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ABSTRACT: Thc method c;f non-linear realisations is set in a2 mathematical frame-
work with a view to interpreting the terms that appear in the effective description
of extended objects in relation to the geometry of the theory. The réle played by
central extensions in the case of one-dimensional theories is also studied, as well as

the extension to supersymmetric objects.
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In theories where some of the symmetries are “broken’ or ‘hidden’, the *vacuum

1: Introduction

manifold’ or the space of classical minimal energy solutions is the homogenenus space
G/H, where G is the full symmetry group and H is the unbroken subgroup, since
by definition the latter is the isotropy group of any of the minimal energy solutions.
The fields that characterise the zero modes, the Goldstone fields, correspond to
translations in this manifold, and therefore determine a set of coordinates on it [C1].
This means, in turn, that the Goldstone fields transform linearly under H, and non-
linearly under the ‘rest’ of G. Any effective action written in terms of the zero mode

fields must take these transformation properties into account [CWZ][CCWZ][0][10].

In this paper, we shall analyse the so-called method of non-linear realisa-
tions that gives, up to field redefinitions, all the possible G-invariant functions of
the fields, thus giving only the actions with strictly invariant Lagrangians. Quasi-
invariant Lagrangians, which change by a total derivative under the action of G,
are related to non-trivial elements of the Chevalley-Eilenberg cohomology group
of G. In principle, these actions are not obtainable directly through this method.
Nevertheless, we shall see that in the case of a one dimensional system (parti-
cles and superparticles) it is possible to exploit the relation between the second
Chevalley-Eilenberg cohomology class of the group and the possible central exten-
sions to extract the action. We shall also see that when the quasi-invariant action
has a geometrical interpretation, either the action itself or its equations of motion
can be obtained from the non-linear realisations, as in the case of extended and

superextended objects.

Our main motivation is to apply later the method to theories of extended ob-
jects as topological defects. The imbedding of an extended object in a target space-
time breaks invariance under translation and some rotations; thus, extended objects

are an example of a system with partial symmetry breaking and can be treated by

this method. In particular, we shall apply it to finding the form of higher derivative



" corrections to the effective action. To this end, we must first understand the math-
ematical structure that underlies the method of non-linear realisations described in
[CWZ)[CCWZ][O){V], etc. Without this necessary geometrical understanding, it is
not possible to interpret the results of the method or to apply them correctly to the

theory of extended objects.

In section 2, we shall endeavour to provide a mathematical basis for the
method in its general form, and for the particular case of external symmetries being
‘included in the symmetry group. We shall see that the method is based mainly on
the theories of induced .representations and invariant connections on homogeneous
spéces. Having in sight the application of the method to extended objects, in sec-
tion 3 we shall study some submanifold theory and indicate its relation to non-linear

realisations of affine groups.

Section 4 gives a short account of the cohomological properties of theories
with quasi-invariant Lagrangians, and its relation to central extensions in the one-
dimensional case. Section 5 gives an indication of a possible extension of the results

of the previous sections to the supersymmetric case.

2: General formalism

Let G be a connected Lie group, and H a closed subgroup. Let G and H be
the Lie algebras of G and H respectively, and M a linear subspace of G such that
G = 'H & M (as linear subspaces).

The Mackey decomposition theorem [BR] in its most general form says that if
G is a separable locally compact group and H a closed subgroup, then there exists
a Borel set S in G such that every element of ¢ € G can be uniquely represented in

the form

g = s(g)h(g) , (2-1)

with s(g) € S and h(g) € H. The hypotheses are automatically fulfilled if G is a
Lie group and H a Lie subgroup of G. We shall write s(g) = s,, h(g) = hy, so
that g = sgh,. The set S is not unique; for example, if hg: S — H is a continuous
function, S’ = {sha(s) : s € 5} is also a suitable set, and the decomposition
(which is still unique in terms of the new set S') becomes g = s'(g)h'(g), where

s'(g) = s(g)ho(s(g)) € 5", h'(g) = hg'(s(9))h(g) € H.

Even though S need not itself be a manifold, we shall make use of this freedom
to take as S, at least locally, an integral manifold of M (where M is seen as a set
of left invariant vector fields on G). We will generé.l]y restrict our attention to a
neighbourhood U of a point in G where S can be taken in this manner. This will

suffice for the physical applications.

As we explained in the previous section, we are interested in G/H = {¢H :
g € G}, the homogeneous space consisting of all the left H cosets. This space is
the same as G/R, where R is the equi?alence relation g; Rg, <= 3h € H such
that g; = gzh. This implies that g; Rg; <= s34, = s,4,. Therefore there 'is a 1-1
correspondence between the left cosets gH and elements of S, a.r;d in what follows

we will use this correspondence freely, speaking of § and G /H interchangeably.

