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Abstract
We present a new version of g-Minkowski space. As opposed to earlier attempts, our new g-

= Minkowski space has both an SL,(2, C)-spinor decomposition and a coaddition law. The additive
E——— u structure forms a braided group rather than a quantum one. In the process, we obtain a new
L g-Lorentz group which coacts coariantly on this ¢g-Minkowski space.
:={ Keywords: quantum groups, braided groups, non-commutative geometry, ¢g-regularisation.
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gﬁn 1 Introduction
=
E—
=: In recent years, there has been some speculation whether it could be possible to regularise singularities
T

in quantum field theories by making spacetime slightly non-commutative. As well as the programme
of A. Connes [3] based on the theory of operator algebras, there is also a more naive approach based
on the idea of g-deformation. In this approach, which is the one we shall follow, non-commutativity is
controlled by a parameter g such that one recovers the commutative case for ¢ = 1. There are examples
[7] of integrals over two-dimensional g-deformed planes which are of the form [(...) = ?lj_—f( finite),
i.e. are divergent only in the commutative case. Moreover, one hopes in such a g-regularisation scheme
to preserve all symmetries as q-symmetrieé, using the standard techniques for g-deforming Lie algebras,
etc. One would then set ¢ = 1 after intelligent renormalisation, although, to take account of Planck
scale corrections to the geometry, one might even keep ¢ # 1.

As an important element of such a g¢-regularisation scheme, many g¢-Lorentz groups and g¢-
Minkowski spaces have been recently proposed [17, 2, 16, 11]. One of the points of view in these works,
which will be our point of view also, is that ¢g-Minkowski space should have a ¢g-spinor decomposition.
Mathematically, g-Minkowski space should be a g-deformed version of 2 x 2 Hermitean matrices and the
g-Lorentz group should act on it by conjugation by two g-deformed SL(2, C) transformations The réle
of such a ¢g-deformed SL(2, C) can be provided by the quantum double [17] but ¢g-Minkowski space and

the g-Lorentz group itself are less well understood so far.
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Naively, one might try to construct ¢-Minkowski space as quantum 2 x 2 matrices, but this algebra
is not covariant under the coaction of the g-deformed SL(2,C) [15]. The solution to this problem is
to consider braided rather than quantum Hermitean matrices as g-Minkowski space [10, 11]. Braided
matrices are an example of so-called braided bialgebras introduced by S. Majid [9] as a generalisation of
bialgebras, for which the ordinary tensor product in the bialgebra axioms is replaced by a braided tensor
product. Braided tensor products are like the super tensor products encountered in the the theory
of superspaces, but with +1 replaced by braid statistics. There is a general construction [13], called
transmutation by means of which one can convert a suitable bialgebra, such as a usual quantum matrix
algebra, into a braided bialgebra with better covariance properties. The algebra and coalgebra structure
of such a braided bialgebra are covariant under the coaction of the quantum group. Thus the braided
2 x 2 matrices as the transmutation of the well-known 2 x 2 quantum matrices are a natural candidate
for the algebra of g-Minkowski space. It is covariantly coacted upon by the g-deformed SL(2, C).

Braided 2 x 2 matrices have the same matrix coalgebra structure as quantum matrices, but a
different multiplication [10]. Similar as for 2 x 2 quantum matrices, one can find a braided determinant
which central and grouplike with respect to the braided coproduct [10], to play the réle of a ¢-Minkowski
metric. Furthermore, these braided matrices allow for a g-spinor decomposition [15] and can also be
equipped with a *-structure appropriate for Hermitean matrices [11].

Considering braided Hermitean matrices seems to lead in the right direction, but a fundamental
structure is still missing: so far there is no g-deformed analogue of the additive group structure of
Minkowski space. In this paper we solve this problem and generalize the group structure on Minkowski
space as a ‘braided coaddition’ in the form of a new (braided) coalgebra structure on the algebra of
braided matrices. The required braiding for the coaddition is a new one. We also give a new g-Lorentz
group which acts covariantly on this new version of ¢-Minkowski space. In fact, one can construct many
different g-Lorentz groups, all of which have the algebra of braided Hermitean matrices as a ‘fundamental
representation’, but only the ¢g-Lorentz group presented in this paper appears to be consistent with the

braided coaddition law on them.

An outline of the paper is as follows. In section 2, we reformulate some classical considerations
about the Lorentz group and Minkowski space suitable for later g-deformation. The ¢-Lorentz group (of
function algebra type) is presented in section 3. In section 4 we present our braided coaddition law on g¢-
Minkowski space and we also give a g-spinor decomposition. Qur g-Lorentz group coacts on g-Minkowski
space in a way which respects the braided coaddition law, These facts suggest that our proposal for
g-Lorentz group may be a definitive one. Section 5 is devoted to the discussion of the g-deformation of
the universal enveloping algebra of the Lorentz group, which is dual to the g-Lorentz group of function

algebra type from section 3.



