0\? 1 98 h;
((52_') -7 (Zs‘—zjéz_jJr(ze—zj)?)) G(21, 22,23, 24) = 0
i#i

The restrictions on the exponent of the singularity at z; — 25 may be obtained by taking
the limit 23,24 — oo in (DE i) for ¢ = 1,2. The differential equations (DE i) go over
into the differential equations on (vh,,, [v2(22)®v1(21 )]4,,) in this limit. These in turn
imply polynomial equations on the exponents which are equivalent to the fusion rules
that restrict hqy, see sec. 3.5. Similarly one may take the limit 21, zo — 00 to identify the
restrictions on the exponent as z3 — 24 that follow from (DE 3), (DE 4) with the fusion
rules on hy; that are necessary for null vector decoupling in (vh,s, [va(z4)®v3(23)]4,,)-

In order to treat the general case one does not need the explicit forms of the null
vector decoupling equations, but only the following fact: The differential equations
on the fourhpoint functions go over into those on (vh,,,[v2(22)®@v1(21)],,,) (resp.
(Vhyss [’U4(Z4)®Ua(23)]h“ ) for z4, 23 — 00 (resp. z1, 22 — o0). It follows from the deriva-
tion of the fusion rules for ( h"" ) that they are always equivalent to the null vector

decoupling equations on (vh,, , [v2(22)®v1(21)],,, ), and correspondingly for ( hi“ga )

One thereby finds that the conformal blocks provide a complete set of solutions to the
null vector decoupling equations. The theorem follows.

4.2 POLYNOMIAL EQUATIONS

The data F and 2 satisfy certain identities. To derive these, introduce the following
conformal blocks to each permutation (ijk) of (123) :

(3.4.16)
(3.4.17)

Gt = (on, [or()®[vs (2)@vi(2)y, 1)
Gitrey = (on [0a(z1)800; (23], , 6vi(=)],)

These are analytic functions on the universal cover of A := P3/z; = 254, = 1,2,3 of the

following form

hsi Z; = 25

g(ij)l: =(z - z') Y(zp — z,) L H(;;)k (Z: — Zi) (3.4.18)
mey [ %k —Zj

gt(‘,k) =(z — z_,) ki(z; — z,) iGo) { (;k) (—_f) , (3.4.19)
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where A = h,’j —h; — h;, A(ij)k =h—h;;— hi, A i(jk) = h— hjx — h; and the functions
H (z) are holomorphic and single-valued in a neighborhood of 0. Note that the logarithms
used to define (z; — z;)®% etc. are all taken as the principal values, i.e. to be real for
z — zj € R*. Consider the region in C* where (21, 23), (21, z3), (22, 23) are all in C%.
One then has the following relations between the functions G:

o Gisys = (h: hy )g(zl)s Giiss) = (,,';3,’.,)9{‘552) (3.4.20)
Giis = Q(hn ha)ggfl’z) Giiss) = Q(h,’},m)g(";g)l (3.4.21)
In addition one has the associativity relations
:J)k =y Fh,.hk,[hk " ]G,I;:’k) (3.4.22)
bhi;
Gty = 2 Frtm [ 2|9 (3.4.23)

Now the expression of Gy2y3 in terms of G3(12) may be computed in two ways: Either
by using (3.4.21) or by a sequence of operations that may be symbollically written as
(12)3 — 1(23) — 1(32) — (13)2 — (31)2 — 3(12). By the linear independence of the
63(12) for different hy) one gets the following identity:

h3 hy hag -1 h2 ha hay ha hy
(ha hel) Z F’*Mw[h h1]Q(ha h?)Fhszhal[h h1:lQ(’l3 ,,,)Fhs,h,,[,, ha]'
32 21
Similarly one gets
h — -1 h3 hg hai ha by ha -1 hy ha
Q(hlz ha) - Z Fhazhn[h hl]Q(h: hl)Fh“h”[h ho @ hs hy Fhmhaz h ha|"
haihay

The inverse of F may be calculated in terms of 2, F' by representing (12)3 — 1(23) as
the sequence of moves (12)3 — (21)3 — 3(21) — (32)1 — 1(32) — 1(23). The result is
simply

Bty 5 02] = Frauna| 2] (34.24)
A further important identity may be derived by considering fusion products of four
highest weight states. [v4®[vs®[v2®v1]]] may be expressed in terms of [[[v4Qv3]Gva]®vi]
in two ways: Either by 4(3(21)) — (43)(21) — ((32)2)1 or by 4(3(21)) — 4((32)1) —
(4(32))1 — ((43)2)1. This leads to the identity

hy hs has ha | _ hs ho hy hsz hy hs
Fﬂan}u;[h hﬂ]F’lnhgag[ h h - th;hag hzm },1 Fha:lhuz }: hl Fha‘zhas }“;2 hz M

(3.4.25)
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It is useful to write h; = h(j7, j;) and abbreviate the tuple (5, j;) as J;. I will then write

If one then considers eqn. (3.4.25) in the special cases J; = (0,1/2), Jo1 = (j5, j» + 1/2)
and J; = (1/2,0), J21 = (5 + 1/2,7,), one finds that it allows to express the fusion

matrices with J, = (j1, 7;+1/2) (or J1 = (j1+1/2, j,)) in terms of those with J, = (4}, 4,),

J3 J2
J 5

J3 Ja

J Jl 23 hy

. hs h
anju[ ] instead of Fhuhza[ma 2

i} <j1, &1 < j1. Equation (3.4.25) therefore uniquely determines Fj,, 132[ in terms

of anjw[{,a (0,‘?/2)] and FJMJ”['? (1]’;’0)]. These are to be determined next.

4.3 FUSION MATRIX FOR SPIN 1/2

For the following discussion it is useful to parametrize the conformal dimensions involved
as h(J) = vJ(J + 1) — J, where J is not assumed to be an integer. The parametrization
of the discrete series h(j’, j) is recovered by identifying J = j — a? j".

Consider the following conformal blocks:

(3.4.26)
(3.4.27)

g(ﬁig)g,(z: Z': Z") = (UOO) [vl(Zl)®[v(z)®")0(z,')]Jo;j:1/2}100)
g?:(zzs)(zs 2,2 = (”oo)[["1(Z')@W(z)]hi1/2®”0(z")]1m),
where v;, i = 0,1, 00 have conformal dimensions h; = h(J;) and v has conformal di-

mension h(0,1/2). The equation describing the decoupling of the null vector in Vi(o,1/2)
reads

1
-152
(7 az_z-z*‘

In addition one has the equations expressing projective invariance, eqns. (3.3.55),(3.3.56),
which now read

1

Z—'Z”

by ho
(z—2'2 z-2z"

azn —

8y - ) ¢t =0. (3.4.28)

(20, + 2'0: + 20, + by + ho + h — hoo)GE =0
(8; + 321 + alu)gi — 0

(3.4.29)
(3.4.30)

By inserting these into (3.4.28) one finds an ordinary differential equation. It suffices to
consider it in the case z/ = 1, 2/ = 0 since the 2/, z’’-dependence may be found from
(3.4.9). G*(z) = G*(z,1,0) satisfies

(e

1

Z -

1 hy ho
+;>‘92‘(7?1?—;3

hi+ho+h—he
z{z-1)

7 )g;—t(z) =0.

(3.4.31)
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The solutions g(*ms(z) have diagonal monodromy around 0, whereas the monodromy of

g;‘;%) is diagonal around 1. To find 962)3(2'), make the ansatz G(15)3(z) = 2%(1-2)"g(2).
If @ and b are taken as solutions of

ala+y—1)=17ho bb+v—1)=7h (3.4.32)

then g(z) has to be solution of the hypergeometric differential equation
z2(z=1)g"+[2(y+a+b)z—(y+2a)]g’ +(2ab+y(a+b+h+ho+h1—ho))g = 0. (3.4.33)

There is a unique solution of (3.4.33) that is holomorphic at z = 0. This is the hyperge-
ometric function F(A, B;C;z), where A, B, C are determined as solutions of

AB =2ab+vy(a+b+h+hy + ho — hoo)
1+A+B=2a+b+7) C=2+7v

(3.4.34)
(3.4.35)

Now observe that (3.4.32) is solved by ax = h(Jo &+ 1/2) — h(Jy) — h and b4
h(Ji £ 1/2) — h(J1) — h, as it must be in order to give the expected exponents. In
order to get g(ﬁz)a one therefore has to choose a4, while a_ yields (_}'('12)3. The general
solution of (3.4.34) (3.4.35) may be written as

A=1 45000 + 5101 + 50000

z C=1-2s0ap
B =3+ s0ap + 5101 — 500 0co :

where a; = vJ; — L;i and s; € {—,+]} for i € {0,1,00}. The signs s; and s, are irrele-
vant because of F(A, B;C;z) = F(B, A;C;z)and F(A, B;C;z) = (1 — 2)¢~4-BF(C -
A,C - B;C;z). sp = + corresponds to g(ﬁz)a, and s = — to g('ma. One obtains the

following expressions for the A, B, C:

Af=v(Jo+ i+ Ju+d) -1

. CY =5(2Jo +1)
Bf =7(Jo+ J1 = Joo + 3)

(3.4.37)

AT =v(=Jo+J1 + Joo + 3)

| Cr =2-7(2jo+1)
B =y(=Jo+J1—Joo—5)+1

(3.4.38)

The differential equation (3.4.28) depends on J; only via the conformal dimensions h;,
which are unchanged under J; — —J; — 1 + y~!. One may check from the explicit ex-
pressions that J; — —J) — 1+ 97} and Joo — —Joo — 1+ 771 leave g(ims unchanged,

whereas Jo — —Jg — 1 4+ 47! exchanges 6(4’12)3 and g(*lm. In the case ¢ = ¢/ oOne
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has a further symmetry of the parametrization of solutions under j; — p/2 — (j! + 1),
Jji—p/2-(Gi+1).

In the case of gfm) one may use the ansatz gfm) = 2%+(1-2)** h(1~2) to find a hyper-
geometric differential equation for h(t). However, now it is the sign s that is irrelevant,
and s; = + for g;‘(za), sy = — for g;m). The expressions for A.f are obtained from those

of A:lt simply by exchanging J; with Jo.

g(*lm and Gﬁm) are related by analytic continuation. In order to expand g(*u)a in the
basis Q'li(%) one may use the identity

I(C)I(C - B ~ A)

T(C — A)T(C - B)

I(C)I'(A+ B - C)
T(A)T(B)

F(A,B;C;2) = F(AJB,A+B-C+1;1-2) (3.4.39)

(1-2)°¢"4BR(C-AC-B;C~-A-B+11-2).

In this way one finds that

gng)B(z) = Z Fsasxg;(lm;)(z)a (3440)
s1€{+,~}
where
_ [7,172] _ M(v(2Jo+ 1T (1 =7(2J:141))

Fis = Fyou 0043{ 1250 | = TE0Us =i Jeom DA (Jomdr +Tm T 1)
Foo =Fy s |12 = T(y(2Jo+ 1 )N(=1+7(2J14+1))

+= = otz Ji— 5| JooJo | I‘(—y(.l(,.|.,7,.;.Jw_%)_1)1~(.y(_10_l_.,l ~Joot1))
Foy=Fy 1y 1|02 = I(2-7(2Jo+ 1)) (1-7(2J1+1))

-+ = JO"E»JI“'E_JooJo_ 1“(‘1(-10—11-Jw—%)+2)l‘('y(—.lo-.l.+J,°_.15)+2)
F._=F Jon1r2] = (2= 7(2Jo+ ))(v(2J: +1))

== = o= =3 do | T T((=Tot 01+ Te0 + IIT(1 (- o+ 1 = Joo = D)+1)

4.4 CONSISTENCY WITH FUSION RULES

From the theorem on the existence of the fusion matrix it is clear that its matrix ele-
ments can be nonvanishing only if all necessary fusion rules are satisfied. Having obtained
explicit expressions one should check whether these do indeed have this property. Prob-
lematic are the cases where one of the two values Jo £ 1/2 (or J; £ 1/2) violates, the
other respects the fusion rules. One then has one solution to (3.4.28) which corresponds
to a conformal block (called the physical solution), whereas the other solution can not
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be represented as expectation value of CVO’s between irreducible representations (un-
physical solution).!® The question is whether fusion and braiding might mix physical
and unphysical solutions.

I will first consider the case that ¢ # c¢,r,. The case that Jo + 1/2 violates the fusion
rules can only occur if Jo — 1/2 equals the upper limit of the range for J; that is given
by the fusion rules for the triple ( ,jj,m). ‘This is the case if and only if

Jo—1/2=01 4+ Jw (Case —+)

Similarly Jo — 1/2 violates the fusion rules iff Jo + 1/2 equals the lower limit of the range

for J; given by the fusion rules for ( _,1‘"

Jm)' The corresponding cases are

Jo+1/2= 0y — Joo
Jo+1/2=—‘Joo—-J1

(Case + —)
(Case ++)

Now observe that each of these cases corresponds to a case where one of the two values
J1 £ 1/2 is forbidden by the fusion rules. This correspondence is given by the notation
(Case sgs;) with sp € {£},s1 € {£}: (Case sps1) denotes the case where Jo+s91/2 and
J1 + 511/2 both correspond to the physical solution.

By inserting the relations between Jg,Ji,Joo that occur in the various cases into the
explicit expressions for the fusion matrix elements, one finds factors I'(—n) in the nu-
merators of two matrix elements for each case. The vanishing matrix elements are:

(Case — +) :
(Case + —) :

Fe4=0,F__=0

Fiy =0,F__=0 (Case + +) :

Fy =0,F_4+=0

For ¢ = cpip there are more cases to be considered due to the more restrictive fusion
rules. The conclusion that physical and unphysical solutions do not mix may be reached
by using p— 7~ 1p’ = 0 in a case by case check completely analogous to the one above.
Alternatively one may use the symmetry of the space of solutions to (3.4.28) under
Ji—p/2—- (i +1),ji — p/2 — (Ji + 1) to relate the new cases that occur for ¢ = ¢y to
those analyzed above.

10The unphysical solutions can probably be represented in terms of chiral vertex operators between
Verma modules, see remarks at the end of sec. 3.5.
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This result may also be formulated as follows: (3.4.28) defines a two-dimensional vec-
tor bundle over the punctured Riemann sphere. This bundle splits into two subbundles
with one-dimensional monodromies for the special values of Jy, J1, Joo considered above.
This situation may be compared to that in the WZNW models, where the vector bun-
dle is defined by the Knizhnik-Zamolodchikov equations, but only a certain subbundle,
which may be characterized by a certain algebraic condition, can be identified with the
conformal blocks.