This equivalence relation determines a principal fibre bundle G(G/H, H),
where G is the bundle space, G/ H is the base and H is the structure group, and the
Mackey decomposition theorem gives a local trivialisation. The bundle projec{ion
7 is given by the natural projection m: G — G/H, n(g) = gH. G acts naturally on
the left (through the group product) on this bundle, and, in particular, on G/H.

We can take local coordinates on G/H by taking local coordinates on G in
U and then restricting them to S; if they are to be independent, they should be
adapted coordinates = (in which, if dim(M)= n, and dim(G) = N, the defining
equations for § are locally E**+!(g) = ... = E¥(g) = 0) . In particular, it would

be useful to consider, in a neighbourhood of the identity, canonical coordinates of

! Actually, for our applications, it is enough that the corresponding tangent frame be
adapted, 8y,...,8, € M (i.c., be tangent to ).
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the second kind subordinated to the decomposition G=H+M [SW], which realise

the Mackey decomposition,
g = exp(iX)exp(iY) , XeM, YeH . (2-2)

The coordinates on G/H will constitute our basic non linear realisation of G, so
any change of coordinatisation will be equivalent to a field redefinition (and vice

versa).

We will assume that (G, H) form a reductive pair; that is Ad(H)(M) C M.
In terms of Lie algebras, this means [H, M] C M. This is a physically reasonable
assumption if we are going to apply the method to theories with spontaneous sym-
metry breaking; if H is the group of unbroken symmetries, and M is generated by
the broken infinitesimal symmetries, one wants the broken symmetries to be stable
under the unbroken ones. This will be needed in what follows, notably, in the defi-
nition of a G-invariant connection. A typical example of this situation is when G is
a compact semisimple group, and H is semisimple and connected. Then a suitable
choice is M = H* with respect to the Killing form of el [SW], [CWZ]. Another

example is when G is a semidirect product, G = SQH.

To construct our basic non-linear realisation, we take a set of coordinates =F,
i=1,...,n0on G/H. These are elements of M*, the dual of M. Then the action of
G is defined as g: E —» Z, Z'(€) = E(g~1¢) V€ € G/H. This action is in general non-
linear (‘non-linear’ includes non homogeneous), but if we take normal coordinates
of the second kind, and write £ € S as § = exp(i=:B) (B is a set of generators for
M), then the action becomes linear when restricted to the subgroup H. This is due
to the property of the exponentials, h{exp X)h~! = exp[Ad(h)(X)] [SW], and the
invariance of M under the adjoint action of H. It may seem a disadvantage that for
H to be represented linearly the choice of coordinatisation must be restricted, but
actually this restriction turns out to be irrelevant. Indeed, only objects that form
a linear representation of H can enter the invariant actions we want to construct.

Therefore, we will devote the rest of this section to show how to extend linear

representations of H to realisations of G and to construct a particular realisation

out of fields with values in G/H and their derivatives.

Induced representations.[MK] Tet h +— I(h) be a unitary representation of
H in a separable Hilbert space H, L(h) € End[H], and H* = {u: S — K} the set
of all square integrable functions from S into . The induced representation UL of

G on H' is given by
UL(Q) u(é) = L_l(hg"‘é)"(sg‘%) ) (2:3)

where h and s refer to the Mackey decomposition (2:1)%. More explicitly, if we
define £’ and h(¢, g) via

g =¢h(¢9) (2:4)

then the representation (2-3) is
w'(€') = L(h(¢,9)) u(é) . T (2)

It is clear that if gc H then the action becomes the original representation, with ¢’ =
g¢g™ ! and h(£, g) = g (because M is invariant under Ad(H)). For any vector bundle
E(G/H,H, H,G) associated to G(G/H, H) with fibre X, the induced representation

gives an action of G on the sections of E, Z(E).

As animportant example, one can take H = M and L=Ad ifone introduces an
inner product in M that makes this action a unitary representation. This coincides
with the action induced on M (seen as T,(S)) by the left action of G on S when
restricted to H, but UL #Ad for the whole group. Then E can be seen as the
tangent bundle to S but with reduced structure group (from GL{(n) to L(H)).

2 Some technical subtleties about the possible nonexistence of an invariant measure in G/H
have been disregarded (in the case when the measure is only quasiinvariant, its Radon-Nikodym
derivative has to be included in the definition of the induced representation, to keep it unitary
[BR]).