Preliminaries.

When working with matrices, we use lower-case letters for indices which run from 1 to 2 or n,
and upper-case letters for multi-indices, e.g. A = (apa1) = (11),(12),(21), (22).

For Hopf algebras, we use the notation and results from the standard textbooks [1, 20}. Recall that
a (complex) coalgebra is a C-vector space A equipped with an C-linear coassociative comultiplication
A:A— AQ® A and a C-linear counit € : A — C satisfying certain axioms. Elements ¢ in A obeying
Ag = g ® g are called grouplike. We use the notation Aa = a(;) ® a() and omit summation signs
for brevity. A complex bialgebra is an algebra and a coalgebra in a compatible way, such that both
comultiplication and counit are algebra maps. If a bialgebra H also allows for a C-linear antipode
S :H — H obeying (S®¢)oA =id = (¢® S)o A, then H is called a Hopf algebra. We also use M.
Sweedler’s shorthand notation [20], where a suffix indicates the position in a matrix tensor product, e.g.
A12B53 means Ai,B’;’;, etc.

A *-Hopf algebra [21] is a Hopf algebra equipped with an antilinear involution * such that (So*)? =
id, Aox = (*®x)0 A, and £ 0o x = oe, where the bar denotes complex conjugation in the field, C. Two
*-Hopf algebras H and H' are called dually paired if there exists a bilinear pairing <, > HQH' — C
such that < af,z >=< a® §,Az >, < a,zy >=< Aq,z®y >, < L,z >=¢(z), < o,1 >=¢(a), <
Sa,z >=< a,5z >, < a*,z >=W5 Ya,0€ H;z,y€ H'.

We shall also need the notion of a right comodule, which is dual to the definition of a left module:
a right comodule of a coalgebra A is a pair (C, ), where C is a vector space and § a linear map
B:C —C®Aobeying (id@ A)of = (f®id)of and id = (id®¢) o B.

Of particular interest to us are non-commutative bialgebras, for which the non-commutativity is
controlled by a so-called dual quasitriangular structure [12], which is defined as a convolution invertible
map R : A® A — k such that byya)R(az) ®bz)) = R(a) ®b1))azba), R(@b®c) = R(a®@c))R(b®
¢(2)), and R(a®bc) = R(a(;) @c)R(a2)®b) for all a,b,c € A. In other words, R is a bialgebra bicharacter.
This notion is dual to the maybe more familiar term of quasitriangularity due to Drinfel’d [4].

One of the most important properties of dual quasitriangular bialgebras is that the comodules of
such a bialgebra A form a quasi-tensor or braided category denoted M#. This means that the category
MHA can be equipped with a bifunctor ® : M4 x M4 — M4, which was called ‘braided tensor product’
in the introduction. This Q is required to satisfy some associativity conditions. Furthermore, for any two
objects X,Y of M4 (i.e. for any two comodules) there is a natural isomorphism Txy  XQY =YQX,
called the braiding. For M4, this braiding is given in terms of the dual quasitriangular structure ® and
the coactions of the respective comodules. If we are now given two A comodule algebras C| and C; we

can use ¥ to define their braided tensor product as C;®C, equipped with the new multiplication

(@a®b)(c®d) = a¥(b®c)d.




Due to the properties of ® and ¥, the braided tensor product of two comodule algebras turns out
to be a comodule algebra again. The braided tensor product provides a covariant way of combining
two covariant systems.A braided bialgebra is an algebra B living in a braided category equipped with
a braided coproduct A : B — B®JB obeying axioms similar to the bialgebra axioms, but with A a
homomorphism to the braided tensor product B®B. All maps are morphisms, i.e. covariant under the
coaction of the background quantum group A. The braided matrices mentioned in the introduction and

which form our ¢-Minkowski space are of this type.

2 The Hopf algebras of polynomial functions on the Lorentz
group and on Minkowski space

In this section, we reformulate some classical considerations about the Lorentz group and Minkowski
space in an algebraic language suitable for later generalization. As familiar from other applications, we
present Minkowski space as Hermitean 2 X 2 matrices. One usually chooses this description to give a
simple exposition of the covering map SL(2,C) — Ll of the subgroup of proper orthochronous Lorentz
transformations. This map enables one to construct the well-known spinor decomposition of Lorentz

tensors. If Minkowski space is given as Hermitean 2 x 2 matrices, the Lorentz metric can be expressed

0 1

in terms of the SL(2, C) spinor metric ¢%® = ( 1 0

) as CAB .= ¢obo¢, ,  and the (full) Lorentz
Group is given by

L= L(4,R)/(ALALCP = C4F),

where L(4,R) denotes real n x n matrices. We use the convention €*°¢qp = 69 for the definition of the
inverse spinor metric.