4.5 FUSION MATRIX FOR HALF-INTEGER SPINS

The explicit form of the fusion matrix for the case that hy = h(j}, j3), h2 = (j3, Ja),
with j, j3 half-integer has been determined by Cremmer, Gervais and Roussel in [CGR].
I will write their result only in the case j3 = 0, jj, = 0, since the general case looks
similiar. It is useful to parametrize all other conformal dimensions in terms of spins as
h; = vj;i(ji + 1). As introduced previously, F! will be the fusion matrix of the chiral
vertex operators with normalization ' = 1. It is given by

G A),

1 jajal — J32 73 I jrjali

Fjaxiaz[jaj:} - ( i ) (J'a )l:l jg j;;}qy (3.4.41)
Nz i )INi'in

with explicitely known constants g(jj'j.l). These constants give the normalization one

has to choose in order to find chiral vertex operators with fusion matrix given by q-
Racah-Wigner coefficients, see (3.4.2).

The proof of (3.4.41) in [CGR] starts by proving the formula for j3 = 1/2. There one
has explicit expressions both for F'! and the Racah-Wigner coefficients, which allow to

uniquely determine the constants g(jaj i ) Then one only has to observe that both hand

sides of (3.4.41) satisfy the recursion relation (3.4.25) to conclude that (3.4.41) holds for
any half-integer j3. Below I will rederive this result from a free-field representation of
the chiral vertex operators.

The fact that the fusion matrices for any half-integer spins will be consistent with the
fusion rules (restricted fusion rules for ¢ = ¢,1p) follows from the result for spin 1/2
obtained in sec. 4.4 and the recursion relation (3.4.25).

4.6 CONCLUDING REMARKS

The main new point here is the proof that the chiral vertex operators that satisfy the
fusion rules form an algebra that is closed under fusion and braiding. This has been
shown in section 4.1 and verified from the explicit form of the fusion matrix in 4.4 for the
case of spin 1/2. In particular, in the case of ¢ = ¢/, one finds that the explicit expression
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(3.4.41) will involve the restricted q-Racah-Wigner coeflicients that are nonvanishing only
if the additional fusion rules for this case are satisfied.

I would like to emphasize that the constructive definition of chiral vertex operators
allowed me to prove the Moore-Seiberg polynomial equations rather than to assume
them as conditions for consistency.

Even if one is not willing to adopt the present framework for constructing quantum
Liouville theory, but assumes the Gervais-Neveu operator differential equations for spin
1/2 and validity of the polynomial equations, one will be led to the conclusion that
Liouville theory contains the minimal models as a closed subsector. Whatever extra
states the space of states might contain besides a subspace isomorphic to the irreducible
module, if one considers only operators that satisfy the fusion rules the extra states
will decouple in any correlation function with external states generated by the Virasoro
algebra.
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5. Free field construction of chiral vertex operators

Free field realizations provide a very useful way to obtain explicit information on chiral
vertex operators. They yield integral representations for the conformal blocks as well as
technical means for an explicit calculation of fusion and braiding matrices.

The basic requirement is again that of conformal covariance. Simple examples for co-
variant operators are given by normal ordered exponentials of the free field, the vertex
operators V,(2). A crucial observation for the construction of more general covariant
operators is that the vertex operators Si(z) = Va,(2), corresponding to the two values
ay of a for which h(e) = 1, transform into a total derivative under the Virasoro alge-
bra. Sy are usually called screening charges. For more general vertex operators one may
therefore try the following ansataz:

V() = / dus .. dupdvy . .. do,S_(u1)... S (u)Sy (1) ... Sy (0o )Va(2).  (35.1)

The result of commuting with Virasoro generators will in general contain contributions
from the boundary of the integration region besides those terms expected in a covari-
ant transformation law. The construction of a set of contours for the integration over
the variables u;,...,u.,vy,..., v, such that no boundary terms appear in the Virasoro
transformation law is the main problem in this approach.

The approach to be followed here is based on the work of Felder and Wieczerkowski
[FW], who found a remarkable quantum group strucure on spaces of multiple loops on

the punctured complex plane. Construction of contours for which the boundary contri-.

butions in the Virasoro transformation law cancel will turn out to be equivalent to the
Clebsch Gordan problem on the quantum group level. It is this structure that makes the
complicated contour manipulations needed for the computation of fusion and braiding
matrices manageable.

The new feature of the present treatment is the development of a suitable vertex op-
erator calculus that allows to utilize the results of [FW] for definition of chiral vertex
operators and calculation of their fusion and braiding matrices. It will turn out that
the formulation in terms of (Fock space) fusion products will again have advantages in
making conformal properties and the structures related to the quantum group U, (sl(2))
more transparent.

5.1 VERTEX OPERATORS

5.1.1 One of the ingredients for the construction of chiral vertex operators are the vertex
operators V,(z). These are defined in terms of oscillators a,, with [an, @] = én4m 0 and
an operator e®? that shifts the zero-mode momentum ap: e*ap = (ap ~ 2a)e*?.

Va(z) i= e¥exe<(2)gaw>(2)

(3.5.2)
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where-
= e pn = an
pe(2) = Z - 2" ¥>(2) = agIn(2) — Z —n-z"". (3.5.3)
n=1 n=1
They map the Fock space F3 to Fpyq and are Virasoro-covariant:
[Ln, Va(2)] = 2%(20 + ha(n + 1))Va(z) ho = a? — 2aaq (3.5.4)

5.1.2 One may recursively define a set of descendant operators by

V(val2) i= Va(2) V(0-ntle) = o @ TV EV(E)0 5 (),
(3.5.5)
where £ € Fo and
Js(2) = 0ps(2) = Z apz~""! J<(2) = Bp<(2) = Z a_,2""'.  (3.5.6)
n=0 n=1

This defines an action of the Heisenberg algebra on the space of vertex operators. If I
want to emphasize the latter point of view I will also use the notation

(@eny -8 Vo) (€|2) := Va(azn, .. .a-n,€]|2). (3.5.7)
5.1.3 The operator product expansion of two vertex operators V,(z) is obtained as
follows: First of all one has

Va(2)Vp(2') = (2 — 2')2*P : Vu(2)Vi(2') : (3.5.8)
=(z — 2')* e exp(ap (2) + Bp< (2')) explaps (2) + Bes (). (3.5.9)

A nice way to write the operator product expansion is the following:
Va(2)V3(2'") = Vasp(Val(z — 2")vplZ'), (3.5.10)

where Vo (z — 2z')vg is to be considered as a formal power series with coefficients given in
terms of Schur polynomials in the oscillators:
}) vp

aad_j

Va(z — 2')op = i J2abtng ({ (3.5.11)
n=0

ki
Sstah= 3 II%

ky42ko+..=n i

(3.5.12)
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In order to prove equation (3.5.10) expand
ValeWp(2) = Y2 = )0u(),  Onlz) = ;};(a: Va(2)Vs(2') Jamar. (3.5.13)
=0 :

It is easy to see that the 0,(z’) satisfy the following recursion relations:

n

(n+ DOnia(z) = Y

1=0

n—{+1

=1 (@"13<NoiE) + O (0" 5 (),

with initial term : Vo44(2’') ;. Comparing with the recursion relation satisfied by the
Schur polynomials, (n + 1)Sp41 = ) (= I + 1)2n_141S;, one finds

0= (5 ({(222}) Vs

The claim follows from (3.5.5), (3.5.7).0

aad_ g

k

(3.5.14)

5.1.4 The braiding of two vertex operators V,(z) and Vj3(z') is uniquely defined if one
defines (z — 2')%*# by the principal value of the logarithm. One gets (see section 3.4.3):

eBTBY(2WVu(z) (2'2) € (Ci}

e~ HTBY (2")Walz) (2'2)€e C2.
5.1.5 In the rest of this subsection I will demonstrate that the vertex operators V,(£|z)
have the conformal transformation properties of chiral vertex operators. The Virasoro
transformation properties of descendant operators may be summarized as

n+1 n—k
(k+1)z Ly

The proof is analogous to that of equation (3.3.15). However, now it is a nontrivial fact
that the definition (3.5.5) leads to

Va(2)V(2') = { (3.5.15)

I(n)
[Ln, Va(€]2)] = Va(La(2)E|z) where La(z)= )

k=1

(3.5.16)

V(valz) = Va(2) V(L_1€]z) = OV (€]2) (3.5.17)
V(Lonbls) = (@ Te(2)V (€l2) + VERTT5 (), (35.18)

where £ € F,. I will scetch how this is proved:
First, one may again use that it suffices to consider L_,, L_,. The next step is to reduce
the problem to the case that £ = v, in (3.5.17),(3.5.18):

Let £ be of the form & = [[;a-n,ve. V(L-1€|z) may then be calculated by us-
ing [L_1,a—p] = na_,_1 to move L_; to the right. In order to evaluate the term
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V(I1; a=n;L-1v4|2) use (3.5.5) to express it in terms of V(L_jvs|z). Assuming the va-
lidity of (3.5.17) for £ = v, it is easy to see that one gets the same terms as by direct
evaluation of the r.h.s. of (3.5.17).

V(L-2€|z) may be treated similarly: On the L.h.s. use [L_3,a_,] = na_,_2 tomove L_,
to the right. For evaluation of the r.h.s. of (3.5.18) one should rewrite V(£|z) in terms
of J., J5 and V, and then use the relations

1
n+1

1
n+1

[T<(2),8" 1 c(2)] = tic(z) (00N (2), T (2)] = a5 (2),
which may be proved by direct calculation. With their help one may move T«, (75 ) to
the right (left) until they directly multiply V,. The terms from evaluation of both sides

coincide provided (3.5.18) holds for £ = v,.

The proof that (3.5.17),(3.5.18) holds for £ = v, is done by direct calculation. This is
trivial for (3.5.17). To prove (3.5.18) one may proceed as follows:

V(L_2valz) =V ((30%, + Ja0a_2 + aoa_z) valz)
= %J<J< Va + J<cVods + %V0J>J> + (Of + ao)(6J< Vo + VO,E)J>).

It is easy to show that
]<V0J> = (J<J>)<Va + VQ(J<J>)> - 6J< Va - VQ3J>,

where JoJs = (J<J5 )< +(J<I>)> and (J<J> )< denotes the holomorphic part of J< J.
The proof is finished by using the following identities:

Ts = 37575 + (J<J5)s + aodJs
T< bt §J<J< + (J<J>)< +aoaJ<.

5.2 SCREENED VERTEX OPERATORS

The aim of this section is to introduce a set of auxilliary Fock space operators, called
screened vertex operators (SVO), and derive their essential properties. The chiral vertex
operators will later be constructed as certain composites of SVO’s. However, one should
notice that the SVQ’s are nonlocal, Virasoro non-covariant objects. Their physical mean-
ing is therefore obscure at least. On the other hand, the space of these SVO’s carries
an interesting quantum group structure, first observed in [GoSi], which originates from
a quantum group structure on spaces of multiple loops as studied in [FW].

5.2.1 There are two values of «, denoted a4 that are distinguished by the property that


http:3.5.17),(3.5.18
http:3.5.17),(3.5.18
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h(as) = 1. The corresponding vertex operators V,, (2) are called screening charges and
denoted S4(z). Their Virasoro transformation law reads

[Ln, S£(2)] = 8(z" 1S4 (2)). (3.5.19)

I will only consider one screening charge, say S(z) = S;(2) in the following. The screened
vertex operators are defined to be of the form
Vi(z) = [ du,...duiS(u,)...S(u1)Ve(2),

4

(3.5.20)

where the contour 47 will be chosen as follows: Fix an arbitrary reference point z9. For
definiteness I will choose zg = —1i.

Figure 1: A

20

This operator will be well-defined in the following sense: Taking the matrix elements be-
tween two arbitrary Fock-space states one gets a well-defined integral: Let & € Fq,,
€ € Faitatray be two states of level n; and n; respectively. The matrix element
< &, V(2)& > is then given as

< f]a Vof(z)& >

= duy .. .du, H (un — um)z"i H(um - z)z"'“*ufn““’*P,,,m(ul, ey Ups ),

i+ n>m m

where the meromorphic factor Py n,(u1, ..., ur; 2) is given by

ni

2

ns=max(0,n,-ny)

< TTutsn ({2222 }) TTwrmsm ({2222} )e >
s=1 t=1

2

N4 4ng=ng-n;4ns

2

my+...dmp=ny

Pn]ﬂ,'(ula"'suf;z)z
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The definition of the integrand is completed by requiring it to be real for {u;, .
Ryand up > upg > ... ug > 2.

C U2} C

5.2.2 It will be useful to write « = 15%a with n € R in the following. Correspondingly
I will write V;,, V] instead of V,,, V. I will need three essential properties of V,(z): Let

g=e"e} [z] = 17:_;}_:; Then

1) [Lk, Vi(€]2)] = Vi (Lr(2)€]2) — [n — rl(g" — ¢~ )V (€]2)S(20)2E 1.
2) Vi(lz)=VI"(Qnélz) for neN, r>n.
Especially V7(€|z) =0 ifr Qné=0. r=n (3.5.21)
3) VIl =—[n—rl(¢ - ¢V (€|2)S(z0)
Proof: 1)

(e, VI (€12)] = VI (S(El) + 5 / - dur - dus . dusS(u) .. S(uig1)S(z0)2E x

i=1v7s

% (e4iﬂa_’,_(i—1+'l'§i) —_ 1) S(u‘-__l) - .S(ul)Vn(E‘z)’

where the checkmark du denotes omission of that factor. In order to move S(zp) to the
right use (3.5.15) in C2 . One gets

1—n
2

,
(L, VI (E12)] = Vi (Lr()elz) 4+ 3 (e4miodmtei5) 1) eamiediimtise)

i=1

X / dup_y ... duiS(ur—1) ... S(u1)V,a (€]2)S(z0) 2+,
!

where the sum is easily evaluated as —[n — ](¢" — ¢~ 7).

2) Use equation (3.5.10) to perform the operator product expansions of n of the r screen-
ing charges with the vertex operator V,,. The result may be written as

/r_“ du, .. .dup41S(uy).. .S(u,_n)V_,,( dug . ..duyS(up — 2)...S(u; — Z)flz) .
o

1

Since here £ € Fy ,,, the integration contour closes. One may therefore shift the integra-
tion variables to get the BRS-operator ).
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3) One has

r(elz) = Z/

% (e4sra+(t—1+'T — 1) S(Ui—-l) .. .S(ul)vn(ilZL

cduiS(uy) ... S(uig1)S(z0) %

so that the rest of the calculation is the same as in 1). O

5.3 COMPOSITION OF SCREENED VERTEX OPERATORS

In principle one could define composition of SVO’s by summing over intermediate states.
However, in order to avoid the questions of convergence of the resulting series it is conve-
nient to directly define the composed operators by first normal-ordering the expressions

5()--- SV (&lz1)S() - .. S()V(&2l22) 5()---S()V(&nlzn)

before performing the integrations.