Connections and covariant derivatives.{KN] The canonical or Maurer-Cartan
1-form 6 of a group G is defined as the left-invariant G-valued 1-form ﬁniquely de-
termined by §,(4,) = A YA € G, where 4 and A are related by 4, = (L,).A (for
matrix groups, this definition gives the nsual 8 = g~ !dg in the matrix coordinate

system [GS]). This 1-form obeys the Maurer-Cartan equation,

do = —[9,6] . (2:6)

Since (@, H) form a reductive pair, the H-component w of § with respect to the
decomposition ¢ = H + M defines a connection in the bundle G(G/H, H) which
is invariant under left translations of G, and such that the horizontal space at the
identity e is M (under the identification T,(G) =~ G)[KN]3. This connection 1-form
can now be used to define a covariant derivative on the sections of any of associated
bundle E, that is, on any fields on G/H. These covariant derivatives (‘G-covariant

derivatives') transform in the same way as the sections under the action of G.

Let now W be a p+1-manifold which we will take as our spacetime, and
let Z:G/H — R™ a coordinatisation of G/H as above. Giver a map {: W —
G/H, z — £(z), we define the fundamental or Goldstone fields as Zof, and call
them Z(z). There may be more fields in the theory than simply the Goldstone
fields. It is possible to take two different approaches to the treatment of these
fields. One way, they depend only on z; the second approach is more inspired
by the original definition (2-3) of the induced representation. The other fields in
the theory are functions not only on W but on G/H as well. These approaches
are mathematically equivalent but slightly different in the philosophy behind them.
The relations between different fibre bundles in these two approaches are represented

diagramatically in the Appendix.

In the first approach, one defines the Goldstone fields directly as R™-valued,

and then determines their transformation properties under G by working only with

3 The converse slso holds: any connection in G(G/H, H) invariant under left translations
of G determines such a decomposition § = H + M and is obtainable in the same way as the
H-component of § [KN].

elements in S of the form exp(iZ(z)-B); this is the usual procedure in physical appli-
cations. This is possible because AM* ~ R™, In this case, unless G is both compact
and connected, one could speak properly only of infinitesimal transformations, to
ensure that one remains in the image of the exponential map?. In the same spirit,
for the other fields in the theory, one can work directly with M-valued functions
on W, ©: W — H, where M is some unitary representation of H. One can then
substitute exp(:=(z)-B) for ¢ in the definition of the induced representation (2-3),
9:9(z) — O'(z) = L(h(exp(iE(z)-B),g))@(z) in the notation of (2-5). Since ©
take values in M, they are sections of some vector bundle E'(W,H, H, Q) associated
to a principal bundle Q(W, H).

The transformation under G given by tﬁe induced representation shows that
there must exist some principal bundle P(W, G) reducible to Q(W, H). There is
a theorem [KN] which states that this reduction P — Qis pbssible if and only
if the associated bundle E(VV, G/H,G, P) admits a global section £, which here is
induced by £ = exp(iZ-B). This map is either defined globally or is extendable if

W is paracompact and G/H is finite dimensional. The correspondence between

sections and subbundles-is 1-1 5.

To construct actions which are invariant under G from these fields, we need
to define their G-covariant derivatives. Given a vector bundle E'(W,H, H, Q) asso-
ciated to Q, the definition (2-3) shows how to extend the structure group to G for
each @, or, equivalently, for each section; thus the extension depends on the value of
the Goldstone fields. G-invariant connections on these bundles Q are given by the
projection onto H of the corresponding pullback of the Maurer-Cartan 1-form. For a
trivial bundle P = W x G, if f: W x G — G is the natural projection, the canonical
flat connection is given by w = £*4. Nevertheless, the connection induced on these

subbundles is not flat, unless M is a subalgebra of G, because the curvature 2-form

4 P .
: '!‘I'us r‘mght not be necessary for particular cascs [Hel]. In any case, this is not too strong
8 restriction, since conservation laws are related to infinitesimal transformatjons.

5 If):: Q — P istheinjectionand i: P — E = P/H the projection, the section &: M — Eis
aicﬁm.:d by £(=) = u(f(u)), where u€Q is any element such that #(f(u)) = =. Reciprocally, given
¢, Q is the set of points uEP such that u(u) = &(n(u)) [KN] (Sece the Appendix).




Q of the connection is given by the projection onto H of X, Y) = —1[X,Y] for
X, Y arbitrary left invariant vector fields on G belonging to M. If 2 vanishes, there
is a canonical imbedding of S ~ G/H:-»G and G = SO H. Thus the non flatness

of the induced connection reflects the non triviality of the imbedding of G/H in G.