In order to g-deform these structures, we are in principle interested in C(X), the algebras of
continuous C-valued functions on subsets X of R", such as the Lorentz group L or Minkowski Space
M. However, to avoid the discussion of convergence problems and other complications due to the non-
compact nature of these spaces, we consider only P(X), the algebra of polynomial functions, which is
almost the same as C(X), since on arbitrarily large compact subsets X’ C X, P(X"’) is dense in C(X’).

For the application to the Lorentz group, we are particularly interested in the case where X is a
subset of L(n,k), ¥ = R or C. For clarity, we recall some simple results of this special case: It is easy
to see that P(L(n,C)) is a commutative and associative C-algebra generated by 1 and t4, the linear
coordinate functionals on L(2,C), and their complex conjugates #%. It has the structure of a bialgebra

with with pointwise multiplication, and comultiplication and counit
Atab = tac ® tcb, E(taa) = éab.

A coalgebra structure of this form is called matriz coalgebra structure. If we are given a matrix group G C

L(n,C), then P(G) is a Hopf algebra and has the form of P(L(n, C)) divided by some further relation.



For the special case of SL(2,C) one finds that P(SL(2,C)) = P(L(2,C))/(t%1% e = €%, i%ed =
€%%) is a *-Hopf algebra with pointwise multiplication, matrix coalgebra structure, antipode defined by

St4 = e;ai‘jcjb and -structure (14)* = 7%,. One obtains P(SU(2)) as a real form of P(SL(2, C)):

P(SUR) = PLE,C)/(rarhesd = e, rhraecd = cob, 74 = Srh)

P(SL(2,C))/(7% = St4)

nnu

It is also a *-Hopf algebra with matrix coalgebra structure and with: S7¢ = e,-a‘r"jc-“’, (r§)r = Stb.

Moreover, there is a *-Hopf algebra isomorphism (complexification)

P(SL(2,C)) = P(SU(2))®P(SU(2))
9 — 1®7§
% — S o1,

where we equip the tensor product P(.§~U(2))®'P(SU(2)) with the non-standard *-structure (1@ 74)" :=
S#% ® 1 instead of the tensor product one.

Using these results we find for the algebra of polynomial functions on the Lorentz group:

Proposition 2.1 Let A4, denote the linear coordinate functionals on L(4,R). The polynomial functions
on the Lorentz group P(L) = P(L(4,R))/(A4AE,CCP = CAB) form a commutative x-Hopf algebra with

poiniwise multiplication, mairiz coalgebra structure and
S)p =CpeAZCY4, (M) =2%.

A is shorthand for the twisted multi-indez A = (a1a).

We retrieve the covering map of the subgroup of proper orthochronous Lorentz transformations
on the level of polynomial function algebras as an injeclive x-Hopf algebra homomorphism

P(L) & P(SU(2) @ P(SU(2) = P(SL(2,0))
My o~ S(R) eT.
This map is not surjective. Its image is the fized-point set of the Zs-action o given by o(1Q7) := —(1Q7)
and o(7® 1) := —(F®1):
P(L) = (P(SU(2) @ P(SU@)Z=.

Composition with the map ¢ defines a push forward of comodules, i.e. a covariant monoidal
functor @ : MPL) — MPELR.C)) | where MPSL2.C) and MP(E) denote the monoidal categories of
right P(SL(2,C))- and P(L)-comodules, respectively. ® is the spinor decomposition of Lorentz tensors
on the level of polynomial function algebras.

Next, we come to Minkowski space M in this algebraic form. Minkowski space has an additive
group structure and not a multiplicative one as the matrix groups discussed so far. But as for the poly-
nomial function algebras on matrix groups, this group structure is recovered in the coalgebra structure

of P(M):




Proposition 2.2 (i) P(M) is a commutative associative C-algebra generated by 1 and the linear coor-

dinate functionals z4, A = (11)...(22). P(M) is a -Hopf algebra with
Ara=za®1+1Q®@z4, Sza=-2a, cza=0, 2, :=2z7
The comultiplication encodes the additive group structure of M on the level of P(M):
E+(=A0z((®() V¢, (e M.

We call a coalgebra structure of this form coaddition .

(i) There is an algebra homomorphism (spinor decomposition)
P(M) — P(C*) ® P(C?),

where 1 denotes the dual space.

(iii) P(M) is a right P(L) and P(SL(2,C)) comodule *-algebra with coactions

BL: P(M) — PL)®P(M)
zr — 2@ N

and Bsr(2,c) = (id ® p) o BL, using the functor @ defined above.