In the following only those compositions of SVQO’s will be of interest where all SVO’s
share the same normalization point zg.

It 1s the aim of this section to derive three properties of the compostition of SVO’s that
are crucial for the identification of the quantum group structure on the space of SVO’s
and for identifying those combinations of SVO’s that will form CVO’s. These properties
are:

1) Virasoro transformation law:

(3.5.22)

Lk, Va2(E2l22)V, ! (i) =
Vaz(Le(z2)€2]22) Vil (€alzr) + Vi 2(€al22) Vit (Li(21)n 1)
~[n2 = r2)(¢"7 — ¢7")g™ IV (o) 20) Vi (€nl21) 26 T S(20)

—[n1 = r1l(g" — ¢)VHEal22) Vi T (Eal21) 25 T S(20) (3.5.23)

2) Screening

/ (V2 (€l 22V (1 ]21)
Y12
= VIt &2V (E1l2r) + ¢~ P12V (6| 2) Vit (64 21),

where the contour ;2 is defined as follows:
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Figure 2:

»

Yz 7:2 Y12

Y

Z1 Z2

20
3) Braiding: For (z3,21) € C} one has the following equality:

r2

Viz(Ealza) Vit (61]21) = ) (Rign, )i Eme bk
k=0

Viitk(€,]2)Viz ¥ (€a)20) (3.5.24)

k-1

Hrg—l[n2-r2+l}

1=0

1

L k(k— 1)qg(1 ni+2(r1+k))(1=n2+2(ra—k))
(k]!

(anm)fz—k,"x-i-k

2,71

=q3

One may already observe the appearance of quantum group R-matrix and co-product,
which will be elaborated upon in the next subsection. But first I will turn to the proofs:

1) This is easily proved by using the Virasoro transformation properties of V! (&;|z),
i = 1,2 and equation (3.5.15) in C%.

2) One has to split 72 into the sum of a contour around z; and one around z,. In order
to move S(u) to the right of V;72(£2]22) one has to use (3.5.15) in C%. This yields the
phase factor g—(P2=1-2r2),

3) The following proof follows a similiar calculation in [FW], which had to be adapted
to the present formalism.
The left hand side of (3.5.24) is defined as the integral

I[(y2)"*(11)™] :=/ du;y . ..du,, / dvy .. .dv,
° 7'

S(try) ... S(u1)Va,(E2]22)S(v1) . . . S(vr, ) Vi, (E1lz1)  (3.5.25)

over the following contours:
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Figure 3:

r2

T2

1

"1

22

Z0

Figure 3 depicts the situation where the integrand of (3.5.25) is defined to be real, namely
21,22 € R, 21 < vy < ...2,, < 22 < U <...Ur,. In order to compare left and right hand
sides of (3.5.24) it is convenient to consider the case that z;, 2o € R, but 2, < z;, where
now the Lh.s. of (3.5.24) is to be understood as the analytic continuation of (3.5.25) in
{(21, 22) € C3 }. The result of this analytic continuation is an integral over the following
contours:

Figure 4:

T1

p5? T

Y

22 21

20

Introduce

I[(ﬂz)r7(71 )r‘} 2-':/ , du, .. .du,, / dvy .. .dv,,
Ay s

S(u,z) . .S(ul)S(vr, ) .. .S(vl)an(&Izl)Vn,‘,(ﬁglzz) (3526)

In order to relate I[(y2)™(y:1)"™] and I{(B2)™(y1)™] one has to move V;,,(§2|22) to the
right by using (3.5.15) in C%:

I[(’yg)” (71)7-1] — q%(l—ﬂg)(l—-ﬂ1+27‘1)1’[(ﬁ2)f'2 (71 )rl] (3‘5.27)
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Now deform the f3-loops into a sum of a y; and a f13-loop as indicated in the following
diagram:
Figure 5:

Pr2

7‘2-1
2

1

T

22 21

20

The term I [)(,62)’”“‘1(71 )"+ +1] appears with factors of

e ¢?(1-73) due to the monodromy of S(vy,) around V,,(€2|2;) and

e g+%r2~1) due to braiding of S(ur,) with S(u1),...,S(ur,—1) in C2..
One therefore obtains

I[(B2)2 (1)) = [B12(B2)* (1) ] + 22D I[(1 ) 1 (Bo) 21, (3.5.28)

where I[812(82)"2~1(y1)™] is defined with the same integrand as I[(82)"2(7;)"], but u,,
is integrated over 82 instead of f35.

For iteration of this procedure, consider the possible ways to produce a term
I[(B12)"~*(y1)"* t¥]. There is one such term for each choice of labels 0 < i; < ... < i} <
re — 1 of those curves within (82)™? that are to produce a curve ;. Each term appears

k k .
with a factor ¢° Zl=1(l_"’)qzzt=l 1, It follows that

1[(B2)(m)"'] = i(—l)quk(l_nz) Bk (re) I[(B12)"~ ¥ (1) HH], (3.5.29)
k=0
with .
ﬂk(rz) = Z q2z,=ln - qk(f‘a—l) [';:] , (3.5.30)

0<i1<...<ix<ra—1
where the last equality is known as Gauss’ formula.

In the next step consider I[(812)"> ¥ (71)"**] and decompose the B;2-loops into ;- and
v2-loops. Decomposing one §;2-loop yields
I7( (M) ] = 1[(Br2) 2 F 7 () R g AR [(35) R () R (),

f‘2-—k
12



+

III: Quantization of Liouville theory

where

I[(Br2) 1 (y1)  (72)] =/ du1»~-durz—k—1/ dvlv-.-d‘"rwk/ dw
[N S y ¥z

Strs—tt) .- S(u)S(01) .Sty Vs (E1l2) S(w)Vin (Ealia).  (3.5.31)

.S(up)S(vy) ..
This is to be iterated until no fjs-curve is left over: A generic contribution to
I[(71)" +*+ (y2)"2=%~1] is obtained by choosing labels 0 < 4 < ... < ip,_p_; < rg—k—1.
Moving S(ui, +1), S(¢i341), - - -, S(ti,,_,_,) to the right of V,,(£1]21) produces a factor
rg—k=1,.
qu 2o GemGoD)glrak=D(1-m42(r1+4))  Ag before the sum over ordered (re — k= 1)-
tuples can be performed with Gauss’ formula, so the result is

=1

ro—k
I[(ﬂl2)r2—k(7”+k] - 22: q("a—k—l)(l—n1+2(r,+k)+;)
I=0

re9 — k ro—k—
[ a0 arten,
Putting everything together one gets

ry ro—1

— Z Z (_1)qu(r;—2n;+l)q(rg—k-—I)(l-n1+2(r1+k)+1) %

1=0 k=0
’ [ ] [ ‘ k] 1) 4 ()24

By reordering the summations this is rewritten as
Z( 1)! —(2rz—2n2+k+1) [k} }

13 ,

r
( l)k k(r2—2n2+1)q(r2—-k)(1-n1+2(r,+k))[ 2] [(71)1'1-{—1:(7 )r;-—k]

1[(B2)"(m)"]

r2
k

r2

(CROEEDY

The sum in curly brackets may be evaluated by

k-1
{ . } = (=1)kgk(na=r2)gzk(k-1) 12— (ra =) (3.5.32)
1=0
Inserting these formulae into (3.5.27) proves the claim. ]

5.4 QUANTUM GROUP STRUCTURE

Consider the space & of all compositions of SVO’s with a common normalization point zo,
a basis being given by all monomials V;J*(&;s]2s) ... V1 (€1]21). The algebraic structures
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that can be consistently defined to act on & are severely restricted by the existence
of the braid relation (3.5.24): Both sides of (3.5.24) must transform the same way. By
relating the matrix appearing in (3.5.24) to the universal R-matrix of the quantum group
U,(sl(2)) it will be shown that it is consistent to define a U, (sl(2))-action on &. The
main advantage of introducing this structure comes from the following observation: The
additional terms that appear in the commutation relations of screened vertex operators
(and their products) besides those expected for covariant operators are proportional to
the action of the quantum group generator E. This observation will be crucial for the
construction of chiral vertex operators in the next subsection.

5.4.1 Define operations E, F', H to act on the V] (£|z) by

F‘(V,r(»stz)) = V'“(etz)

H(V! =(n—-1-2r)V] . (3.5.33
It follows that E, F' and H satisfy the following algebra:
1A, _E’] 2E B F=q"—q" (3.5.34)
[H,F] = -2F

The universal enveloping algebra generated by E, F', H will be denoted U,(sl(2)) since
the generators E, F', H will turn out to be related to the generators E, F,G of U,(s!(2))
as defined in the appendix.

An action of Uy(s1(2)) ® U,(s1(2)) is defined on products of screened vertex operators by

(X ®Y)(Vai(al22)Vi, (€rlar)) = X (Vi3 (€2122))Y (Vi) (€a]z1))  for all X, Y € Uy(sl(2)).

5.4.2 These definitions allow to rewrite the braid relation (3.5.24) as

Vaz (&2l22) Vi) (€alz1) = (PuR)(V, (€2122) Yy (61]21), (3.5.35)
where Py; exchanges V[[2(€2]22) and V]! (£1]|21) and R is defined as
s q%k(k“l) 15 o B = .
R=)" Gl g?HOH Bk o Fk, (3.5.36)
k=0 ’

R is related to the R-matrix R as defined in the appendix by R = R, -1 if one identifies
the generators as follows:

E=q¢%(1-¢2%E F=q%01-¢2F H=H

(3.5.37)
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In appendix A it was shown that for two vectors vy and v, from U, (sl(2))-representations
H; and H, the tensor product v; ® vo € Hy ® Hy and the braided tensor product
B(vy ® v3) € Hy ® H; transform with the same representation matrix, provided the
action of Uy(sl(2)) on tensor products is defined by means of the co-product A,. PnR
acts on VJ2(€2|22)V,]1 (€1]21) just as the U,(s1(2)) braiding operation B defined by means
of Ry-1. It is therefore consistent to define the action of 2,(s(2)) on & by the co-product
Ag-s.

Tﬁe action of A -1 on E, F and H is given by

A-(E)=E@¢"+10E

o el AH);=H®1+10H
Ap-(F)=F®1+¢ e F

(3.5.38)

5.4.3 Now it is easy to see that (3.5.23) leads to
[Le, Vi (Eslzs) .. Vil (&ilan)] =
+ (2 Vi (€lz) - VI (Le(a)Eil) VI (6 lz))
—E(I‘;f;: (Eslzs) - Vit (Ealz1))z5 ' S(20)

Any linear combination of products of screened vertex operators that is annihalated by
the generator E will yield a covariantly transforming operator.

5.5 CONSTRUCTION OF CHIRAL VERTEX OPERATORS

In section 3 it was demonstrated that the conformal properties of chiral vertex operators
could be nicely reformulated in the language of fusion products. Now it turns out to
be convenient to start by defining Fock-space fusion products such that the required
conformal properties hold. As in sec. 3.4 these will be sets of bilinear maps

fn, ®fn2 - fnlgg (3-5.39)

['®‘]n12 :
that depend parametrically on the points z;, z where the states are considered to be
inserted. The fusion product of two states §; € F,,, &2 € Fn,, considered to be located
at z; and 2z, respectively, will be denoted as

[€1(21)®€2(22)]n s, (3.5.40)

The main properties to satisfy are the following rules for moving Virasoro generators (cf.

(3.3.40)-(3.3.42)):
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[61(21)®T< (u)é2(22)],,, = T<(w)[€1(21)®E2(22)]

[T (w)1(21)@62(22)],,, = T<(w)[€1(21)®E2(22))]

T (w)[€1(21)®€2(22)],, = [€1(21)OT5 (w)€a(22)],,, + [T> (u)é1(21)S6a(22)],
T (u)(z) = (T>(u—2)6)(z)  (T<(u— 2)€)(2) = Te(u)é(2)

5.5.1 In order to define [£1(21)®E2(22)]n,, one may start by considering vectors of the
form

+ [T5 (u)€1(21)®€2(22)],,
+ [£1(21)®Ts (u)éa(22)],,

n12 12

n2 12

12

Vi, (€al21) Vi3 (€2l 22)vo. (3.5.45)
By using equations (3.5.16),(3.5.17),(3.5.18) and (3.5.15) one finds by similiar calculations
as used in the proof of the conformal properties of screened vertex operators that the
rules (3.5.41)-(3.5.44) hold up to additional terms proportional to

E (Vi (€1|21) V2 (£2)22)) vo.

In order to get rid of these terms one has to choose appropriate linear combinations of
states (3.5.45). This is nothing but the problem of finding the highest weight states in a
Clebsch-Gordan decomposition of the tensor product of ¢, (s!(2))-representations.

5.5.2 It is convenient to rescale the screened vertex operators such that one may apply the
standard g-Clebsch-Gordan coefficients as introduced in the appendix for the formation
of E-invariant combinations. To find the appropriate factors one may note that V7 (£|z)
behaves with respect to the quantum group as FT vy, where v, is the highest weight state
of the Verma module V, (see appendix). FTv, is related to the standard basis ef of H;

by

e-;’n:,\‘;'nvyr, n=2]+1; r:j—m, (3546)
where M, is explicitely given by
] i q-—%r( b i@ ) 1
e, = Mo = qu I=m)GtmiD (25 — 4 1020 [r]1) "3 07, (3.5.47)
Therefore define
e(€lz) =M Vi(Elz); n=2+1; r=j-m (3.5.48)

The braiding matrix of vertex operators €]} (£1]z1) and ej2 (€2]22) is now given by the
matrix elements (R7)7in2  of the unlversal U, (sl(2)) R—mamx in the basis el ®ef2 .
Moreover, since E(...) =0 is equivalent to E(...) =

Gordan coefficients to define E—mva,rlants

J2 51
mj-m

"J Ji

0 one may take the usual q-Clebsch-

[€2(22)®E1(21)];,, = lJ) € (Ealza)edi (€1]21)vo. (3.5.49)
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It is not difficult to translate the notion of a Fock space fusion product back to obtain
the more common chiral vertex operators. Explicitely it may be written as
(vjl -m)-

(E DR EREMCOY N
" (3.5.50)

5.5.3 The screened vertex operators have a nontrivial dependence of the point zp used
to define the contours. It is important to note that this dependence also disappears upon
forming chiral vertex operators. It is easy to see that

J2 N
j-mm

. .dvjl_mS(vl) ...8

——V"(ﬁxlzl)V’:(EzIZz)vo = E(V] (€1|21) V]2 (62]22))vo, (3.5.51)

so that any linear combination that is annihilated by E is automatically zg-independent.