In the second approach, one can notice that E(W, G/H,G,P)= P(W,G)/H;
then P(E', H) is a principal fibre bundle with base E and structure group H. Given
any vector bundle E(E,H, H, P) associated to P(E‘,H), we can define the action
of G on it via (2-3). Then the rest of the fields in the theory are sections of
these associated bundles, and hence functions of the points of spacetime and of the

Goldstone fields themselves, ® = O(z,&). The transformation law is defined as

g:0— 0'(z)= L((,9)0(z) . (2-7)

The construction of the first approach is reobtained when we choose a section of
E’, or equivalently an imbedding of W in E. If we restrict O to the image of the
section, then all the fields only depend on z.

In general, the pullback of the canonical 1-form from G(G/H, H) to Q(W, H)
will be given by .
E0=w+p, WwEH, peM (2-8)

where £ is the lifting to Q of . Then w’ gives the G-invariant H-connection. Some-
times, as in the previous section, ¢ (or part of it) is written as DZ-B, and the
D= referred to as ‘the covariant derivatives of the Goldstone fields’ because they
contain derivatives of = and transform ‘covariantly’ under the induced representa-
tion of G, although they are not the proper covariant derivatives formed with the
connection w' [O][CCWZ]. Higher covariant derivatives are formed in the usual way
with w'; relations among these higher covariant derivatives of the Goldstone fields
(‘generalised Bianchi identities’) can be obtained using the fact that 6 obeys the

Maurer-Cartan equation (2-6).

Invariants and Lagrangians. Since the representation spaces H are Hilbert
spaces and the representations of H are unitary, one obvious way to construct
invariants under H is to construct inner products of H-valued fields. Invariants
formed from the Goldstone fields and their derivatives will necessarily enter as
functions of ¢, since it has the correct transformation properties. Actually, the
invariance of the bilinears will be a good guide to find the appropriate inner product
in M. If © denotes a section on E (H-valued field), then an invariant Lagrangian
will be any H-invariant function £(©, VO, ¢) = £(©, VO, DE). The Lagrangian
L can include higher covariant derivatives of © and E. Since the action of G on

these fields is the induced representation action, H-invariance implies G-invariance.

Spacetime symmetries. What we said up to now assumes that G is a purely
internal symmetry group. If G includes spacetime symmetries, then the mapl: W —
G/H is an imbedding, and £.(T;(W)) is some subspace of M, with a basis P = {P,};
we choose a basis of M such that the first p+ 1 elements are the P,, and we shall
still call B the remaining generators. The components of = in the P subsi)ace are no
longer independent fields, and can be used to determine local normal coordinates on
W then the Goldstone fields are the remaining components of =, and they transform
linearly under P (they live in the left regular representation of the translation group
seen as RP*!). For this reason, we speak of P as the ‘unbroken translations’,
although they do not belong to the unbroken subgroup H because they are not
elements of the isotropy subgroup of any point in spacetime, which is imbedded in

G/H. In accord with this distinction between P and B, ¢ splits into two parts:
¢=EP+DEB . (2-9)

As we shall see later, E is a soldering 1-form, so the matrix of its components in some
coordinate basis on W, which we shall denote by the same letter E, is a p-+1-bein.
Then det E is a G-invariant measure on W, and if we want to write the covariant
derivatives of the Z in the corresponding coordinate basis we have to define DE =

E~!DZ. In that case the invariant Lagrangian densities are £{©, VO, DZ)det E.

10




3: Extended objects

A relativistic extended object or ‘p-brane’ is essentially a p-dimensional ‘ob-
ject” manifold W moving in a d-dimensional ‘spacetime’ manifold A, determining
the imbedding 7 of a p+1 dimensional manifold W in M. In general we shall take
both W and M to be Lorentzian, and though in principle both can be arbitrary
metric manifolds, in the applications M will be flat (partly for convenience, but
mainly because it is only in that case that we know how to describe them in terms

of non-linear realisations).

There is an equivalent description of extended objects as ‘o-models’, a p+1-
dimensional field theory on W (as a spacetime) where the fields take values in M
(as a target space). In this description, symmetries in M are regarded as ‘internal’,
while reparametrisations on W are ‘external’. We shall switch back and forth be-
tween these two interpretations depending on which is the most convenient at each

point.

The action for such a physical system is taken to be the p+1-volume of W, as
a generalisation of the usual action for a relativistic particle and the Nambu-Goto
action for strings [Ac]. The volume element is the square root of the determinant of
the induced metric, or the determinant of the p+1-bein. Since the volume element
is invariant under reparametrisations (coordinate changes) of W, not all the com-
ponents of the imbedding 7 are independent. One way of eliminating the spurious
coordinates is to fix coordinates on W (‘fix a gauge for the local reparametrisation
invariance’) with relation to the imbedding. As we shall see, this gauge-fixing breaks
the affine (Poincaré) symmetry in M for a particular choice of gauge, the ‘static’ or
‘physical’ gauge that corresponds to the choice of adapted coordinates on W, there
is a ‘residual’ global affine invariance on W (all that is left of the reparametrisation

invariance) and invariance under rotations that leave (W) invariant.