(iv) zozpCAP = 2det z.
3 g¢-Lorentz group of function algebra type

In this section, we shall give a non-commutative version of P(M) and P(L), making use of the standard
technique of deforming the commutative bialgebra of polynomial functions on a matrix group as a non-
commutative dual quasitriangular bialgebra [8]. The resulting algebraic objects are called quantum
matrix groups. The basic idea is to make the linear coordinate functionals tij commutative only up
to conjugation by an invertible matrix solution R = £ R ® R(® € GL(C" ® C") of the quantum
Yang-Baxter equation (QYBE): RioRj13R23 = Ra3Ry3Ri2. Explicitly, we define A(R) to be the free
associative C-algebra with n? generators t‘j, t,J = 1...n divided by the ideal generated by the relations
Riatits = tot1Rya ( ie. R‘,,’f,,t';?t" = t"nt‘mR’;‘,“). It is known that A(R) is a dual quasitriangular
bialgebra with matrix coproduct and dual-quasitriangular structure ® : A(R) ® A(R) — C given by
RA@1) =id=RN(1Q1) and R(t; @ t2) = Ry, extended as bialgebra bicharacter [8]. A(R) is a non-
commutative version of the bialgebra of polynomial functions on the algebra of n x n matrices. One
can obtain a non-commutative version of the Hopf algebra of polynomial functions on a matrix group

by dividing A(R) by some further ‘quantum determinant’-like relations. The dual quasitriangularity of

A(R) follows from the fact that the so-called fundamental matrix representations

Pt A(R) — L(4,C)



defined by p4(t)% = R‘}‘, and p_(t})% = R"lk,"j (and two similar anti-representations) respect the
relations in A(R) and indeed extend to algebra homomorphisms [8]. This means that if we divide A(R)
by some further relations, it is sufficient to show that they are respected by the fundamental matrix
relations in order to establish dual quasitriangularity of the quotient. Note that, by rescaling of R, we
actually obtain a C\{0}-indexed family of dual quasitriangular structures on A(R), whereas a quotient
might have less freedom if the additional relation fixes the normalisation of R. Corresponding to the
family of dual quasitriangular structures on A(R), we obtain a family of braidings in MA(R).

The aim of this section is to give a non-commutative version of P(L) = P(L(4, R))/(ALAE,CCP =

C#B) as a dual quasitriangular *-Hopf algebra of the form
L, = A(RL)/( q-deformed metric relation),

where Ry is an invertible solution of the four-dimensional QYBE which we introduce. L, should gen-
eralize all features of P(L) presented in proposition 2.1. In order to obtain such an R-matrix and
g-deformed metric, we make use of the important réle P(SL(2, C)) plays as a building block of P(L).
One can construct a non-commutative version of P(SL(2,C)) from the g-deformation of P(SU(2)) [18]:
Let

1 0 0 0
0 ¢o1 1-¢7%2 0

R:ﬁ 0 qO q—ql 0 , ¢€R.
0 0 0 1

be the well-know invertible solution of the two-dimensional QYBE with the property R%, = R4S, SU,(2)

is defined [18] to be A(R) divided by the ideal generated by the relation T27%¢°? = ¢%® equipped with

o (e )

is the g-deformed spinor metric. SU,(2) is a dual quasitriangular *-Hopf algebra with matrix coalgebra

the *-structure (74)* := St¥, where

structure, antipode St% = €;37%¢/%, and standard dual quasitriangular structure defined by R.

We g-deform P(SL(2,C)) = 1’(.97(}_((2))®73(SU(2)) as SCZ??) b1 SU,(2), the double cross product
Hopf algebra, as defined in [6], of two copies of SU,(2) acting on each other in a compatible way.
Sf]:(?) b1 SU4(2) coincides with Sﬁ;(?) ® SU,y(2) as a coalgebra, but has a different algebra structure,
given by the compatible actions. Explicitly, one obtains R%(1® ‘r‘e)(?‘} DN =(Fe(le r‘;)R’fj.

This double cross product is a Hopf algebra with the tensor product coalgebra structure
Do =(ldO®TR®I)(ARA) coa=-0(e®€), Sw(a®b)=(1QS5b)(Sa®1)

Corresponding to the non-standard #-structure defined on P(SL(2,C)) = ’P(é?f(?)) ® P(SU(2)), we
define a *-structure on SL,(2,C) = 5(7:(2) b1 SU4(2) by (74 ® 1)* = 1 ® Stb,, and obtain SU,(2) as a
real form of SLy(2,C). The general algebraic construction underlying this is given in [14, Sec. 4].

After these preliminaries, we now present our new g-Lorentz group:




Definition 3.1 The q-Lorentz group L, is defined as
Ly i= A(RL)/(MABCCP = C4B),
The preserved metric and the R-matriz are given by

AB —-la,a Bb doa pa1f pbiy péce
C '-fagaR 1 RL DC "RﬂangboRécle;a’

where R := ((R*?)~1)!2, and t; denotes transposition in the second tensor component. Ezplicitly, we find

k'-aﬁ 0 0 1/q
CAB - 0 0 —-q 0
0 -1/¢ 0 0
/g 0 0 o0

L, is in fact a deformation of P(L). It obeys a non-commutative version of proposition 2.1:

Proposition 3.2 (i) R is an invertible solution of the QYBE.