5.5.4 The normalization of this operator is defined as

< vj, [€2(22)®€1(21)] >=: N(j’;l)(n — 2)A0)-802)-80) (3.5.52)
The normalization may be explicitely calculated by noting that the corresponding integral
depends analytically on the parametet a? (except for possible poles at rational values of
a?). It will turn out that for real a? 4 < 0 the normalization may be expressed in terms
of Gamma functions, which possess an analytic continuation to a2 3 > 0. For a? 3 <0 the
operator product of the screening charge with the vertex operators Vaj,41(£]22)

S(u)Vaj,+1(€lz2) = (u — 2)"22%% - S(u)Vaj,41(€22) :

becomes nonsingular. One may therefore take the normalization point 2y to 23 and
shrink the contours 7,, to zero length. In this limit only the term with m = j — j,
contributes in (3.5.50). The resulting vertex operator is proportional to the ”screened
vertex operators” as defined by Felder in [Fell]. The integral defining its normalization
may then be expressed in terms of the integrals computed by Dotsenko and Fateev in

[DF]. The result is
) =(2:5.0),.%

é;l""‘: 1 N Felders
Nrelder = (1 - qz)—- ¢ DTG [2j, — ¢+ 1]25] x

P(1 - (24 = )23)T(1 = (242 ~ )a})
H -Gttt 1-9a])

(3.5.53)

J2
7

Jj2 h
J2i—7iz2

M

(3.5.54)

where
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5.6 OPERATOR DIFFERENTIAL EQUATIONS

The construction of the previous subsection can be applied for any real values of j, ji, jo
such that j; + j, — j is an integer. However, the chiral vertex operators Vj(£jz), J =

( i ) for j, half-integer have special properties: They satisfy certain operator differential

equations, which are prescisely of the form of differential equations following from null
vector decoupling in Verma-modules. In the present case these operator differential
equations arise in the following way:

5.6.1 Assume the null vector of the Verma-module to be written in the form oy, 0nin,
where ¥/, is the highest weight state of the Verma-module and o, is a polynomial in
the Virasoro generators. The Fock spaces Fpi, for n > 0, n’ > 0 are distinguished by
the property that the action of the polynomials oy, on the highest weight state of the
Fock space vanishes. This means that one has (now n’ = 1,n = 2j, + 1)

Va(01,2j54191,2j54112) = 0. (3.5.56)

By using the equations

Vi(L-1€|z) = OVi(€l2)
Vi(Lon€]2) = prka (92T (2)Va(€]2) + Va(€]2)0" T (2)),
which follow from above rules for moving 7' within fusion products, one may express

(3.5.56) as a differential equation on Vj(z), just as in section 3.5. In the simplest case
j2 = 1/2 one gets the well known equation

8°Vi(2) = AT<(2)Vi(2) + Vi(2)T5(2)), (3.5.57)
where
Vi = Z V(jn -l*ll//22 j1 )’ Z V(Jl 11//22 .71) (3.5.58)
J1

5.6.2 These operator differential equations imply differential equations for the conformal
blocks constructed from such chiral vertex operators, which coincide with those obtained
from null vector decoupling,.

The correlation funclions of free field vertez operators Vy(z) for ju half-integer
therefore coincide with the conformal blocks as constructed from chiral vertezx
03 HYs between irreducible modules in section 3.

This result already implies that the extra states that a Fock module contains besides the
irreducible submodule must decouple in correlation functions.
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1/2

5.6.3 One should note that V( i ) cannot exist for j; = 0: Since vy

~1/2 1 = V1,1,
L_1v3 = 0 one would have
0=<wv_10, v(}.l_‘{f”l)(z)L_lvo >oc §zMa-10)=hlon2) £ (3.5.59)
which can hold only if V{;, /% . ) vanishes identically on F1,1 = Fo.

5.7 COMPOSITION OF CHIRAL VERTEX OPERATORS

As in section 3 one may write Fock space fusion products such as [£2(22)®&1(21)];

as
12
an expansion in powers of 2o — z;: Let &, i = 1,2 be energy eigenstates such that
Lo&; = h(ji) + ni. Then one has

o

[e2(22)®€1(21)];,, = Z(Zz — z1)hr)n—h(i)=mi=h(jz)=nzg(n)

n=0

(3.5.60)

where L0£12 = h(j12) + n. The series is to be considered as formal. In this sense it is
possible to form iterated fusion products such as

[es(z8)@l6a(20)861(20));,.); = V(1 ) @lza)V (.77, ) @lea)V( 7% ) (alen)o
[lés(28)86a(22));, 8802 = V(32 ) (V{25 ) Eslen = 22)vsa22) V(7% ) aln)oo,

where I also presented the chiral vertex operator notation of the same object.
On the other hand side, it is possible to give an alternative definition of multiple fusion
products as

{€3(23){€2(22)®&1(21) }yon b5 (3.5.61)

= X (y{fa i pms j)q N 1121 _, €, (Ealza)el2, (alz2)eln, (€nlz1)vo
my+ma+ma=j

{ {63(za)®62(22)}m®€1(21)}j (3.5.62)

jaz
ma+ms m1

Ja Jz2
m3 my

= 2

my+matma=j

i) _ el (olzs)el3, Eale)elt, (Gl

(s 2.7)

where I used curly brackets to distinguish them from the objects defined before. These
objects will be maps

{&{.8.};u}i:
{{'®'}j32®'}j :

fjl®£f?®}‘ja—)fj
Tj1®sz®ﬁa'ﬁfj’

(3.5.63)
(3.5.64)
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defined again in the sense that taking matrix elements with arbitrary Lo eigenstates in
F; produces well-defined integrals.

The products (3.5.61)(3.5.62) will satisfy all conformal properties one expects multiple
fusion products to have, since they are defined as E-invariant linear combinations of
screened vertex operators.

I now want to present a formal argument that the multiple products with curly brackets
are the same as the corresponding products with square brackets:

First one may rewrite the definition (3.5.62) as follows:

Jsz J1

{{€3(23)®¢2(22)};5.061(21)}; =

).,
my +m93 ’“J
« Fisa—ma Z (
ma+ma=jaz

Now consider the factor [§3®£2]Jw = ng+m3—3u(

([jaz — maz]![jaz + maz + 1]2j])/2 x

Js J2
ma ma

332) _ e, (Ealzs)el (lezz)) e, (G1lz)

js Jj2
m3 M2

j32) €3, (és)za)elz, (€2|22):

[53/@:52];” = / duy

$2:%3

/ du1
C

22,33

- durS(ur). .. S(ur)Vis(€al2a)Via(€2l22)

. .du,V;;” (S(U] - 22) . .S(u, - 22)%3(63{23 - 22)62122) :

where in the last step I have repeatedly used eqn. (3.5.10). For the following step it is

important that [£3®¢€3]; . is zo-independent. This fact allows me to shift the integration
variables u; ... u, to get

[€3®€2]]93 123 (/C duy .. ‘du"S(ul) . aS(“r)Vj;,(éalZ;; - ZZ)&lez)

Vias ([63(23 — 23)®€2(0) ] 3|12) : (3.5.66)

By reinserting this result into (3.5.65) one finds
{{€s(23)@¢€2(22)}55:861(21) }; =

> (mnih),.

my+mas=j

Ja2 i1
Maz My

— J23
- emza

([esca = 286:0)]_2) e, 6110
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= [[53(23)‘952(22)} ) ®€1(21)} g
Jaz J
where the last step is nothing but the definition of the iterated product.

I previously classified this argument as formal. So what is missing for a rigorous proof?
The crucial point will be a proof of convergence of the formal power series that define the
matrix elements of iterated fusion products (denoted by square brackets). In the case
that the j’s involved are all half-integers this will be possible by exploiting the differential
equations that the corresponding CVQ’s satisfy. The arguments will then be analogous
to those given in sect. 3: One shows that the matrix elements satisfy the differential
equations in the sense of formal series, and convergence of these series follows from the
theory of differential equations.

Without proof of convergence one may still take equations (3.5.61)(3.5.62) as definitions
for multiple fusion products. Then one has to conjecture that factorization holds, i.e.
that correlation functions can be expanded as sums over inermediate states.

5.8 BRAIDING AND FUSION FOR GENERIC C

As before fusion and brading matrices are identified with the linear transformations
between different orders of taking repeated fusion products.

Js Je
Z FJz:Ja:[ i

Ja2

Z ]2!]3![

Ja1

[Es(z0)8E2(22)88: ()], | Ges(z0)06a(22)];,, @61 (20)],(3.5.67)

]3]2
J i

[€3(23)®[€2(22)@E1(21)];,,]; ] [€2(22)BE3(23)®¢€1(21));,,1{3.5.68)

Given now the representations (3.5.61),(3.5.62) it is easy to calculate the matrices F and
B. The fact that
Fj 1Ja
J21] a[ }q

is then an immediate consequence of the definition of g-RW coefficients. The matrix B
is then for (23, 22) € C3 calculated as

[53(23)®[£2(22)®51(2'1 )].’ilej =

> X

my+ma+ma=j notng=j-m,

l.m)q_l(
xel2, (E2l22)els, (€3l 2a)eds, (€1]21)
:Z - JI+J—Jal—j21q%(cn‘*’ci_ciax‘cim ){

Ja1

Jaj2

aJ j1j2
J n

R

Ja J

VEN
J32

(3.5.69)

FER P31
ma mi+ma

.

J2 1
mz my

nanz
mams

X

j) (R.}'sh

iz
Ja1

J?Jx

X
ja j
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x 2

(221 i) _( 3),_ el (Eale)ed, (Ealza)ed, (6 l=1)
my+ma+ma=j ! ”

_.§ ( 11+J —J31—jn 2(¢;,+¢j’¢131"°3;;){]2]1
FER
Ja1

x[€2(22)®[€3(23)®E1 (1)), 15,

Jz:
FEN

where the product of R-matrix and Clebsch-Gordan coefficient has been evaluated with
the help of eqn. (6.1.40) of appendix A.

5.9 BRAIDING AND FUSION FOR RATIONAL C

I shall now consider the case that ¢ = ¢p ,. I found previously (sect. 4) that the minimal
model chiral vertex operators, defined to map between modules with conformal weights
h(5'7) with 0 < 25+ 1 < p', 0< 25+ 1 < p and to satisfy the restricted fusion rules,
form an algebra that is closed under the fusion and braiding operations. It is an old
conjecture, going back to the work [DF], that this algebra is faithfully represented by the
Fock space chiral vertex operators considered in this section. This question is nontrivial
due to the extra states in Fock modules as compared to irreducible Virasoro modules.
The results obtained in sect. 5.6 already imply that the conjecture is true since minimal
model conformal blocks coincide with those constructed via free field representation.

However, in comparing the result of section 4 that fusion and braiding matrices for
¢ = cprp are given by the restricted g-Racah-Wigner coefficients with the explicit
form found in the previous subsection, one finds an apparent paradox: The sums in
(3.5.67),(3.5.68) are generically performed over those values of j3), js2 allowed by the
unrestricted fusion rules. Consideration of the behaviour of g-Clebsch-Gordan and q-
Racah-Wigner coefficients for ¢ = ¢y, (see below) reveals that it does not lead to a
truncation of the sum to values ja;, j32 consistent with the restricted fusion rules. There
must be a reason for the ”unphysical” chiral vertex operators to vanish.

It turns out that the resolution to this question is closely related to the mechanism which
prevents that ”extra” states of Fock modules contribute in conformal blocks. The expla-
nation of this mechanism is based on the work of Felder that classified the extra states
as unphysical w.r.t. a suitable BRST-cohomology. Crucial for a decoupling mechanism
analogous to that in gauge theories is the property of BRST-invariance of Fock space chi-
ral vertex operators, which ensures that physical and unphysical subspaces are mapped
into themselves. Substantial evidence for this property has been obtained in [FeSi]'!.

In the present language of fusion products the property of BRST-invariance may be

111t seems that recently this approach has been extended to a complete proof, see [Si]. The necessary
relations on spaces of multiple loops are derived by algebro-geometric techniques.
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formulated as follows: where the range of summation is such that none of the arguments of [.] becomes negative.

. . . h i i )
Qualés(22)88: (21 )]m _ [(Q2€2)(22)®€1(21)]jn + [(52(22)‘3(@151(21)]_,'”, (3.5.70) Proofs for these expressions can be found in [HH]

where Q12, @1, Q; are the BRST-Operators defined on the Fock-modules ¥;,,, F;, and It becomes necessary to distinguish three cases:
F;, respectively.

In this subsection I will assume BRST-invariance as formulated in (3.5.70 in order to
show that the fusion and braiding matrices are indeed given by the restricted g-Racah-
Wigner coefficients that satisfy the additional fusion rules at ¢ = cprp.

1. max(p—1—ji— ja,p—1—j = ja) < jar < B5*:
In this range of values of js; the product of normalization factors vanishes, whereas
the braid matrix remains nonsingular.

2. j31 = P—-;-l-l
I will only consider the braiding matrix explicitely. The range of values for jz; that The braid matrix vanishes due to the factor ([2ja1 + 1])% in the Racah-Wigner
respects the orinary but violates the restricted fusion rules is coefficients.
max(p— 1 —j1 = Jja,p— 1 = j = j2) < jar < min(jy + 3, j + j2). (B5.71) g 2=t ¢ oy < minGiy + oy + jo):
One has to consider the behaviour of the normalization factors, of the Clebsch-Gordan 'Consui.er the terms appearing on the r.h.s. of eqn. (3.5.68): By using (3.5.66) this
and the Racah-Wigner coefficients at ¢° = —1: What matters are the possible zeroes or 1s rewritten as
poles due to [p] = 0. The necessary checks are slighty tedious: One needs the general PR N ; .
explicit expression for Clebsch-Gordan coefficients Z (ng mitms -7) qerﬁz(fﬂzi’.)eniiq»ma ({53(Z3 — z1)®¢1(0));,, le) .
my+moy+ma=j
j1 j2 ) — g— 30 Hiz—i)Ur1Hi2+i+1) ymija—maja 2 +1 IA Jri2d) x (3.5.72)
(ml ma |7 ¢ 1 ‘ ( D2 ) With a little work one may check from the explicit expression that the Clebsch-

. . . . . . E Gordan coefficients vanish for m > p — j3;. Therefore consid
x (Lin = ma] s + )z + matlia — maltli = m]![j + mt)” x 2 P~ Ja1. Aherelore consider

9 zﬂ: %)!f_qn(njmzn)(ul — my — n)!ljz + ma — ]! x mq;ju (J{’m oy j)qef,:’_m(zz)efﬁ‘(falln). (3.5.73)
x[j1 + jo— j— n)llj = j1 — ma + n)lj — j2 + my + n]!)”l’ It follows from equation (3.5.21) that for each term of the sum
where el (Ea1lz1) = e TP (Qajas+1-p6a1|21).
max(0, j; + ma — j,j2 — mq — ) < n < min(jy; — my, j2 + m2, j1 + ja — j) Under above assumption that the fusion product [53(z3—z1)®§1(0)]j31 has the prop-

erty of BRS-invariance, eqn. (3.5.70), one concludes that these contributions also

AGi2d) = (Ur + G2 = 310 + 31 = 32!l + 2 = 21D 3 (U + G2 +5 + 1075, vanioh i QF, = 0 and Ofs = 0.

as well as the Racah-Wigner coefficients
{j: jz
ja j

X Z(-1)"[n + 1] x

Therefore the fusion- and braiding matrices in the ¢ = ¢/, case are indeed given by
j;:} = AQ1j2d12)A(j2jsi23) Alir2isi)A(j15235) (2512 + 1)) 3([2j23 + 1])¥x  the restricted Racah-Wigner coefficients one expects for the corresponding data of the
7 minmal models.