If, starting from the other end, all one knows about these objects is this set of

symmetries (the affine group), and which of them are broken and which unbroken,

11

" one can apply the method of non-linear realisations to find a set of invariants from

which to form actions from a connection. These actions will be obtained as a set
of gauge fixed Lagrangians, not fully invariant under reparametrisations. From this
method one can obtain, not only the free action (the worldvolume), but a complete
set of self-interaction terms, with higher derivatives of the independent components
of the imbedding i. This will be useful for finding effective low energy actions for
topological defects, where the interaction between the zero mode and the higher
order ones can give rise to these higher derivative terms. An affine connection is
also a condensed way of writing a linear connection and a field of orthonormal bases,
so it provides a link between the method of non-linear realisations and the theory

of submanifolds which will allow us to interpret physically the results of the former.

Affine connections. [KN] The affine orthogonal group AO(r,s) (r+s=d) is
defined as the semidirect product R?®S0(r, s), the group of rigid motions of R¢
considered as having a metric with signature (r,5). The corresponding relation
holds for the Lie algebras, replacing the semidirect product by the semidirect sum:
AO(r,s) = R¢DSO(r, ).

If one considers the tangent space at each point of a manifold W as an affine
space instead of a vector space, the bundle of orthogonal frames O(W) can be
extended to a bundle A(W) of affine frames. An affine frame consists of a frame
and an origin, i.e., a vector, and there is a canonical imbedding v of O(W) into
A(W) which takes the vector to zero, and so the origin is the origin of R? seen
as a vector space. Given a generalised connection on a principal affine bundle,
the pullback of its connection 1-form & by v is an AQ(r, s)-valued 1-form on the
orthogonal bundle. This form is naturally split by the semidirect sum structure
of the algebra, v*& = & + w, with & R%-valued and w SO(r, s)-valued. Using the
theorem on invariant connections on reductive spaces mentioned in the previous
section [KN], since any semidirect product defines a reductive pair, w defines a
metric connection on W and & is an R%valued 1-form that determines a map

between the tangent space at each point and R?, This 1-form is sometimes called

12



a soldering 1-form ®. The canonical choice for a 1-1 correspondence between affine
and orthogonal connections identifies this map with a field of orthonormal frames,
such that the map is the identity at each point but the basis in the domain and the

image are different. These are often called ‘moving frames’ or ‘d-beins’.

Submanifolds. [PT) Let W be a p+1-dimensional immersed submanifold of a
d-dimensional semi-Riemannian manifold (M, g) 7, and V the covariant derivative
of the Levi-Civita connection of g. Let T, (W) denote the orthogonal complement
of To(W) in T, (M), v(W) the normal bundle of W in M, i.e., v(W), = Tp(W)*,

and i: W — M the inclusion.

There are three basic local invariants associated to W: the first fundamental
form h = i*g is the induced metric on W; the second fundamental form or extrinsic
curvature is a section of (T*(W) ®,ym T™ (W)) ® v(W)*, defined by

K(uy,u2,v) = —g ((Vu, )", 1), (3-1)

where the superscript T means the orthogonal projecti.on onto T(W); it is not diffi-
cult to prove that the definition is symmetric in the two first arguments. The third
invariant is the induced normal connection V+ on v(W), defined as the orthogonal
projection of V onto v(W). The second fundamental form can also be seen as a
section of (T*(W) ®,ym T™(W)) ® v(W), using the canonical mapping given by the

metric. We shall use both forms as equivalent.

A section on O(M) (a field of orthonormal frames) is adapted to W if the first
p+1 vectors form a section on O(W) (i.e., are tangent to W on W). Let us denote

such a section by ey, . ..eq, and its dual coframe by &*,...,&%. Such a coframe and

¢ The concept can be generelised slightly, by taking a subalgebre of the appropriste dimen-
sion in the Lie algebra of any group and not necessarily the affine one, giving then one possible
mechanism to transform ‘internal’ symmetries into ‘external’ ones [CY].

The definition of a semi-Riemannian submanifold requires that i*g be a metric; this is to
say, the tangent space of the submanifold is 2 non-degenerate subspace of the full tangent space
at cach point, i.e., the metric is non-degencrate when restricted to it. This condition eliminates
a few pathological situations and implies that the normal subspace is well defined [O'N]. It also
rules out null surfaces.