(i1) L, is a dval quasitriangular *-Hopf algebra with matriz coalgebra structure,
S(A%) = CisA;C74, (W) = 2%,

and dual gquasitriangular struciure induced by Ry,
(iti) There exist a x-Hopf algebra injection p
L, & SUL(2) 0 SU,(2) = SL,(2,C)
M, - S‘r':;’0 ©Th,
where ¥ and T denote two independent copies of generators of SU,(2). As in the commuting case, Im(yp)

is the fized-point set of a Zy-action:
L, = SU,(2) » SU,(2))22.

The Hopf algebra map ¢ induces a push forward of comodules, the g-spinor decomposition of
g-Lorentz tensors.

Proof. (i) By explicit calculation. (ii) There are two non-trivial statements in this part of the
proposition: firstly that the operation ‘¢’ does indeed determine a *-structure on a Hopf algebra, and,
secondly, that R defines a dual quasitriangular structure, i.e. that it is compatible with the metric
relation. The rest amounts to a simple check of the Hopf algebra axioms. In order to show that ‘x’
respects the algebra relations in Ly, note that, by virtue of the fact that R obeys R, = RY, and using
3% — —¢p4, one can show the following two relations:

RPpc = RS RUSRUGIRY,

dgﬁ bO'T 2% pad;
R GduR Ba, R ’Ybl R cob
= RA

€

LCD’

CAB

il

CaoaRulaéa cﬂbl

-1b
€% R-15968 ¢, 5
CcBA,

i

*
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Thus ‘*’ can be extended as an anti-algebra map. The *-Hopf algebra axioms are easy to check.
In order to show that R is dual quasitriangular, we only have to prove that the fundamental
representations defined above respect the metric relations, i.e. that the can be extended to matrix

representations of L,. Thus it only remains to show that

p+(CaprEAB)E CABP+(C/\'?:~)%P+(/\%)'¥*
CepRy AEM RL%%‘
Can 6%

p+(Ccp)5,

Cepp- (1/\200 ﬁdl’iﬁﬁ%)%
Ccp Ry R7

Cigé Fg MA 'L FB
p-(CaB)%.

These relations can be verified by explicit calculation. Similar for the anti-representations. Note, how-

p-(Ccprer %)%

W

ever, that these conditions fix the normalization of R;. We call this normalisation the guanium group
normalisation. The normalisation of Ry shall be of importance in the next section, when we discuss
g-Minkowski space.

(iii) We have to prove that ¢ as defined above can be extended as a *-Hopf algebra map: Using

—

the the algebra structure on SU,(2) ba SU,(2), which can also be written as:
(ST DR (1@7,) = (1@ THR(S7T] @ 1)
or
(S @ DRy (1e %) = (10 )RS (S e 1),

one can show:

OVENBRITC) = o(ME)e(NG)RY: R RY R,
= (SF% @ 1)(1@r%)RYE (S @ N1 @ i )RE: RY) R,
= RZ;’:Q(SFQ% ® 1)(SH, ® RV (1@ 73 ) (1@ T4 )R, R,
= R R0 RYS (SFR @ 1)(575, @ DR (1o ) (1T,
= RA RO R Ry R (575 @ 7 )(STe o 7,
= ‘P(RLF(‘EM(M)'\(gb)'\(g’))
P(CapAEAD) = €2(STE @ 1) (1@ T8RN (S75 © )(1® 73 )egs,

oo (7 @ 1)(SH @ DRI (1© 8 ) (1@ 74 Jeps,
o R caray

¢(Cep)-

i




Since ¢ respects the ‘g-metric relation’, we also have p(1) = 1, completing the proof that ¢ is an algebra

map, and ¢(SA) = Sw(p(X)).

b) ¢ is a coalgebra map:

Awlp(M)) = A(ST @7
= S @14 ®S7'b° ™
= ()\“4 ®50 B)
= (p®@)(ANE)
em(p(AB)) = 6%
= ‘P(E(/\ )
¢) ¢ is a *-homomorphism:
P(AB)) = »(A%)
= .S"r"1 ® 79
= (S ®r‘z‘)
= ()

This completes the proof that ¢ can be extended as a *-Hopf algebra map. Q.E.D.
Because ¢ is not surjective, i.e. not a Hopf algebra isomorphism, it is possible to construct many
different R-matrices which all give rise to different ¢g-Lorentz groups with properties as described in the

last proposition. We list a few examples of possible R-matrices:

R A8, = R Rc;fo R‘i‘; R, our choice of R-matrix,

RAB, = RS2 R w;;.rR‘f,‘:l R, the braided matrices R-matrix as described in [10],
R,AB, = R0y R"l";"7 Rg:(‘,’R . do» the quantum double R-matrix from [14],

R*8, = R%Y Rac?,?,R‘}’,ﬁ R_l'(’,:cl, the R-matrix from [2].