X ([n ~J1— 2= jallln— j1 — jes — jll[n — ja2 — Ja — J)![n — j2 — jz — jaa]! X
-1
X[j1+je+ds+i—nllj1+ i3+ d12+ joz — n]llja+ J + 12+ joz — "]!) ,
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SECTION 1IV:

QUANTUM GROUP STRUCTURE

The observation that leads to the search for a quantum group structure in Liouville
theory or minimal models is the fact that the structure constants of operator product
expansions and exchange relations, the fusion and braiding matrices, are given by q-6j
symbols. As explained previously, they could be expressed in terms of the elementary
data Q2 ( le‘]?z) and F; jrja

1ajas | 12| Tt is useful to compare their occurence in correlation
13j oo

functions to the meaning in the representation theory of the quantum group:
1. Braiding of fusion products:
[0, (21)8v5,(22))rs = qE 31201 D=11G1H D=0 D)y, (29)@v5, (21)]nja)  (4:1)
Quantum group braiding in a Clebsch-Gordan basis (see Appendix A):

Bil(ej"rl‘z (G142)) = qi%(j”(j”'*l)-j‘(j‘+1)_j2(j’+1))e-z;‘l’(j2jl) (4.2)

2. Fusion:

o) losa(z2)@vs, ()]l = S {7 {32 } [isza)via(a)las B (2
Jos
(4.3)
Definition of g-6j symbols:
e Guinlin) = 3% |1} el (iljaso), (4.4)

Jas

where €/1/ and e/2>/ are defined in appendix A.
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The observation is that the equivalence transformations representing associativity and
commutativity of fusion products resp. quantum group tensor products are represented
by the same matrices.! More abstractly, one may view fusion and braiding operations
as generating an algebra with relations given by the polynomial equations, which may
be called moduli algebra. Then the observation is that both the vector space of con-
formal blocks and the vector space of invariants in tensor products of quantum group
representations form equivalent representations of this moduli algebra.?

1. Covariant objects

The occurrence of U,(sl(2)) Racah-Wigner coefficients shows a connection to the rep-
resentation theory of the quantum group U,(sl(2)). One may hope that U,(sl(2)) is
realized as an additional symmetry of the theory. In order to exploit the information
that is provided by such a symmetry it is natural look for objects on which the symmetry
may act covariantly. These may be useful for the following two reasons:
e They could be the key to a deeper understanding of the reasons for these structures
to occur.
o At least they should provide a transparent formalism to handle the existing infor-
mation.
I now want to present two proposals due to Babelon/Gervais and Moore/ Reshetikhin/
Mack/ Schomerus that do not yet help with the first point, but provide solutions of the
second point, albeit being complementary in their applicability.

1.1 BABELON/GERVAIS’ PROPOSAL

The operators used by Gervais and collaborators are reconstructed from chiral vertex

1The proper mathematical formulation will probably be a statement on the functorial equivalence of
two tensor categories, but I'm not enough used to that language to phrase it that way.

2There should be a connection of this point of view to attempts to recover conformal field theory from
Chern-Simons theory: In a Hamiltonian approach te Chern-Simons theory as developed by Alekseev,
Grosse and Schomerus in [AGS] one indeed constructs something as a moduli algebra by quantization of
the moduli space of flat connections on a Riemann surface. It would be interesting to see whether this
moduli algebra is related to what I called moduli algebra.
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operators as follows:

Vig(2) = }:V(,n_i, JO)(z), (4.1.1)

Jo
where the variable Jy is related to the momentum variable @ used by Gervais et al. by
w = 2Jo+ wp, wo = 1l —a? = 1+ x/h. The operators V},(z) will be assumed to be
normalized by .
(vao—m, Vig(Dvs,) = 1. (4.1.2)

It was shown in [Ba][Gel] that there exist momentum dependent coefficients CIM(w)
such that the linear combinations

J
&= Y CiM(@)Vi(2) (4.1.3)
M=—j
obey exchange relations with coefficients given by the matrix elements of the universal
U,y(s1(2))-R-matrix:

(282, (z2) = Y (RIF)n2 el

nin2

(22)€01 (21). (4.1.4)

The point about this specific form of exchange relation is that it is necessary for a
covariant transformation law of operators to be consistent with the existence of a braid
relation: One may simply define a U, (s!(2)) action on the space spanned by the &, by:

E€l, = ([j-m][j+m+1])'1%¢}, (li+m][i—m+1))"/%€, _,

This U,y (s1(2)) action is extended to products of field operators by identifying them with
tensor products of U,(sl(2)) modules, i.e.

E(€8,(21)€3,(22)) = (B, (21))(a /7€, (22)) + (72883, (21))(EER, (2))  (4.15)

Under this identification one may recognize the r.h.s. of (4.1.4) as the result of the
braiding operation B defined in appendix A on &J} (21)€2, (22). The equality (4.1.4) is
consistent with above U,(sl(2)) action only if the representation matrices of the I, (sl(2))
action on both sides of (4.1.4) turn out to be the same. But this is just what was proved
in appendix A.

Fe, Hel, = 2mg],

The existence of exchange relations with #,(sl(2)) R-matrix is a necessary condition for
U,(s1(2)) to be a symmetry of the theory. However, their occurrence does not imply that
the space of states as defined up to now carries a U,(sl(2)) representation, as would be

necessary to establish U (sl(2)) as a symmetry in the ordinary sense’.

¥see the work [MaS1] for the discussion of a generalized notion of symmetry in quantum theories that
encompasses quantum group symmetries
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1. Covariant objects

The purpose of the rest of this subsection will be to analyze the compatibility of this

result with the additional fusion rules that are relevant when considering the action of

operators V;{, on modules with conformal dimensions h,,. In order to get a qualitative

understanding of the problems it suffices to consider the simplest case j; = 1/2 = j5:
YL

Let Vi(2) Ry The exchange relations of the operators Vi may be found in two
ways: Either by using the relation between fusion and braiding matrix and the explicit
expressions for the latter found in chapter I111.4, or by reducing the differential equations
satisfied by the correlators

< vy, Va(21)Ve(z2)vy, > (4.1.6)
to the hypergeometric differential equation and using (for |arg(—z)| < =)
| oA TEre-a - g
F(a,b,c,z)-—r(b)r(c_a)( z) F(a,l—c+a,l—b+a,;)
T(e)T'(a~b) —b ) 1
+I‘(a)I‘(c—b)( z) F(b,l-—c+b,1—a+b,—z-)
One finds (k,I,m,n=4,-)
Ve(z1)Vi(22) = Z BE™ Va(22)Vim(21) for [arg(—~z—;)| <, (4.1.7)

mn

where the nonvanishing matrix elements are given by

Bf}(w)= BII(w) =e "/

BfZ (w)= B} (~w)="pRr sy et i)
FQ+yo)l(yw) iry/2

(o B _
By (@)=B14 (- ®)=rGmeyrare 1)

The problematic cases are those where an operator 1, acts on a state from the module
with Jo = 0 & @ = wy. Remember that solutions Vi to the operator differential
equation 8?Vy = v : TV4 : could not be realized as covariant operators on a Fock
space or an irreducible module build on a highest weight state with conformal weight 0
(sects. I11.3.5,I11.5.6). Since B;f(wo) = 0 it is consistent with the existence of the braid
relation (4.1.7) to use covariant operators only, i.e. to demand V, (z)vg, = 0. This may
be realized by choosing a w-dependent normalization that vanishes at w = w;.

Now consider the definition of the operators £. For j; = j, = 1/2 it reads explicitely

(€ =647,

€- =TT (y@)Vo + M@V (—y @)V
£+ :eur'y(w-f-l)/?-{w(,yw)v_ +€-i1r7w/21-(_,_rw)v+

(4.1.8)
(4.1.9)
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With some calculations one finds that one has

E(z0)6(22) = D BRI Em(22)éi(21)

mn

for [arg(—%)] <, (4.1.10)

where the matrix elements R}}" are indeed those of the universal #/,(sl(2)) R-matrix

(g =€)

+ g —g=1/2
R{f=RII=q"

)
Ryt =Rt =4'/?

RIZ = ¢%1- ¢ (4.1.11)

The problem is now that one finds the universal 2,(s!(2)) R-matrix in (4.1.10) only
if the operators V4 are normalized according to (4.1.2) for any w, i.e. also for w = wy.
But that is incompatible with Virasoro-covariance. One therefore has the choice between
U,(s1(2))-compatible braiding but Virasoro-noncovariance on the module with @ = my,
or Virasoro-covariance of Vi on the total space of states but having to give up the con-
struction (4.1.8), (4.1.9) of operators with U(s/(2)) R-matrix braiding.*

I therefore conclude that the transformation to fields &, is not suitable to construct
U,(sl(2))-covariant objects in the case of minimal models or, more generally, if one wants
to consider Liouville theory on modules with conformal dimensions A/, as proposed in
the present work.

1.2 PROPOSAL OF MOORE/RESHETIKHIN, MACK/SCHOMERUS

In the following only that part of the theory will be considered where all states and
operators have spins J = j — a2 j, j,j' € N States and operators with j/ = 0 form a
closed subsector of the theory which will be the one to be considered explicitely in the
following.

The basic idea is now to change the definition of the space of states

m(e) m(c)
from H= @ H; into H= @ @ Hjm, (4.1.12)
=0 =0 —j<mg;j
where each H; m is a copy of H; = MHy(0,j), and m(c) = oo if ¢ # ¢prp, m(c) = L;—z- if

c = CP'P'

One has thus by hand introduced degrees of freedom on which the quantum group may
act. This is clearly artificial and unnecessary for a consistent formulation of the theory
but will be seen to lead to a nice formulation of the quantum group structure.

4 This does not exclude the possibility that a modification of (4.1.8), (4.1.9) exists that works even if
V; is normalized to vanish at @ = wy. I am rather sceptical on that.
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First of all one may trivially extend the definition of CVQ’s to the enlarged space of

states by
Y33, 1= Pl ) Pit, (4.113)
where P3! : M — M;, projects to H;, ,», and identifies with %, , whereas Pi2 : H;, —H

is the obvious imbedding of H;, in H.
If one denotes an arbitrary state in H by £, € H; , one has an obvious realization 2((),

¢ € Uy(sl(2)) on H: U(E)ES, = ([j — ml[i + m + 1])l/2§3;.+1 etc..

A natural definition for the notion of a covariant transformation law for operators I'j,
has been given in [MaS1]: Let the co-product be written as A(p) = 3, pl ® p;f.’,, with
Py PL, P2 € Uy(sl(2)). U(€) will then be said to act covariantly on the operator IV, if
uErs, =3 1w
4

m(PU(PL), (4.1.14)

where II‘:n,m is the representation matrix in the spin j representation. This definition is
natural in the sense that the action of '/, on a state ¢ in a representation V' of U,(sl(2))
transforms as the tensor product representation V; @ V.

One may now define covariant field operators as

I (2) :=Z Z (

S mpamg
Iz o memgy

i g
mm,

li2) Yo (335, ) 2 (4.1.15)

By using equation (6.1.9) of appendix A one may check that this object indeed transforms
covariantly in the sense of (4.1.14) (diF = ([j F m][j £ m + 1])/?):

U(E)T,(2)
= Z Z *Jn ;:111 “7 dh+1/}m2+1 m‘(]:]:)
jrja T2

i n
m m;

(

((m{l-l m, 1-72) ditqmm™ +(n;nm1+l J2

m m+1(z)U(q'H/2) + qmFJ (z)u(E
- FJ (z)ﬂm'm(E)u(an/Z) + Fin’ Z)Hm’m

m'

|]2) d122 l¢m2m1 (];’1 )

) dzrﬁqm) ¢m2"“(:'f}1)

(¢""*)u(E)
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For the check that the I/, have a braid relation in terms of the universal %, (sl(2)) R-
matrix one has to distinguish two cases: ¢ = ¢prp and ¢ # cprp. In the second case one
may use the explicit form of the braiding matrix for the chiral vertex operators v in
terms of the q-Racah-Wigner coefficients together with identity (6.1.40) of appendix A
to prove

i »
m, IRk
ma ,n'2

Pt (2073, (z2) = 3 (RM2) (4.1.16)

1 i
mymy,

(22)1‘{,’;; (21).

I will not discuss the subtleties that arise at ¢ = cprp, since references [MaS1][MaS2]
contain a clear exposition of these matters. The additional fusion rules lead to the fact
that the appropriate quantum group is a truncation of U,(s/(2)) in which coassociativity
has to be weakened to quasi-coassociativity, i.e. coassociativity up to an equivalence
transformation.

Let me however point out that the field theoretic input that is needed to apply the con-
structions of Mack and Schomerus to arbitrary minimal models has been obtained in
this work: The braiding matrices of chiral vertex operators were found to be given by
restricted g-Racah-Wigner coefficients which are compatible with the additional fusion
rules for ¢ = cprp.

In comparison with the proposal of Babelon and Gervais one observes that the two
approaches are complimentary in their applicability: Both provide constructions of op-
erators with exchange relations that are compatible with a covariant transformation
law under U, (sl(2)). The proposal of Babelon and Gervais works for generic conformal
weights (i.e. h # hyin) only. It is not clear whether Uy (sl(2)) can be realized as a sym-
metry since the space of states does not seem to carry a Uy(sl(2)) representation. On
the contrary, the approach of Mack and Schomerus works on the modules with h = hy,y,.

1.3 DiscussioN

To my opinion, the reason for structures related to quantum groups to occur are not
yet fully understood. A natural quantum group realization on Virasoro representation
spaces has not been found, so that it is questionable whether there is an action on the
space of states at all. An action of the quantum group on the space of states can be
introduced by defining the space of states in redundant manner: The degrees of freedom
on which U, (sl(2)) acts are introduced by hand. In that case one has the problem of
finding a natural interpretation for the additional degrees of freedom.