- 13

the Levi-Civita connection 1-form w define an affine connection as in the previous
subsection; we take as a basis of ao(d) the translations P plus the rotations M; it is
convenient to write the components of w with a pair of antisymmetric indices. It is
useful to distinguish hetween components in T(W) and (W), so we split the indices
onMas0< A, B...<p<17j,...<d—1 Toobtain the components of the three
local invariants in these bases, we pull back the semi-Riemannian structure on M

onto W via the inclusion i. In what follows the i* is understood on all forms; then

& =0, (32)
h=tr(o @), (3-3)

do? = wip AGP (3-4)
and

di' =w'g A =0, ‘ (3:5)
which implies that the w® 4 are linear combinétions of the & with some coeﬁicients,

o'p = —0%K,p'. (3-6)
Substituting (3-6) back into (3-5), one obtains that the coefficients K are symmetric

in AB, and comparing (3-6) with the definition of the second fundamental form

(3-1), it can be seen that they give the components of the extrinsic curvature tensor

K=Kup'o* Q0P Qe (37)

Equation (3-4) gives the Levi-Civita connection on W as the pullback of that
on M, and the remaining components of w, w';, define the normal connection. The
pullback of the curvature equations gives the Gauss-Codazzi and Ricci equations

for W. In this way, @* and w®p define an affine connection on W, and 64 is a

-p+1-bein (cf. (3-3)).

® Using that pullbacks commute with exterior derivatives and exterior products.

14




The mean curvature vector K is defined as the trace of the extrinsic curvature

tensor,

K = Kie{ hABKABiE{. (38)

An immersion is called minimal if it satisfies £ = 0, since this implies that the
volume of W has a stationary point with respect to deformations of the immersion
with compact support. This is, K = 0 are the Euler-Lagrange equations of a

variational principle for the volume functional °,

Gauge fizing and non-linear realisations. If one now looks at the immersion
as a set of fields over W with values in M, these fields transform linearly by repa-
" rametrisations on W These reparametrisations act as ‘external symmetries’, being
general coordinate transformations, or diffcomorphisms. On the other hand, if M
is assumed flat, its isometries are the rigid affine transformations (Poincaré group},
which act as ‘internal symmetries’, because they transform the fields without touch-
ing W. Once an adapted orthonormal frame field in M has been fixed, one can see
that the symmetry under translations in the directions normal to W is broken, and
so are the rotations and Lorentz boosts that mix parallel and normal directions.
One can then fix a coordinate system in W with reference to this frame field, or
the coordinates on M, that will reduce the free éomponents of the imbedding 7 to
the independent ones; in particular, to the coordinates that correspond to the per-
pendicular directions, X*. The fields in this smaller set will transform non-linearly
under the broken translations and rotations, but linearly under the translations par-
allel to W and the remaining rotations. They form a representation of the rotation
subgroup that leaves T(W) invariant, and the parallel translations can be written
via the gauge fixing as rigid coordinate transformations on W. Thus, the gauge
fixing mixes internal and external symmetries, defining certain quantities with in-
ternal indices in terms of other quantities with external ones, and so changing their

transformation properties under the symmetry groups of the theory [JR][H’tH][C3].

? Notc that the volume is always invariant under reperamectrisations of W, and that K is a
normal vector,
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The above analysis depends only on the symmetries of the physical situa-
tion, and not on the particular action chosen. Therefore all possible terms can be
obtained from the method of non-linear realisations with G = A0(d — 1,1) and

H = S50(p,1) x SO(d — p —1). The correspondence can be made via the identifi-
cations '

Y
@' - DX? (3-9)
Kap' — Daflp’,

where the X* and the Q4% are the Z-fields corresponding to the perpendicular

translations and the broken rotations respectively. These identifications stem from

comparing the réle of (&) and i*(w) for'a flat affine connection-and the decom-- - = - -

positions (2-8) and (2-9) of the same connection in terms of the Goldstone fields.
Then DX =0isa constraint, while setting the trace of DQ to zero is equivalent

to the equations of motion for the area functional taken as an action.

4: Quasi-invariant Lagrangians; cohomology and central extensions

The de Rham cohomology group of a manifold is defined as the classes of
equivalence [o] of closed differential forms modulo exact forms, (o] = {8:dB. =
0, @ =B =dvy}. A closed form o is called a cocycle, and it is called non-trivial if
it is not exact, o # dB. If the manifold is a Lie group G, the Chevalley-FEilenberg
cohomology is similarly defined, but with the restriction to left invariant forms.

The CE cohomology classes are the closed left-invariant forms modulo exact left-

invariant forms.

