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Abstract

The formation of cosmic strings requires a symmetry-breaking phase transi-
tion which can be first or second order. Assuming the underlying microscopic
theory to be the abelian Higgs-Kibble model, the influence of the order of the
phase transition and the dependency of the energy per unit length with the

winding number are explicitely calculated.
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It has long been known [1] that spon!aneous symme!ry !re ng in

lead to the formation of topological defects, and in particular cosmic strings [2] The general
cosmological interest in these objects lies in the fact that they can be responsible for large
scale structure formation [3], the observed [4] anisotropies in the microwave background 5],
and their ability to deflect light [2,6] in an unambiguous way should provide in principle a
clear astrophysical signature. These defects are topologically stable because the phase of a
scalar field (the order parameter in condensed-matter theory [7]) whose vacuum expectation
value (VEV) does not vanish (a Higgs field) winds around a line an integer number of time.
This integer, appropriately called the winding number, is usually assumed to be unity.

Similarly to the superconductor case, there are basically two types of cosmic strings,
namely those for which the interaction between vortices is repulsive (type II) or attractive
(type 1), i.e., regardless of a possible relative velocity of the two colliding string and of the
geometry of the interaction, the total energy per unit length U of two strings having unit
winding number n, i.e., 2U(n = 1), is less (type II) or greater (type I) than the energy per
unit length of a string having a winding number n = 2.

As for most phase transitions, those leading to the formation of cosmic strings can be
of first or second order. The main difference between these two types of phase transition
lies in the effective potential for the self-interaction term of the Higgs field, at the one loop
order, even in the limit of vanishing temperature. Let us consider the abelian Higgs-kibble
model [1] whose dynamics is described by the bare Lagrangian density
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where D, = 8, + i¢B, and H,, = 8,B, — 8,B,. A second order phase transition is charac-
terised by g* & A, and the effective potential, at the one loop order and zero temperature is
(formally) exactly the same as in Eq. (2) with renormalised parameters. In the case ¢* 2 A,
the phase transition is first order and the effective potential transforms into (again at the
one loop order) [8}:

Vor(®) = 20080 - 7 + 22 par (1L - ), @

where the constant § is related to A, and g by 16228 = 51, /2 + 48x%¢*/),.

In Eq. (3), the renormalisation mass M can be chosen such that §Vis;/6® = 0 and
Vess = 0 for |@] = (|®]) =Cte, which is equivalent to saying that we require the énergy per
unit string length, i.e., the energy density integrated over a string section U = [d?z T*, to
converge. These conditions give the Higgs field VEV (which is modified by the inclusion
of the logarithmic self-interaction term in the potential) and the renormalisation mass M,
namely

(18 = -};-(m 1), @)
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It should be noted that the second-order phase transition (SOPT) limit, which is obtained
by B — 0, gives back the usual value {|$]?) = n*.

We now consider strings, i.e., linear topological defects present at the phase transition
occuring in the model (1), whose structure we investigate through the Nielsen-Olesen vortex
solution [9]. This means that we set

& = p(r)e™, (6)

in polar coordinates, the vortex defect being aligned along the z axis, n being the winding
number. It may be seen [10] that, due to the form of the solution (6), only By is nonzero,
so that any solution is given by the field functions ¢(r) and Q(r) = (n + ¢By }/n, satisfying
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subject to the boundary conditions ¢(0) = 0, p(c0) = \/(|<1>P), Q(0) = 1 and d@/dr(0) = 0.
In order to investigate the solutions of Egs. (7) and (8), we rescale the Higgs field, the radial
coordinate and the parameter ¢ through

2
o(r) = ABAXG) . p=rfAn a=%(\/1+4ﬁ—1), (9)

and we now have to solve the set of equations
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(a prime meaning differentiation to the rescaled radial variable p). Fig. 1 shows some typical
solutions of Eqs. (10) and (11) obtained by means of a successive over relaxation method [11]
for various values of the parameters @ and § and for unit winding number (variations on
the winding number yield similar conclusions). It is clear from these plots that the effect of
the parameter g is to make the vortex thinner, but that the characteristic features of the
microscopic structure are otherwise unaltered. As a result, Kibble vortices generated at a
first or second order phase transition will behave in essentially the same way (although the
initial network may be slightly different [12] because of differences in the dynamics of the
phase transition).