A possible "explanation” for the quantum group structure is provided by the free field
representation: There is a natural quantum group strucure on the space of multiple loops
on a punctured sphere [FW], which leads to the q-6j braiding and fusion matrices via
free field construction of chiral vertex operators.
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2. Reconstruction of correlation functions from quantum group
structure

Up to now the quantum group structures appeared as a consequence of conformal invari-
ance: The latter led to a definition of correlation functions as power series expansions.
Conformal symmetry provides the local information on correlation functions by specify-
ing arbitrary derivatives with respect to the locations of insertions. The quantum group
structure appeared in considering the global properties of conformal blocks: Their mon-
odromies were given in terms of objects well known from the representation theory of
U,(s1(2)).

I consider it to be an interesting observation that it is in a certain sense possible to
go backwards: To reconstruct correlation functions from the global information given
in terms of quantum group objects. This constitutes a kind of Riemann problem of re-
constructing holomorphic functions from their monodromy representation. Its solution
is unique up to meromorphic factors which are themselves uniquely fixed once one also
knows the integer parts of the leading exponents in operator product expansions.

This fact supports to view the quantum group structure as an essential piece of informa-
tion on the theory. It suggests to view the roles of conformal symmetry and quantum
group structure as being dual to each other: Both being (almost) sufficient to determine
the conformal blocks, but the former describing their local structure, whereas the latter
encode their global structure.

2.1 FORMULATION OF THE PROBLEM

Consider the example of four point functions with one point at infinity:
J
G|

where all J’s are assumed to be half-integers. These may be considered to form a basis for
a vector space with dimensionality given by the range of ji5. There are further canonical
choices of bases associated with different orders of performing the products: Let (ijk) be
any permutation of (123).

Gitw s 7] = (3, los (28)8l0s, (22) 801, (21)]5,, 1)

Gittol T 1] = (0, Ton (ea)vs, (22)l 5, @0, (20)]).

J3 J2

s (4.2.1)

1,22, 28) 1= (01, [0 (20)8l0 (22)00, (21)],,),),

Jr J;
J J;
P

The aim is to reconstruct these functions from the following information:

1. Analyticity:
The funtions G are analytic on the universal cover of the complement of the hyper-
planes z; = z;, i # j € {1,2,3} in C3.
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2. Projective invariance: Let T' = (ij)k or T = i(jk).
gl{;j[J; j’] = (21 — )BW-BU)-AU;)- A(J,,)}-JU[J; H (Zj - z;) (4.2.9)
i Az -z
3. Asymptotics:
G ~ (2 — 2)% (2 — 2) 20 for |25 — z| < |2 — 2]
Gigiky & (2 = 23)2* (2 — 2) 200 for  |ak — 25| < |2k = 2l
where (A(J)=~J(J +1)—J)
Aij = AlJy3) = A(T) - AJ;)  Agje = AJ) = AJij) = A(Jr)
and the first line means that Gjy(z; — i)™ 29 (2 — 2;)~26)* is a single valued
analytic function in a neighborhood of the indicated asymptotic zone.
4. Braiding: Consider the case that (z;, z;), (zi, z¢) € C%. In this region one has
Gy = Gghue™ G = Gegipye™ (4.2.3)
5. Fusion:
Ji Jj
g(’])k Jz:{',k ij} gi(]k) (424)
ik

Note that these requirements are not all indedendent, since i.e. the fourth is a conse-
quence of the third.

This is a variant of the Riemann monodromy problem since the data on braiding and
fusion allow to determine all monodromies. The assumption of projective invariance al-
lows in the present case to reduce the problem to the case of one complex variable.

2.2 SOLUTION BY KNIZHNIK-ZAMOLODCHIKOV EQUATIONS

I now want to explain why a general theorem of Drinfeld ensures existence of a solution
to the problem under consideration. In order to prepare for its statement I will have to
discuss the following ”universal” version of the KZ-equations:

(4.2.5)
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where G takes values in Uy @ Uy @ Uy, g = sl(2). '/ is defined as

= ¢ = %H‘Hf + E'FI 4 FUEI, (4.2.6)
where H, E, F are the usual generators of s/(2) and €3 = £ @id® id, €2 =

£I

id® £ ®id,
id®id® € for £ = E, F, H. A crucial identity satisfied by t*/ is the following:
[t12,113 4 123

=0. (4.2.7)

In order to avoid questions of convergence in Uy the solutions will be considered to be
formal series in the symbol h. Therefore in the following a solution G will be called
analytic if any coefficient function of the expansion in powers of h is analytic.

2.2.4 Solutions to (4.2.5) are uniquely characterized by their asymptotic behaviour:
First note that the solutions are of the general form

G(z, 22, 23) = (23 — Z1)ﬂ(tn+tw+tu)17' (u) , (4.2.8)
23—n
where F satisfies iF " v
A t
o =h ( P 1) F(z). (4.2.9)

Expressions of the form M , f €Uy @ Uy are to be understood as the following formal
exponential series:

M= ezp(hfIn(z)).

First consider the problem of finding solutions to (4.2.9) with specified asymptotic be-
haviour: It is a standard theorem of the theory of ordinary differential equations that
there exist unique solutions of the form

F(2)(1 = 2™,
0 (2 1) and f1(0) =

Fi(2) = fu(2)*"

where fi(z) (f2(2)) is analytic in a neighborhood of z
idl(l,@up@up = f2(1)'

If one now for example asks for the solution to (4.2.5) with asymptotics

Fy(z) =

G~ (zg — 21)P (25 — )R+ (4.2.10)
then it is given by substituting Fi(z) for F(2) in (4.2.8). The logarithms appearing in
(4.2.10) are taken as principal values.
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2.2.5 There are twelve different asymptotic zones which may be associated with expres-
sions of the form (ij)k or i(jk), where (ijk) is any permutation of (123). Associated with
each of these zones is an unique solution of the form

Z: — z:

485 % ik 13
Gijn = f(:‘j)k( e ') (z — z)M"7 (2x — )P HD)

2k — &
ht* Rt 4o
Gigr) = fs’(jk)( ) (26 = 2)™" (2r — z)P7HD),

2k — 25

2k — 2§

where the functions f(i;)k(2), fi(jk)(2) are analytic around z = 0 and equal to the identity
for z = 0.

The solutions corresponding to different asymptotic zones are linearly related: Gr =
Gr+Mrr+, where T', T are expressions of the form (ij)k or i(jk) and M e Uy @ Uy @ U,.
The linear relation between G(j)r and Gj(;i) defines an object ¢:;x € Uy QU ®Uy, called
reassociator:

Gain = Gir)bijk (4.2.11)
Note that there is only one such object: If ¢ := ¢123 = 3_, 2 ® p? @ ! then ¢jjx =
S, ¢* ® ¢l @ ¢h. One has unique relations between Gijyk, G(js)r and Gijy in the
region (24, %), (2, ) € C§. (braiding):
T ek ik
G(ij)k = G(j,')kemhi G(ij)k = Gk(,‘j)e’“h(t +t ). (4212)
To verify these relations note that because of In(z) = In(—2)+iw in the considered region
and identity (4.2.7) both sides of the eqns. (4.2.12) have the same asymptotic behaviour.

Since the asymptotic behaviour specifies the solutions uniquely, the identities follow.

2.2.6 It is clear that the monodromy of solutions to the KZ equations (4.2.5) is com-
pletely determined once one knows the data t”/ and ¢: The monodromy operation is
nothing but braiding squared, and by using ¢ if necessary one may always transform to
a solution for which the braiding operation is represented in terms of ¢/ as in equation
(4.2.12).

2.2.7 Drinfeld uses the data (g,R,¢) (R = e“’"‘n) to define nontrivial examples A ; of
an algebraic structure called quasitriangular quasi Hopf algebra. In order to define an ac-
tion of such an algebra on tensor products one needs a further piece of data: A co-product
A: Uy — Us®Uy. In the present case it will be simply given by A(a) = a®id+id®a,
a € g. Structures of this type are considered equivalent if related by some transformation
called twist. A twist is generated by an invertible element F' € Uy @ U, that is defined
to act on (A, R, ¢) as follows:
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R=F".R.F~* .
Ala)=F . Ada). F-! ¢=FB.(d@A)F) ¢ - (A®id)(F~!) - (F'*)™!, (4.2.13)
where the following notation has been used: If F =Y _ f! ® f2 then F?' =Y _f2@® fL,
FB =% id® fl ® f? etc..

Drinfeld proves in [Dr3][{Dr4] an uniqueness theorem for quasitriangular quasi Hopf al-
gebras. One of its consequences for the present situation (Prop. 3.16 of [Dr3]) is the
existence of an element F' € U, @ Uy such that

R=Rp1, A@)=Ap1(a), d=id, (4.2.14)

where R, is the universal U,(sl(2)) R-matrix introduced in appendix A, A, is the
U,(sl(2)) co-product, and the deformation parameter ¢ is given by ¢ = e'™*. All ob-
jects involved are formal series in h.

This concludes the review of Drinfeld’s work.

2.2.8 The idea now is to apply a twist to solutions of the KZ-equations in order to find
functions with monodromy data given by the U,(s!(2)) R-matrix. Let me define

G(ij)k = G(ij)k . Pijk . (A ® ld)(F_l) . (F12)—1 . piik
éi(jk) = Gs‘(jk) . Pijk . (id ® A)(F'l) . (F23)‘1 -Pijk,

(4.2.15)
(4.2.16)

where the permutation operator P¥* acts as P7¥(¢! @ €2 ®¢3) Pk = £ @ ¢ @ €%, 1 will
now calculate the linear relations between the different G:

G =Gigiry - ¢ - PUE (A @Id)(F™) - (F'2)71 . P*

=Gy - P ¢ (A @id)(F~Y) . (F'2)~! . piik
:G,-(jk).Pijk (id® A)(F‘l) . (an)_1 (; piik
= Gigr) - ¢
Gijye =G - RY - P
=G - P75 R (A@id)(F71) - (F1?)71 . piik
=G - PP* - (A @id)(F~1) - R - (F'?)~1 . piik
=G - PP* (A @id)(F1) - (F2)~1 . R . piik
= G(jiyk - PP** - (A@id)(F~Y) - (F'?)~1. pitk . Rii
=G - RY.
G = Grpy- P (A®id)(R) - (A®id)(FY) - (F'2)~1 . piik
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Pk (A @id)(RF-Y). (F12)~1. piik

(A®id)(F™)™!) - (A®id)(R) - (F'?)~1 . Pk
(A@id)(F2)™) - (F'?)7' (A @id)(R) - PU*

[(id® A)(F~Y) - (F®)~1. pki . piik (A @ id)(R) - Pii*
(A®id)(R)- P*

If one now chooses F such that (4.2.14) holds, one sees that indeed all linear relations
between the different solutions G are given in terms of the U, (sl(2)) R-matrix. Especially

one has G(.’j)k = é,'(jk)!

= Gxis)-
. piik
. Pijk
= Giijy - P
. piik

= Gaj)
= Gr(ij)

= qu7’«('".7')

2.2.9 What I am really interested in is the case that G takes values in the tensor product
of irreducible representations of g. I will therefore consider the case that

GiGiry, Gijine € pr(Ug) © pj(Uy) ® pi(Uy) C End(Vi @ V; ® V5), (4.2.17)

where p;, i = 1,2, 3 are representations of U on the vector spaces V;T, the dual of a spin
Ji representation V;. Introduce the abbreviation V,v_,-k =V, ®Vy; ®Vy, Then

Gigiry, Gjyx € End(Vily) = Vij, © Vi (4.2.18)

The representation operators of the elements t*/ appearing in the KZ equation will be
considered to act on G from the left, the monodromies from the right. However, under
the identification V;,Tk = Vijr any nght action on V] ¢ 1s equivalent to a left action on

Vije- (This is seen as follows: Let < T > veV, eVl be the dual pairing
between a vector space V and its dual V7. Then one ha.s for any pT € End(V7) that
<¢TT - pT YT >=< ¢™T, pT YT >=< p7 9T, 6 >=<yT,p-¢ >.)

2.2.10 Let me now introduce a Clebsch-Gordan basis (ef,{’J(Jling)) for V7,

a q-Clebsch-Gordan basis (e,{{"’(]ﬂJ,-J,-))q for Vji and define coefficient functions

~Ji;J! )
G [ 5] (e1, 72, 25) by

(i)

Gae= (e}’,{j’(.]lijJi))T@(eﬁz‘J(JkIJjJi)) G [ %] (219

JmJd L
5 Jid Jid s ‘
Gon= % (el © (e ed19) G| 3] 4220
ImJ o Jh

J!
Now it is easy to see that the functions G( ’)kf’

braiding matrices (requirements no. 4 and 5):

do indeed have the required fusion and
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First, by using equation (6.1.21) of appendix A one finds the following braid relations
((2i,2)), (2, 2x) € CL):

Gujye = eirﬁ(-’.;‘(le,‘+1)—J.(J.'+1)-—J,-(J,-+1))G(j‘_)k (4.2.21)
é(ij)k - Bixh(J(J-H)—Jk(Jk-'l'1)—].‘,‘(1.‘,‘+1))Gk(ij)’ (4.2.22)
One therefore has to identify ii =. ~
Second, the relation between G(;;)x and Gjj) is given by
Te Iy [T L& Tin] 3 35135
‘3)’° Z { - irs } Gifiny’ {Jk 7 }q' (4.2.23)

Equations (4.2.21),(4.2.22) hold since the action of the U, (sl(2)) R-matrix is represented
diagonally in the g-Clebsch-Gordan basis (see appendix A), whereas equation (4.2.23) just
expresses equality of G(;;)x and Gy(jx) and the definition of the Racah-Wigner coefficients
(ordinary and g-deformed).

2.2.11 The Riemann problem of finding functions with the required monodromies has
thus been solved. It remains to satisfy requirement no. 3 on the asymptotics.