In many cases of physical interest, the spacetime manifold M is a homogeneous
space, G/H, for some group G and a closed subgroup H. We shall assume that this
is the case, and denote by m G — G/H = M the projection. Using the notation

and constructions of the previous sections, let us further assume that M has trivial
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de Rham cohomology, as is the case if M = R", to avoid clouding the issue. If
the pull back of a closed n + 1-form w on M determines a non-trivial CE cocycle
7*w, then there must exist a form B such that w = d@, but necessarily »*3 is not
left invariant. Then 3 can be used as a quasi-invariant Lagrangian on M, since its

variation under the projection of the group left action will be a total derivative.

The classes of equivalent one-dimensional central extensions of a group are in
one to one correspondence with the non-trivial elements of the second Chevalley-
Eilenberg cohomology group '°[deA]. Therefore, for one-dimensional field theories,
the existence of a Wess-Zumino term, which corresponds to a closed 2-form as
above, is equivalent to the existence of a central extension of the symmetry group.
In that case, if the extension is maximal and the extended group has a trivial second
cohomology group, i.e., it cannot be further extended, it is possible to enlarge the
system with a new variable such that its ‘conjugate momentum’, the generator of
translations along this new variable, corresponds to the central charge [MMSS].
This variable can be identified with the Wess-Zumino action seen as a function of

its end point.

Let us represent our original generalised coordinates or one-dimensional fields
collectively by ¢(t), and the original Lagrangian 1-form by £(q, ¢). We suppose that
the corresponding action is invariant under some symmetry group with generators

X; ', but the Lagrangian changes by a total derivative,
6:L(q,4) = Dx,L(g,4) =dA; = Agdt . (41)

Ly, represents the Lie derivative in the direction of X;. We could now try adding

a new term of the form —yx to the Lagrangian, and defining its variations such that

Six=240; . (4-2)

10 The central extension is one-dimensional because the Chevalley-Eilenberg cohomology
groups arc equivalent to the R-valued cohomology groups of the algebra; extensions by an abelian
algebra a arc classified by the a-valued cohomology groups.

11 We shall represent the vector fields that realisc the group on the tangent configuration
space with the same letter as the corresponding generators of the abstract Lie algebra.
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The new extended Lagrangian Z(q,(j,x) = L(g,4) — xdt would be then fully in-
variant. The set of equations (4-2) are actually a set of differential equations, and
their integrability conditions are equivalent to saying that the Chevalley-Eilenberg
cocycle determined by dA; is trivial. f this cocycle is not trivial, it determines a
central extension; for this centrally extended group the cocycle is trivial and the
Lagrangian £ is fully invariant. The central charge is represented up to a constant
as the vector (8/8x) on the tangent of the extended configuration space [deA], and
it is in that sense that the central charge and the variable x are conjugate; it is
clear from the definition that actually the momentum canonically conjugate to x is

—1, so x is not a dynamical variable.

It is possible to define
t
x0=[ ci) | (43)

since of course x is determined up to any invariant quantity, giving £ = 0. This
result is useful when applying the method of non-linear realisations to a one-
dimensional theory, such as particles or superparticles. If the method is applied
to the extended group, and the central charge is considered as a broken generator
(because it does not annihilate the vacuum), x can be identified as the Goldstone
field corresponding to that generator (in the same way as'the Goldstone fields that
correspond to translations are identified with coordinates in the direction of the
translation), and equation (4-3) will be found as a solution of the constraint Dy = 0
(which actually says that x determines a cocycle). For the relativistic case, it is not
strictly necessary to include the central extension to find the lowest order action,
since this action corresponds to the length of the worldline and can be obtained
from the determinant of the 1-bein in the bosonic case or through its equations
of motion in the supersymmetric case. For the Galilean particle, though, this is

apparently the only possibility.
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B: .Supersymmetry’

By formally extending the definitions in the previous sections to systems with
Grassmann coordinates, we can construct a theory of supersymmetric non-linear

realisations, and apply it to superextended objects.

If some of the supersymmetries are broken, there will be Goldstone fermions
along with the Goldstone bosons, one such fermion for each broken supersymmetry.
If any supersymmetries remain unbroken, then the Goldstone fields must transform
linearl}} under these, and are therefore superfields. Superfields can be thought of
as fields in superspace, which means we can consider W as a supermanifold with
the unbroken supersymmetries as the generators of the supertranslations. In this
way, the broken supersymmetries must be included in {B}, whilst the unbroken

supersymmetries are in {P}.

For rigid supersymmetry, there is a simple argument to show that in the case of
a topologically trivial theory with d > 3 either all the supersymmetries are broken
or none of them is. Therefore we can have a partial breaking of supersymmetry

either for low dimensions, or when space is non-trivial [HP].