Only the discussion of ¢g-Minkowski space in the next section shall enable us to identify Ry as
the natural choice of R-matrix, since it is the only R-matrix which gives rise to a satisfactory non-

commutative version of P(M).

4 g¢-Minkowski space

To construct a ¢- Minkowski space with coaddition, we follow the general approach of [14]: Let R be an
invertible solution of the n-dimensional QYBE and let R’ be another matrix such that they satisfy the
mixed QYBEs R}, R13Ro3 = RazRi3R|, and Ry2Ry3Ry3 = Rh3RigRi2. Then the algebra of quantum
covectors V/(R') is defined as the free associative C-algebra generated by 1 and n generators z; with
relations z;z; = :ck:x:;R"f";-. Similarly, one defines quantum vectors V(R') as generated by 1 and elements
v’ with relations v*v = R"],v'v*. The mixed QYBEs ensure that both algebras are right A(R)-comodule
algebras. In the case of V/(R'), the coaction and braiding between two copies are given by z; — z; ®t’;.

and ¥(z; ® z2) = 22 ® 1 RL12. For V/(R') to be a braided Hopf algebra in MAR) with braided

10



coaddition

Azy = 2,01+ 1@z, €24 =0, Sza=-—2z4,

the two matrices have to satisfy

0=(PR+1)(PR -1)
and some other relations stated in [14]. P denotes the permutation matrix. Given any R, we can
construct an R’ satisfying these relations out of the minimal polynomial

o= J[ PrR-2)™
Ai€Spec PR

of PR as

R =P(1+ 11 (PR=X)*(PR+ 1)1,
Ai€Spec PR; i#1
provided we have the freedom of rescaling PR such that one of its eigenvalues, say A, is —1.

Applying this construction to the g-Lorentz group R-matrix Ry shows why we consider the g¢-
Lorentz group presented in this paper as more promising than its rivals and maybe even th definitive

one: by direct computation, we find

Proposition 4.1 qR; has the eigenvalue —1. From the minimal polynomial of PR, we obtain R' =
Ras, where

Ryf'ép = R™ S Ry RO RYS,
is the braided matrices R-matriz from [10]. Thus using the general technique to construct an algebra

of quantum covectors with braided coaddition law yields the algebra relations of the braided Hermilean

matrices: V'(R') = BM(2) as algebras.

The g-Lorentz group proposed in this paper equips the algebra BM(2) with a braided coaddition
law. One can certainly apply this general construction to the other proposed ¢-Lorentz group R-matrices,
but the resulting algebras of quantum vectors with braided coaddition law do not coincide with BM (2)
as algebras.

We thus propose to take the braided matrices BM(2) as g-Minkowski space, but we give it a new
name, My, to avoid confusion: BM(2) was constructed as the transmutation of A(R); i.e. the braided
group associated to a quantum group. As such, it has the structure of a braided bialgebra in MA(F1),
the category of right A(R;)-comodules with a braided matrix coalgebra structure. My on the other hand
is a braided Hopf algebra in M4(FL) with a braided coaddition. It shares with BM(2) only the algebra
structure, which is sufficient [15] to ensures the existence of a g-spinor decomposition, i.e. an algebra
map M, — V(R)QV'(R).

The explicit algebra relation in M, are given by [10]:

ad

ba q%ab ac = gq%ca da
= cb+ (1 —-gq %)a(d—a)’

db = bd+(1—q %ab cd de+ (1 - g 2%)ca be

i
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. a b
withz = ( c d

are central in this algebra. Reflecting the fact that ordinary determinants are multiplicative, but not

) . The elements gd+¢~'a (‘braided trace’) and det = ad—qg?cb (‘braided determinant’)

additive, the braided determinant is grouplike only in BM(2), but not in M.

The appropriate *-structure on BM (2) was discussed in [11]. Its axioms are slightly different from
the ones recalled in the preliminaries. The main difference is that one requires Ao*x = 7o (x® *x) 0 A.
In [11] it was shown that BM(2) is a braided x-Hopf algebra (with the slightly modified axioms) in

MARY) where the *-structure * is defined by

a= ) _ (a ¢

2 d= )T\ b d )’
It is easy to see that this also defines a x-structure on M, as a braided group with braided coaddition
in MA(RL)_ Note that the braided determinant is real with respect to this *-structure: (det)* = det.

Similar to the commuting case, where the norm on Minkowski space is given by the determinant

of the corresponding Hermitean matrix, we find:

Proposition 4.2 The g-norm on M, given by the q-deformed metric CAB s given in lerms of the

braided determinant as: z,zpCA8 = q=3(1 + ¢*)det. It is therefore real and central.