2.3 ASYMPTOTICS

In order to determine the asymptotics near the hyperplanes z; = z; consider the case
that (ijk) = (123). Because of eqn. (4.2.8) it suffices to consider the case that z; =
0,22 = 2,23 = 1 and to find the asymptotics of solutions to (4.2.9) at 2 = 0, lzoo. It
is convenient to rewrite (4.2.9) as an- equation for the coefficient functions F7z1721(z) =
G'(’fé);’[h ‘I’](O z,1) resp. Flsalsa(z) = ["3 J’](O z,1). This is done by noting

that t?! and t3? are diagonal in the bases ¢;}! J23J

2"32
1(23)

Jiad

and e;?*” respectively

t2elad (J3)Jad1) = (J21(J21 + 1) —
2267227 (J35)J1) = (J32(Ja2 + 1) —

Ji(Jr + 1) = Jo(Ja + 1))l (Ja|Jody)
Ja(J2 + 1) = Ja(Js + 1))es?? (JaJa| 1),

whereas the representation of t32 in the basis that diagonalizes t?!,
70
ZJ;l(tiz)J,,J;,eﬂfl )

()2, = {0

Jaz

t32e;’nz)]

may be expressed in terms of ordinary 6-j symbols:

J2
a2

Js J2
Jy J

} (252 +1) = 2 (J2+1) = Js(Js+ )Y

Ja2
W } (4.2.24)
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The coefficient functions F2?(z) therefore have to be solutions of

_h}:( )Fié‘,

Ja(Jar +1) = Ji(J1 + 1) —
2.3.1 An important property of the matrix (¢t3*);; ;.= has been noted in [ZF][CF]: It
is tridiagonal, i.e. the only nonvanishing matrix elements are (t32);_1 s, (t3?);s and
(t3%)1,741. Moreover, these matrix elements are indeed nonzero, as can be seen from
eqn. (B7) of [CF)]. I will use this property without proof.
Consider therefore the differential equation
)~

where F, P, Q are n X n matrices, P = diag(dy,...,d,) and @ is tridiagonal. I want
to demonstrate that in the basis where the monodromies around 0 are diagonalized, the
matrix elements of F' have the following asymptotics:

F» LN

z—1

L (4.2.25)

21721

where 72! =

J2(J2 + 1)

iﬁ
dz

P

- (£

Q

z—1

(4.2.26)

Fi; = 2%+i-ilo(1). (4.2.27)

For its proof, make the ansatz F = g - zF and construct an analytic matrix g with

g(0) = id as power series solution of
dg _1 Q
— = - —. 4.2.2
dz z[P'g]+z—lg ( %)

By expanding ¢ = ) .,_,2"¢r, 1/(1 —2) = ) ._, 2" this is rewritten as the following
recurrence relation for the coefficients g,:

r-1
Tgr = [Pigr]‘nga-

s=0

(4.2.29)

From this recurrence relation one may read off that the matrix elements (g.);; can be
nonvanishing only if |¢ — j| < r. Moreover, (g,);; # 0 for |i — j| = 7. The functions Fj;
do therefore indeed have asymptotics given in (4.2.27). The leading asymptotics of the
functions F' may then conveniently be expressed in terms of the conformal dimensions of
the WZW-model: Let A’(J) = hJ(J + 1),

Ay = Al(Ji) = A'(J:) — A'(J5)

Al = A'(J) = A'(Ji) = A'(J).
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The behaviour near 0, 1,00 may then be represented as

({)1)2"12( )= ¢,( 12 lz(z)zA'mH-’n"Jizl near z=20
(12)3193( 7)) = 23(2)(2 I)A’zaﬂjaa—";sl near z=1 (4.2.30)
oyl (2) = ¢(”J"(Z)z%sl**”“"”' near z = oo,

where gb(kf)(Zg) =) fori=0,1,c0.
2.4 FIXING THE ASYMPTOTICS, UNIQUENESS

It follows from an old result of Riemann that any vector G:‘."j")k of functions that has the

ij J’J

same monodromies as the G( i)k must be of the following form

Jij J 576
g(*: » Z H(%Jj)k

v (4.2.31)

where H(‘:.;.’")k(z,», zj, 2) is a rational function of the differences of its arguments. A cor-
responding formula holds for i(jk) instead of (ij)k. In the present situation this result
may be proved as follows:

Again one may use (4.2.8) to reduce to the case z; = 0,23 = 2,23 = 1. Assume given a
vector of functions G and a matrix of functions F with the same monodromies around
their regular singular points 0, 1, 00. Further assume that F' is solution to an ordinary
differential equation of the form % = A(2)F, where A(z) has only poles of first order
at 0,1,00. Since detF(z) = ezxp([* trln A)det F(z) one finds that F' will be invertible
everywhere on the universal cover of P1/{0, 1,00} if it is invertible somewhere. F(z) is
invertible for z close enough to 0. One may therefore consider H = GF~!. This function
is analytic and single valued on P'/{0, 1,0} by the assumption on the monodromies of
F, G. H can at most have poles at 0, 1, oc. It must therefore be a rational function of z.

2.4.1 In the present subsection I will show that there exist rational functions HI'Z‘j with
the right asymptotics for (4.2.31) to hold. Furthermore, it turns out that H and conse-
quently G are unique under the given assumptions.

2.4.2 From the asymptotics of F' determined in the previous subsection and the required
asymptotics of G it follows that the functions H should have asympotics

H({.}")k m (25— z) il (g — )T for g —n - (4.2.32)
Hz(;kk) =1 (Zk -z )J"‘*‘J’—J”‘ (zk — Z,')J“l"”"‘w" for 2z — 7 Kz — 7. (4233)
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Because of (4.2.23) one must have the following transformation between the functions

Jjx

H’9  and H:
2.4.3 Such functions can be found by considering realizations of sly on polynomials: On

i)k i(k)’
Ji Jj
the vector space P;j spanned by {1,z2,..., 227} one may introduce a sly-representation by

Ji J

i

7 (4.2.34)

Ji; J;
H(‘.J.’)k(z,', zj,2k) = Z H‘.(’J."k)(z,-, zj, zk){
ik

H=2:0,-2, F=-0,  E=2z%-2jz. (4.2.35)

A basis for P; that is orthonormal w.r.t. the invariant bilinear form is given by the
vectors .

e (2) = (ji{n) 2gitm, (4.2.36)

Tensor products of representations may be realized by taking polynomials in zy, 22, ...
and defining

H=Y (ubi~23:), F==_ 06, E=) (8- 2jx). (4.2.37)

2.4.4 The functions H will then be defined as
Y (mal)

mi+mj+me=—J
(222

mi+mj+my=-J
Equation (4.2.34) holds by definition of the classical Racah-Wigner coefficients. In order
to prove (4.2.32) note that it follows from the definition of the Clebsch-Gordan coefficients

that the H ("i}j)k satisfy the following differential equations

Ji Jj
mi mj

Jis Iy
mi+m,; my

Jii . i
H (20,25, 26) = T)em (su)e (z3)ems, ()

Ji Tk
mj mg

Jio ik

ik (. =
Hi(jk)(z“z-"zk) - m; mj;+mp

'J)e;’,fk(zk)e,‘;fj (zj)efn"’(zi).

Jij Jij Jij

fH = hH D = —2JH, (4.2.38)
Consequently H E’i'J’J)k must be of the form
Ji; IR Y FE FEN RS Zj — %
H(ijj)k = (2 — ;) Ttk 9 (WZk — z;) . (4.2.39)
In order to find the asymptotics of g{i;?)k(z) as z — 0 note that
Jis i  d Ji; J J I
g(i;)k(z) = H("J'J)k(o’ Zs 1) = Z(—:IJ;’ mJ,' J'. ‘)(mj—fJ.' J,—-Jtm, lJ)eJ:_J,_m’.(l)C"{j(Z),

my
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where the lower bound of the summation is given by m; > J; — J;;. One therefore has

Jg+J,‘—Ji,'

for z=0. (4.2.40)

1
Ii(?) = 2
Similarly one verifies (4.2.33).

2.4.5 For the discussion of uniqueness it will again suffice to consider the case z; = 0
and z3 = 1, since the §eneral case follows from projective invariance. Assume that there
.. 1
is a second solution k(i‘}’)k(z)' There must be a matrix M with elements M”74 (z) such
that 5
—_— J.‘ J" iy
(2) = 3 M”57 ()i,

J!.
ij

Jisi
ki

(2). (4.2.41)

The matrix M has to be holomorphic on the entire complex plane and bounded as z — oo.
By Liouville’s theorem, it is constant. By considering equation (4.2.41) i.e. in the limit
z — 0 one sees that it must be diagonal in the corresponding basis. The transformations
to the other bases are of the form M’ = R~ M R, where the matrix elements of R are
given in terms of Racah-Wigner coefficients. Requiring M’ to be diagonal as well will
further restrict M. Although I cannot prove M = id in the moment, it seems that a
possible leftover freedom could at most correspond to a change of normalization.

2.5 DiscussIoN

An interesting aspect of these results is that they provide an explicit connection between
WIZNW and minimal model conformal blocks. This should be interpreted by quantum
Hamiltonian reduction. In fact, it seems to me that quantum Hamiltonian reduction is
not yet fully understood on the operator level. In this context, the present result may
be an important ingredient for an improved understanding,.

In the present case it is unnecessarily heavy machinery to use Drinfeld’s theorem to
find correlation functions with monodromy data related to U (s/(2)). However, my main
motivation was to explore ways to characterize the conformal blocks that still work even
if no free field representations are available. From this point of view it is desirable to have
as powerful tools as possible. I will speculate on possible extensions and applications in
the conclusions.
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SECTION V:

CONCLUDING REMARKS

I would like to conclude by pointing out some aspects of the present work that may
have other applications or lead to further developments:

A new operator formalism was developed that is suitable for construction of Liouville
theory on a space of states consisting of irreducible modules. It is entirely based on
exploiting conformal covariance, which led to a unique construction of chiral vertex op-
erators and fusion products.

One may view this formalism as a kind of vertex operator calculus that is well-suited
for dealing with interacting conformal field theories. The formalism is also close in spirit
to string field theory, since the notion of a fusion product corresponds directly to the
three-string vertex. To my opinion, this kind of approach has the follwing advantages:

o It combines the advantages of the geometric approach to conformal field theory due
to BPZ, namely the simple rules for moving Virasoro-generators from one insertion
point to the others (conformal Ward identities) with the virtues of a true algebraic
operator formalism (manifest factorization, i.e. sum over intermediate states).
Arbitrary ways of combining chiral vertex operators (or sewing three-punctured
spheres) are described on a uniform footing simply as different orders of taking
the fusion product. The duality operations of fusion and braiding then get a nice
interpretation as commutativity and associativity operations of the fusion product.
This sheds some new light on the role of the quantum group structure. On the
mathematical side, the fusion product formalism should be well suited to uncover the
category-theoretic aspects of conformal field theory, as done for irrational WZNW-
models in [KL].

The formalism may well be profitably extended and applied to more general conformal
field theories.

In view of my original aim to construct correlation functions for 2D gravity theories it
seems that I had more ”spin-off” than progress. However, the approach put forward in
the present work at least suggests some new possible approaches:

First, one at least knows that the chiral vertex operators one needs for the gravitationally
dressing of the tachyons exist and are uniquely determined by conformal invariance. This
leads to a unique definition of their conformal blocks as formal power series. I do not
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know whether these power series converge.

A possible approach towards a better characterization of the corresponding conformal
blocks may start from an extrapolation of the quantum group structure to the case
of negative spins. This will involve infinite-dimensional, nonunitary representations of
U,y(s1(2)). One would guess that fusion and braiding matrices of the relevant chiral vertex
operators are given in terms of suitable generalizations of g-Racah-Wigner coefficients.
However, it seems that the fusion rules one needs require consideration of lowest weight
Uy (sl(2))-representations as well as highest weight ones. Maybe there is interesting ad-
ditional structure for the cases where ¢ is a root of unity, which is the case relevant for
minimal models coupled to 2D gravity. A Virasoro representation theoretic hint in this
direction is the remarkable symmetry between the structure of imbeddings of a minimal
model Verma module to that of its gravitational dressing (see II1.1.1).

After having obtained a reasonable guess on the fusion and braiding matrices one may
try to find a characterization of the conformal blocks in terms of a suitable generalization
of the Knizhnik-Zamolodchikov equations along the lines of this work. However, one will
probably have considerable technical problems, since the necessary systems of differential
equations will presumably be infinite dimensional.

Drinfeld’s theorem was proposed as kind of ”universal” means to establish Knizhnik-
Zamolodchikov type equations as solution to the Riemann problem of finding analytic
functions with monodromy data associated with quantum group structures. This idea
was used to establish the connection between minimal model conformal blocks and so-
lutions to the Knizhnik-Zamolodchikov equations, i.e. WZNW conformal blocks. An
interesting application may be the characterization of conformal blocks for W-algebra
minimal models, on which not much seems to be known.
It is tempting to speculate on the generality of this approach: Given that
e the most general rational or quasirational CFT has conformal blocks, the mon-
odromy data of which may be described in terms of fusion and braiding matrices

1 Progress on generalization of g-Racah-Wigner coefficients has been made by Gervais and collabo-
rators by imposing the polynomial equations. These results do not yet cover the cases relevant for 2D
gravity. Moreover, it seems that the U (sl(2))-representation theoretic aspects still remain to be worked
out.



V: Concluding Remarks

satisfying the Moore-Seiberg polynomial equations (for evidence see [MS][FFK]),

¢ there is a canonical way to construct a quasitriangular quasi Hopf algebra to any set
of solutions of the polynomial equations ([VS] contains arguments in this direction),
and

e Drinfeld’s uniqueness theorem states the twist-equivalence of any quasitriangular
quasi Hopf algebra to one which is defined from the monodromy data of Knizhnik-
Zamolodchikov type equations,

one may speculate that conformal blocks of the most general rational or quasirational
CFT may be characterized in terms of solutions to KZ type equations. This fits to the
conjecture of Moore and Seiberg that any rational or quasirational CFT can be obtained
from a WZNW model by forming suitable cosets, quantum Hamiltonian reduction etc..
This is of course a rather daring conjecture in view of the following problems:

o First, I do not know how well established the first two points are.

o Drinfeld’s theorem is not immediately applicable to the case of rational conformal
field theories, precisely because it does not consider the truncation to weak quasi-
triangular quasi Hopf algebras. One would need a general theory of the algebraic
conditions that single out a subbundle of the vector bundle of solutions to KZ-eqns.
such that the monodromy data of the subbundle are given by commutativity and
associativity isomorphisms of a weak quasitriangular quasi Hopf algebra.

o In Drinfeld’s work the deformation parameter h, ¢ = e is treated as a formal
variable. This should be no problem as long as it is applied to finite dimensional
representations for which both the solutions of the KZ equations and the fusion
and braiding matrices of the quasitriangular quasi Hopf algebras are analytic in h.
Perhaps there are sensible CFT for which this is not the case.

o Most importantly, it is not clear whether there really is a conformal field theory
to any collection of would-be conformal blocks, the fusion and braiding matrices of
which satisfy the polynomial equations. At least, one will have to consider a similiar
problem on the torus, since consistency on the torus provides further restrictions.
One would need a canonical way to construct a chiral algebra that produces these
functions as correlators of the corresponding chiral vertex operators.

Nevertheless, even if such an approach does not work in the most general case, it seems
reasonable that methods similiar to those presented here can be used to characterize the
conformal blocks for a rather large class of conformal field theories.