Super p-branes. There are in pyrinciple three ways of supersymmetrising ex-
tended objects: having rigid supersymmetry in the target space M, ‘super p-branes’;
local supersymmetry on the object W itself, ‘spinning p-branes’; or both at the same
time, ‘super spinning p-branes’. The last two do not appear to be consistent in gen-
eral for p>2. Moreover, for p=1, it is known that the gauge-fixed superstring and
the spinning string are indeed equivalent; it has been shown explicitly in [GY] that
the gauge-fixed superparticle also possesses a rigid supersymmetry on the worldline.

‘ This is true in general: gauge-fixed super p-branes have a rigid supersymmetry ‘on
the brane’. This is necessary if they are going to be any use as models of topologi-
cal defects in supersymmetric theories. It is known that solitons of supersymmetric

theories that saturate the Bogomol’nyi bound are supersymmetric [Ru]. For this
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relation to be possible the original action for the supersymmetric extended object
must have x-invariance: a local worldvolume invariance with a set of parameters

which are worldvolume scalats but spacetime spinors.

In the full reparametrisation and x-invariant form, a superext‘endcd object
describes an ordinary manifold W imbedded in a rigid superspace M. Seen as a
field theory on W, the coordinates of the imbedding transform as scalars under re-
parametrisations; since M is flat, for N=1 they divide into two sets that transform
respectively as a vector X* and as a spinor 3, or a Qector and a set of spinors %° for
N>i, under the N-extended superPoincaré group corresponding to the isometries
of M. The k-symmetry is like a spacetime supersymmetry with a wrong sign, but
its parameter is local on W, and it involves a projection which leaves effectively
only half as many independent parameters. Gauge fixing the reparametrisations
eliminates p+1 components of the set of coordinates X* that transform as a vector;
fixing the x-invariance eliminates half of the components of the spinors 4. As in
the bosonic case, there is a residual rigid invariance, which corresponds again to
the rotations among the transverse coordinates but this time to tl;e superPoincz;ré
group on W. What remains from the spacetime spinors, which before gauge fixing
transformed as scalars under transformations on W, now transforms as a set of
worldvolume spinors *2. A similar phenomenon occurs for gauge theories with bro-
ken symmetries, and non-linear field theo‘ries like the sine-Gordon equation and its
equivalence with the massive Thirring model, where solutions of a purely bosonic

theory obey Fermi statistics.

After gauge fixing, therefore, the field theory looks as if it were defined 611
a supermanifold of which W is the bosonic part; all the remaining fields can be
arranged into superfields on W, although this might not be a trivial algebraic task
if the dimension of the spinors is large. Moreover, we see that by this mechanism

the supersymmetries have been partially broken to half of their original number.

12 This construction will make sense only when half of the dimension of the spinors in M is
an acceptable value for some N' number of spinors on W. This is a necessary but not sufficient
condition; a more stringent requirement is the existence of 8 non-zero Wess-Zumino term to build
an action with x invariance (which also needs the Wess-Zumino term to have & fixed coefficient).
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For each particular case, it can be seen explicitly how half of the supersymmetries
are linearly represented on the gauge-fixed fields, and the other half is non-linearly
realised. This partial breaking also shows up in the algebra as the presence of a
central charge, which implies that only half of the supersymmetries (the linearly

realised ones) annihilate the vacuum.

Cohomology. The theory of the previous section carries over to the supersym-
metric theory with little change, except that care must be taken when dealing with
supermanifolds, and the symmetry properties of exterior products of Grassmann-

valued forms.
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Appendix A

In this appendix we collect some diagrams that may help to follow the rea-
soning of section 2.
We shall use a somewhat non-standard notation but we hope it is clear. We
shall denote a fibre bundle of total space B, base M, fibre F' and projection 5 by
- F — B
=
M
The projection can be omitted if there is no ambignity, and if necessary the fibre
will be written on the right. Arrows going upwards from M to B will represent
sections.
In this notation, the different fibre bundles that appear in the discussion on
the ‘matter’ fields, i.e., the fields that appear in the theory apart from the Goldstone

fields, can be summarised as fbllows:

Principal bundles H — @ G — P H —

—
—
& o— v

{ i !
Associated bundles H — F G/H — E H — E
o e
w _ w E
22

The relation between the two approaches to the treatment of these fields is

given by the composition

T
12
G/H — E
Te

w

“with ©y¢(z) = @g(x,ﬁ(z:)) in some local trivialisation of E, since £ also induces an

imbedding of E' into E.

The relation between sections in E and subbundles Q(W, H) of P(W, H) cor-

responds to the commutativity of the following diagram:

)

o L.
|
3

wo L

3 Jra—
. w

We also have the following diagram,

H-———*’Qe G — H )
| |
w 4 a/m

where ¢ is the lifting of ¢ to the principal bundles @ and G. The connection on
@ is the pullback by £ of the H-component of the Maurer-Cartan 1-form on G,
w' = £*(0x).
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