M, is a right Lg-comodule algebra, due to the fact that R and Rps obey the mixed QYBEs. But
the normalisation of Ry we have to choose in order to provide for a braided coaddition law on M, is not
the quantum group normalisation from section 3. This means that M, is a braided group in MARL) but
not in M~s. This problem already occurred in [14] and is discussed in detail there: We have to consider
the slightly extended Hopf algebra L, := L, ® CZ with dual quasitriangular structure R(g° ® ¢*) := ¢*,
where g denotes the generator of the group algebra CZ. M, is a braided bialgebra in M Le and both

the algebra structure and the coaddition of ¢-Minkowski space are covariant under the coaction of I:q:

Proposition 4.3 ¢q- Minkowski space M, is an L, comodule x-algebra with coaction ﬂf,, 124 — zp®AE.
Using the push forward defined by the x-Hopf algebra injection p, M, is also an SC’;XQ.’) pa SU,(2) and

an SLy(2,C) comodule x-algebra with coaction

~a b — * aggb
Ta HZB®(5752®T¢111) =zp &1 b:t alx'

Moreover, M, is a braided Hopf algebra in the braided category MLa,

In the beginning of this section, we introduced algebras of quantum vectors and quantum cov-
ectors, a notation which was motivated in [15] by their respective transformation properties. For our
g-Minkowski space, we can show even more: not only do ¢g-Minkowski vectors and covectors transform
in the appropriate way, but these algebras are also related by raising and lowering of indices with the

g-deformed Minkowski metric CAB:

12



Proposition 4.4
V/(Rm) = V(Rum)
z4 +— vA:=zgCBA

Proof. One can show explicitly: RKE. = CppCQERA?fBCAKC'BL, implying: z4zp =
zczpRyPSp © z4CAK2pCBL = 2cCCPzpCPFCppCor Ry gCAR CBL & vEvl = RKL vFoE.
Q.E.D.

For completeness, we list the explicit form of the braiding on the generators of My, which is
quite different from the braiding on BM(2) with its multiplicative coalgebra structure [10]. Recall
from the beginning of this section, that the braiding is given in terms of the ¢g-Lorentz R-matrix as

U(z, ® £2) = 22 ® 21 R 12- With a := 1 — ¢72, we obtain:

VY(a®a)=a®a V(a®b)=¢%Q®a
V(a®c)=cQa+aa®c V(ae@d)=¢d@a+a(b®c+ca®a)
Y(b@a)=a®b+ab®a V(@b =bob

Vb®c)=¢%c@b+aqg ) (dQa+a®d+ab®c+ (2—¢ ?)a®a)
Vbd)=q¢ 2d@b+a(b®(d—q %a)+aa®b)

VY(c®a)=g¢ %2aQc¢c V(c®b) =q¢hQc+ag %a®a
¥(c®e)=c®c U(c®d)=d®c+ac®a
U (d®a)=¢ 2a®@d+a(b®c+ aa®a) V(debh)=b@d+aa®b

Vd®c)=q¢2c@d+a((d- ¢ %a)@c—ac®a) V(ded)=d®d+a(c®b—q¢"2bQ@c—g 20a®a)
From the g-Minkowski space M, and the g-Lorentz group I:q, one can construct a g-Poincaré

group as a semidirect product M, ><1f,q [14]. Details of the ¢-Poincaré group resulting from our new

g-Lorentz group will be given in a forthcoming paper.

5 g¢-Lorentz group of enveloping algebra type

Apart from the deformation as a function algebra, there exists another standard way of deforming a
simple Lie group, namely the deformation of its universal enveloping algebra. The Lorentz group is not
simple, but its enveloping algebra is given by U(so(3,1)) = U(.;T(f».’)) ® U(su(2)). We shall use this
relation and the standard g-deformation of the enveloping algebra of the simple Lie group SU(2) to
construct a g-deformation of U(s0(3,1)). We also investigate how this algebra is related to the g-Lorentz
group of function algebra type.

For clarity, we first have to recall some standard constructions: For A(R) introduced above
there is a well-known dual bialgebra U (R) [18, 8] generated by 1 and 2n? symbols I"bi with relations
IF1E Riy = RiplFIE and 171§ Ria = Ryl IT . The dual pairing with A(R) is given by < ;,1F >= RE,,
where Rt = R and Ry, = R3;!. For the SU(2) R-matrix from above, U(R) is known to be related to a
deformation of the universal enveloping algebra of su(2): U,(su(2)) is defined as U(R) with the further

relations implied by the ansatz
= _a* 0 Y o eF Pa-ghx- )
¢V g-g )Xy g% 0 ¢
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We use M. Jimbo’s convention [5] and the usual *-structure for U,(su(2)):

H -H
H . 4 T —9q
97 X1q™ 7 = ¢ Xy, X, X] = —

H"=H, X} =X5.
This is a quasitriangular *-Hopf algebra with coalgebra structure of matrix form and a well-known
quasitriangular structure R and it is dual to SU,(2) as *-Hopf algebras (i.e. not only as bialgebras).
The FRT generators are given by It = R < 7R > and I~ =< ,R~1(}) > R~1 (2 and we also
have < 11 ® 72,R >= Rj2. T denotes the generators of SU,(2).