51

V: Concluding Remarks



SECTION VI:

APPENDIX A

1. Quantum group U,(sl(2))

In this appendix I want to present the results on the representation theory of U, (s!(2))
that were used in the main text. In particular, I will prove the identities between Clebsch-
Gordan coefficients, the universal R-matrix and the Racah-Wigner coefficients that are
used in the main text. Among these is the orthogonality relation (6.1.39) that may be
used to prove the locality of Liouville exponentials. In view of the difficulties to prove
locality in some previous approaches to Liouville theory it is nice to notice that one does
not need to know the explicit expressions to derive the necessary identities: These are
rather simple consequences of the defining relations of the quantum group.

I shall use the following notations:

¢ —-q°
[z] = =—
-9

[n]l:=[n][n—-1]...[1]
][z +1]...[z + n],

(6.1.1)
(6.1.2)
where n € N, z € R.

1.1 ALGEBRA AND REPRESENTATIONS

The algebra of Uy(sl(2)) is a one parameter deformation of the universal enveloping
algebra U(sl(2)):

qH _ q—H
[H,E] =2E, [H,F]=-2F [E,F]= T:F_ (6.1.3)
It is sometimes convenient to write the deformation parameter ¢ as ¢ = e*2, since the

classical limit then corresponds to A — 0. For conformal field theory applications I will
be mainly interested in the case |q| = 1, i.e. h purely imaginary.

As usual one may define Verma modules V;, by acting with the generator F on a highest
weight vector v, that satisfies Ev, = 0, Hv, = (n — 1)v,. It has a basis consisting of
the elements v, = F"v,, where Evf, = [r][n— r]o7~! and Hv, = (n — 1 — 27)],.
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The natural invariant bilinear form (.,.) on V,, called Shapovalov form, is uniquely
defined by the properties (vn,vs) = 1, (Fz,y) = (z,Ey). Explicitely: (v},v]) =
6" [r]![n — r|n — 1]. In the case of irrational ¢ and n € N the bilinear form (.,.) has
a nontrivial kernel generated by a unique nullvector. The submodule obtained by form-

ing H; := Vp/Ker(.,.), j = 25 is irreducible. A basis for H; is given by the vectors

ey = ([ = m]!li + m+ 1124]) 7% o0, (6.1.4)

where m = —j...jif 2j € Nand m = —oo ... j otherwise. The action of E, F, H on e/,
is the following:

Ee%:d{,ﬂ’ei = -m][j+m+ 1])1/26'Zn+1

m+1 . .
) o . Hel = 2mel . 6.1.5
Fel,=dizel _ :=([j+m]lj—m+1])/% _,, ” " ( )

If ¢? 1 the representation theory becomes more complicated essentially due to the
fact that [p] = 0. There is a subset of "physical” representations with basis {¢]"} and
U,(s1(2))-action given by (6.1.5) for j < &;—2 Other representations are in general more
complicated, such as indecomposable but not irreducible representations.

1.2 TENSOR PRODUCT OF REPRESENTATIONS

The tensor product of representations of ¢, (sl(2)) will be a representation itself provided
the U, (sl(2)) action on tensor products is defined by means of the following coproduct:

AE)=E@q *+¢70@FE A(F)=Fo¢%+¢70F AH)=H®1+10H

In the case ¢ € R it is straightforward to apply the usual Clebsch-Gordan algorithm
to decompose a tensor product into irreducible representations. One obtains a basis
el (j1j2), orthonormal with respect to the obvious extension of the bilinear form (.,.) to
tensor products. The Clebsch-Gordan coefficients are defined as the coefficients of the
expansion of e}, (j1j2) in the basis e} ® ef2 :

(i)=Y, (

my+ma=m

J1 j2
my my

j)qe{,;l ®e{;'{2 (6.1.6)
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The properties of orthogonality and completeness of the basis €, (j;j2) are reflected by
the following identities satisfied by the Clebsch-Gordan (CG) coefficients:

H;z“ (,{,‘1 rJ,f, j)q(,f,ll ,‘:,2, j’)q =b;; (6.1.7)
(i‘, L4 *J) (2 2 IJ S 4m,mt4mh, = S Om,me, (6.1.8)

The fact that e{'n( j1J2) transforms according to (6.1.5) leads to the following relations on
the CG coeflicients:
( (i 22,

(

A property that will be needed later is the behaviour of the CG-coeflicients under ex-
changing j; < ja, my & ma:
IJ) ¢!

(

This equation is proved by observing that the recursion relations (6.1.9) for (

and ( lj)q_l

determine the CG coefficients uniquely up to sign factors one must have (6.1.10) up to a
sign. This sign may be fixed by taking the limit ¢ — 1.

TE =

my+ma

—_ma ]1:k
mlel

Jj1 Jj2
my; mz

o J2
my; maFl

71
miFl mz

(6.1.9)

. +
J)q = qmdE

j)q+q

j2 Jr
mo My

1 Ja
m) my

j)q - (_1)51“:—:’( (6.1.10)

b),

Since (6.1.9) and normalization with respect to (.,.)

J1 j2
mi Mo
Jj2 J1

i are identical.

All these properties continue to hold if one defines the g-Clebsch-Gordan coefficients for
complex ¢ by analytic continuation.

1.3 BRAIDING OPERATION

The action of an ordinary Lie algebra on a tensor product of its representations U @ V is
trivially equivalent to that on V®U: Exchanging the tensor factors after actingon U®V
gives the same result as first exchanging and then acting on it. For co-products such as
(Section VI) the equivalence of representations V @ U and U ® V is more complicated:
One needs a nontrivial operation B : U ® V — V @ U, such that A(§)B = BA(¢),
€ € Uy(s1(2)) which means that B(u®v) transforms as u®v for any u € U,v € V. Write
B as B = P'%R, where P'? exchanges the two tensor factors. The condition on R is then

RA = A'R, (6.1.11)
where A’ = P'2AP12. One needs additional properties of R in order to find that the
operation B defines a representation of the braid group on multiple tensor products of
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representations. Most importantly

(A ®id)(R) = R*R® (6.1.12) (id® A)(R) = R'¥R'2. (6.1.13)
By combining these equations one gets the Yang-Baxter equation:
RYZRR® = R}(A ®id)(R) = (A’ ® id)(R)R'? = R®R13R"?, (6.1.14)

where the last equality also follows from (6.1.12) by permuting the algebra elements in
the first and second position of the triple tensor product. I will also need

R'*(A ®id)(R) = R®(id ® A)(R), (6.1.15)

which is a trivial consequence of (6.1.14), (6.1.12), (6.1.13). An element with these
properties was constructed in [Drl]. Explicitely it is given by

R, = i q2 (1__q2)k -lH®H (q-gﬁ-Ek) ® (qi‘g&Fk)

The proof that Rq satisfies the properties (6.1.14), (6.1.12), (6.1.13) is nontrivial and
may most elegantly be done by the so-called double construction, see [Dr1].

Li(k—1)
(6.1.16)

One may take the matrix elements of R, taken in the representation Vj;, ® Vj,

Rirdaymnz _g —2mima (] _ o2 nqzn(n—l) —n{my—m2)
( q )mlma my+ma,ni+naq ( q ) [Tl]‘ q X
. . . . 1
x ([j1 +m1 — n+ 1{j1 + mi][j1 — my + 151 — my + n])?
1
F]

x ([ja = m2 — n 4 1|j2 — ma][j2 + mz + 1|j2 + ma + n])7,

(6.1.17)

where n = my — ny = ny — my. The matrix elements of R are analytic functions of ¢
(resp. h) as long as ¢P # —1. For ¢* = —1 they are still analytic as long as one considers
only physical values of j;, ja, since then n < p.

Above conditions leave some freedom in the choice of R,. This freedom has been fixed
in the explicit expressions (6.1.16) resp. (6.1.17) such that

Z(R"“)Z‘,"rﬁ, R{;—Jf)ﬂlﬁé = bmypy Omapss (6.1.18)
niny
what may be checked by explicit computation using the identity
k
Z( 1)rgnk-b ],[ ! i = b (6.1.19)

[k~
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Now consider the action of the braiding operation on a Clebsch-Gordan basis. Since both
B(el,(j1j2)) and el,(j271) transform as an irreducible spin j representation they must
be proportional to each other:

B(el, (152)) = M ;,(9)el (i )- (6.1.20)

This is equivalent to the following relations between R-matrix and Clebsch-Gordan co-

efficients: o
> (i i) = M@ i), (6.1.21)
ning
The eigenvalues )‘11 j ?(q) are explicitely given as
] i@ =(- 1)j1+iz=i gh(GrtD+a(Ga+1)-i(G+1) (6.1.22)
1J2
Proof ([HH]): First of all consider
PP ADERCADFACHAT) N (6.1.23)

ninz pipz

This may on one hand be evaluated by the use of (6.1.18), on the other hand by using
(6.1.10) and (6.1.21). In this way one finds a functional equation on /\J i,(9):

JlJn(q) 1]2((1—1) =1

From its definition, eqn.(6.1.21) it follows that )\jl ;,(q) depends analytically on h: One
may solve for A, and both CG coefficients and R matrix elements are analytic in q as long
as no unphysical representations are considered in the root of unity case. Analyticity in

h ensures the uniqueness of the following solution to (6.1.24):

J ; (@) = (- 1)"(11]21)qf(11121)
1J2

(6.1.24)

(6.1.25)

where f(j1j2j) does not depend on h and n(jij25) is an integer valued function of the
indicated variables. By taking the classical limit A — 0 one finds that n(jij2j) =
j1 + jo — j. Because of the analyticity in h one may determine f(j;j25) from the first
order term of the expansion of (6.1.21) in powers of h:

), = (2 i)+

The first order terms of (6.1.21) are
J) d.; 1l+ di;:; _
i)+(

Jj1 Jj2
my M2

J1 J2
my m2

v Ja
m; mgy

)" + o) (6.1.26)

A

j2 71
n2 Ny

J1 J2 |z
n:na J)nlnz

).

J1 j2
n) g

( j)“)—g(n{-lf-l nzil

__( 1)J1+32 i (f(]l]z])(” jx

na2 ny
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1)
The ( terms cancel because of the symmetry (6.1.10). By using the orthogonality

relation for CG coefficients (6.1.7) in the classical limit one may solve for f(j1727):
f(41525) = =2 Z ( ) {nmz( j) + di,’fdﬁ'( J)}

Consider the second term on the right hand side: By a simple shift of summation and

J1 j2
i1 N

J1 jz2
Ny N

Ja Ja2
ny+1lno—-1

(6.1.27)

the identities di** t = diim, d25) = dizt one may rewrite it as
Jijz2|; + iz s 1~ giat{ 7 iz |2
(n‘l 2l ){dt diz- (m;l o2 ]) + dir- i (nfl—lniill])}' (6.1.28)

Now it is useful to consider the case that n = j, ¢ = 1: The recursion relations (6.1.9)
then simplify to

0= (;‘11 i j)dg;; +(m,‘ il )d{,;j L (6.1.29)
With their help and again dﬁ};"l = dj!~ one finds
L 2 . .
fGuaiy =Y (B 22]3) (2mana + (&) + (@21)?) (6.1.30)

ni+nz=j
and finally f(j1j23) = j1(j1 + 1) + ja(iz + 1) — (G + 1). qee.d.
1.4 RACAH-WIGNER COEFFICIENTS

There are two natural ways to find irreducible representations in the triple tensor product

of Uy (sl(2)) representations:
> (i) (

my+ma+ma=m
( 112) (

my+mat+ma=m
Since both sets of vectors €323 (j; |243) and ei127 (4, j2|a) form complete orthogonal bases
of V;, ® V;, ® V;, they must be linearly related:

el (ualja) = Y

J23

J1 J2a
M1 Ma3

j2 Js
mqg Mma

€321 (1 243) = j) el ®el2 ®el3 (6.1.31)
q

Jia Ja
mMi2 M3

j1 j2
m; ma

el (j14213) =

) el ®el2 ®ely (6.1.32)

J1a
Jaa

““l (6.1.33)

st }qe{,ﬂ’j(j, |7233)-
The coefﬁcients{ - ' t } are called the Racah-Wigner (RW) coefficients. One may rewrite
9
their definition in terms of the CG coeflicients:
(i) (20,

J1 Jaa
my ma3

J1 j2
m; my

12 Ja
mMiz2 M3

J1 Jz
Ja j

J2 Js
mz M3

le
jaa

(3 2 m) (2 2) = 243

(6.1.34)
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By using the orthogonality relation for CG coefficients, eqn. (6.1.7) one may solve this

for the RW coefficients:
(i), - © (a2 ).

In this form one may immediately read off an important symmetry property of the RW

coefficients (use (6.1.10)):
(aks),) =lenlimd, =Tl

where * denotes complex conjugation. Finally I want to note two important identities
satisfied by the RW coefficients. They are (¢; := j(j + 1)):

Jl Jaa
my Ma3

Jiz Ja
miz M3

J1 Ja2
my ma

j1z
J23

j1ia
FEN

Jz Ja
mz M3

I]za

J1 ]2
Jaj

Jiz
jaa

Jla
Jaa

Jza

J1 J:
J1z2

jad

JaJ:
v

(6.1.35)

JnJe Ji2 13.72 Ja2s —
{Ja j Jza} {Jx J ]12} 723-723 (6136)
J12
Z(-l)j”qcha{i‘j? J:u} {]2 ja J:n}
J3 ) |J2s q Juv ) ()13 q

Jaa
— (1Y 1tietiati—Jrz—fra pci;, Fejip ey tei—cii—C5y5] J2 51 dr2

(-1) q Jajlinf, (6.1.37)

As preparation for their proof introduce the following notation for braiding operations
on triple tensor products: Let P(12)3 denote the cyclic shift, i.e. P12)3(¢, @ & ® €3) =
€3 @& ® €2, and P the permutations of the tensor factors at ith and jth position.
Define braiding operations by BY = P R B(12)3 = P(2)3(A © id)(R) and B'(?3) =
P'(3)(id ® A)(R). Equations (6.1.15) and (6.1.13) are now reexpressed as the identities

BQ3B(12)3 - 81281(23) and Bl(23) = 323812. (6138)
Now all one has to do is to evaluate these identities on a Clebsch-Gordan basis
€123 (j1j2|j3) by repeatedly using the definition (6.1.33) of the RW-coefficients to ex-

press in terms of a basis, where the braiding operation is diagonalized in the sense of

(6.1.21).
By combining (6.1.36) and (6.1.35) one finds
*
S{aslz), (sl -
which is the crucial identity for the proof of locality.
There is a further identity that is needed in the chapters on free field representations and

Jiz
J23

J12

Jidald
Ja23
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quantum group structure. It is found by evaluating the identity B3 = (B!%)~1 B(12)3 oy

€327 (4 ja|js) and using (6.1.36):

2 Jvod2 |, Jiz Ja s j2i3ynans
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