The effect of the first order transition parameter § may be more clearly exhibited by the
explicit calculation of the energy per unit string length U, given by
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Once the solutions X and Q are known, the effect of the parameter § can be computed:
on Fig. 2 the energy per unit length U/« is shown as a function of § for & = 1 (a case for
which we know [7] that U = x(|®|*)). It is to be remarked that although the parameter 8
takes values in a wide range of*forders of magnitude, the resulting energy per unit length
varies by a factor hardly exceeding 2. It seems thus safe to assume, for macroscopic purposes,
that the phase transition is second order and to allow small variations (by numerical factors
of order unity) in the various quantities involved. We believe that this result should apply
also in the case of a superconducting cosmic strings [10,13], although no similar study has
yet been performed.

We shall now, according to our previous result, be interested in the special case § = 0,
i.e., the SOPT limit in which we wish to exhibit explicitely the dependence of the energy per
unit length U with the winding number n. The reason for this calculation is that once the
underlying theory has been given, i.e., once the parameter o has been assigned a numerical
value, e.g., by some approximation [1] of a string-forming grand unified theory (GUT), or
by some extension of the standard electroweak model [14], then, when the string forms at
the phase transition, n is the only arbitrary parameter in the simple model of Eq. (1). It has
usually been assumed that when the string network forms, then two different possibilities
may take place as far as the vortex defects are concerned, i.e., the vacuum is of type I
or type II. In other words, either N strings with unit winding number are energetically
favored, or one string with n = N. In the latter case, all strings would tend to collapse into
one. Explicitely, the energy per unit length per winding number as function of the winding
number would be such that the state with » = 1 would represent a global minimum (type
II) or a global maximum (type I).

Fig. 3 shows the actual behaviour of the energy per unit length with the winding number,
rescaled to its values for n = 1, namely U). As expected, we see that for @ > 1, the vacuum
is in fact of type I, with U, < nrU), whereas the type II vacuum having U, > nU; occurs
for « < 1. It should be remarked that for @ = 1, as may be shown analytically, one
has U, = nx{|®[?), a relation which has been used as a precision check of our numerical
calculations.

For the type I strings, there exist a velocity threshold below which colliding strings can
anti-peel: in the simplest configuration where two parallel strings, having winding numbers
ng and n,, collide with a relative velocity v (assumed small enough to neglect relativistic
correction), the total energy per unit length, calculated in a plane perpendicular to the
strings axes, is (in the rest frame of the n = ng string)

2
Ur = U(no) + U(m)1 + %), (13)
and is to be compared to the static energy of a n = ng + n, state. The relative velocity

provides a kinetic energy which must not balance the stability gap A = U(n,) + U(n,) ~
U(ng + ny) > 0. The anti-peeling condition can then be rephrased into

9 1/2
U £ VYeareshold = {‘UT’;:—) {U(no) -+ U(n,) - U(uo + ﬂ.)]} . (14)

It has often been assumed in previous litterature that the vacuum in which the strings
evolve is a type II vacuum, so that only strings with unit winding number exist. It was also
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shown that since the initial distribution of strings in a network is relativistic, one expects
large-winding-number strings to peel through the thermal collisions, so that, again, the vari-
ation of the macroscopic quantities with the winding number seem unimportant. However,
for the type I strings, it is possible that after a few expansion times during which the strings
in the network will decelerate, they eventually reach a relative velocity below the thresh-
old velocity and then would tend to anti-peel, and merge. Before any definite conclusion
can be stated, more work has to be done, including in particular the investigation of the
condensation dynamics, i.e., the mechanism through which two colliding cosmic string may
“anti-peel” to form a larger winding number string. This is closely related to the mechanism
of intercommutation which seems to have been studied mainly for low winding numbers [15].
Knowledge on this dynamics as well as on the string-generating phase transition itself would
allow a more precise calculation of the probability that high winding number strings form
in the early Universe, ard eventually estimate their cosmological consequences.

I wish to thank B. Carter, G. L. Comer, P. Laguna and E. P. S. Shellard for many
improving discussions. This work was supported by SERC grant # 15091-A0Z-L9.
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FIGURES

FIG. 1. Field configurations as functions of the free parameters a and 8. The full line represents
the case & = 1072, § = 1072, (with U/x = 2.54754), the dashed line stands for the case a = 1072,
B =1, (and U/x = 2.83861), the dotted lineisa =1, f = 1, (U/x = 1.14358), and the dot-dashed
lineisa =1, 8 = 102, (U/x = 1.00282). Plots -a- and -b- represent the Higgs field X, whereas
plots -c- and -d- show the gauge vector field Q.

FIG. 2. Variations of the energy per unit length U/x as function of 8 for a = 1. The limit
B — 0 gives back the SOPT result U = x (corresponding to a regular Ginzburg-Landau vortex).

FIG. 3. Plot of the rescaled energy per unit length U(n)/(nUy;) as function of « and the winding
number n in the SOPT limit 8 = 0.
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