A natural generalization of U(s0(3,1)) = U(;;(Q)) ® U(su(2)) is Uq(;;’(2)) ®r Ug(su(2)), the
twisted product of two copies of U (su(2)) as introduced in [19]. It is defined as the tensor product as

algebras of two copies of Uq(éu(Q)) equipped with a doubly twisted coproduct and antipode, and also

has a *-structure
Ar(z ®y) =Ry Ara(x)A2s(¥)Ras, Sk :=Rau(S®SR3, (F ) =Ry (T ®IF)Ra.
There is a known =-Hopf algebra pairing
<, >:8U,(2) 4 SU,(2) ® Uy(s0(3,1)) — C.

In [19], the twisted product is presented with a quasitriangular structure related to the quantum double.
But since our ¢-Lorentz group R-matrix does not coincide with the quantum double R-matrix either
this it is not the quasitriangular structure we are interested in. We give a new quasitriangular structure

on U, (:J(Q)) ®r Uy(s5u(2)) which is more suitable for our purposes:
Proposition 5.1 U,(so(3,1)) := U,,(:I(?)) ®r Uy(su(2)) is a quasitriangular x-Hopf algebra with
RL =R R2aR13R 2.

Proof.

We have to show that Ry = 72;11722473137223 obeys 70A = 'R,LA’REI, ({dRAYRL) =Rr13RL 12
and (A ® id)(RL) = Rr13RL 23. Using the fact that R obeys these axioms and that such an R
automatically satisfies the QYBE R12R13R23 = R23R13R 12, we obtain:

RLAR(IRL' = RIIR2uaR13R23(R72 A13A24R23)Ri3 RIZ R4 Ra
= R (R24824R3)(R13813R )R a
= Ry'ApAuRy
= TO A'R

(1d® AR)(RL) Rag (id12 ® AzsAge)Ry R24R13R23R s

Ry (1d ® Aye) (R R24)(id ® Azs)(R13Ra3)Ras
R R R R26R24aR15R13R25R 23R a5

(Re' R26R15R25)(Ray R24R13R 23)

Rr1aRera2

The proof of (A ® id)(RL) = Rp13RpL 23 is similar. Thus Ry is a quasitriangular structure for
U,(sl(2,C)). Q.E.D.
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Using the general construction described above, we could construct a bialgebra U (Rr) dual to
A(RL). After dividing both algebras by suitable further relations, we would expect a dual pairing
between Ly and its ‘canonical’ dual Hopf algebra. After the experience with SU(2) and SL(2,C), one
would expect this dual Hopf algebra to have some kind of relation with U,(so(3,1)), the g-deformation
of the universal enveloping algebra. This is indeed the case, but U,(so(3,1)) does not coincide with Ly’s

canonical dual.

Proposition 5.2 It is possible to divide U(RL) by some further relations obtaining a %-Hopf algebra
U(RL). We denote its generators by L*. Using the general construction [8], one can define a *x-Hopf
algebra injection
¥ U(RL) — Uy(su(2)) @r Uy(su(2)).
This map is not surjective.
The resiriclion of the pairing < , > 1o the subalgebras Im(¢$) and Im(1) recovers the slandard

pairing between L, and ils canonical dual (7(RL):
RE =< M L* >=< p()),v(L%) > .

Furthermore, due to the fact that ¢ and Y are x-Hopf algebra injections, L, and U(RL) are also dually
paired with Uy(so(3,1)) and SL,(2,C), respectively.

Proof. We show first:
< go()\% ® )\’%),’RL >

<SP T ®SFe ® Tﬁ‘,,Rﬁl"l'R%’Rla’Rza

< Sr‘i Rzz)"l >< S7% 'R(l) >< i ,’R(l) >< "a,,R(n

< Srao,R(2 >< 570,73(22 ><ry ,R(l) >< 17 ,’R(z) >

<TR ST R “l>< o, R >

< S"“" ® 519, R? >< 14 ® S7%, R4 >

o R R
L DC»

using the property R®: da = e,aR e-"’“ of the SU(2) R-matrix. Now it is easy to check that ¢ : U(RL) —

U,(s0(3,1)) defined according to the general construction [8] by
(Lt Ag) =RY <M, RY >, (L™ 4p) =< M, RV >R ®

is a bialgebra map. If we define U(Ry) := ﬁ(RL)/I{er(¢), then the induced map, which we also call ¢
is a *-Hopf algebra injection: define Sg(RL) :=1¢Y~1oSg o1 and * := ¢y~ 0 x 0 9. The other assertions
are easy to verify. Q.E.D.
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