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1. Introduction I 
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The aim of this note is to study Kihler surfaces satisfying certain natural geometric I 
conditions, and admitting an isometric action of SU(2). We shall restrict ourselves to 

metrics oC the form 

g = (abe)2dt2+ a'CT~ +112CT~ + e2CT~ (1) 

where CTltCT2,CT3 ~re invariant one·Corms, t is a coordinate orthogonal to the orbits oC 

SU(2), and a, II, c are functions of t only. It will be helpful to introduce the standard 

variables lOt, W" W3 defined by 

W. =be, w, =ac, w, =all (2) 

The three special kinds of geometry we shall consider on our Kihler surfaces are 

(a) Zero scalar curvature 

(b) The Einstein condition 

(c) Constant scalar curvature (the Yamabe condition). 

The first and second conditions &re, of course, special cases of the third. 


Pedersen and Poon [PPl] showed that if the equations 
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w; = WI W l 

are satisfied, where a is a constant, then the metric (1) is Kihlerian and of zero scalar 

curvature. If WI = w, the resulting metrics are those of LeBrun [L1. 

One purpose of this paper is to show that the Pedersen-Poon solutions are essen­

tially the o,!,ly scalar-flat Kihler but non-hyperkihler metrics which can be expressed 

in the form (1), that is, in diagona.l Bianchi IX form. We remark that SU(2)-invariant 

hyperkihler metrics in complex dimension two have already been completely classified 

[AH],[GP]. 

\Ve also derive a set of equations in WI. W2. W3, expressing the condition that the 

metric be Kihler-Einstein with nonzero Einstein constant. In the case when two of the 

Wi are equal we can explicitly write down the metric, which is one found previously by 

Gibbons, Pope and Pedersen [GP},[Pd}. 

Finally, we produce a system of equations in the Wi which are essentially equivalent 

to the metric being Kihler-Yarnabe, that is, Kihler and of constant scalar curvature. 

1£ two or the Wi are equal we obtain the metrics of [PP2}. 

2. Kahler forms 

Suppose that we have a diagonal Bianchi IX metric expressed in the form (1) 

g = (abc)2dt 2 +alO'~ +b20'~ +C20'~ 

where a, II and c are functions of t, and 0', are the invariant one-forms satisfying 

dCTl = CT2 1\ CT3 etc. Explicitly 
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0"1 - COS c· d8 - sin wsin 8 do 

0", sin'" d8 - cos,psin8 deb 

0"3 -d,p - cos 8 d¢ 

where 8, ¢J. tP are Euler angles on the SU(2) orbits. 

The vector fields dual to dt,O"hO"l,0"3 are Ic,X1,X2,X3 where 

a sin 1b a . a 
Xl - cos,p08 - sin 8 ot/J + cot 8 SlQ 1/1 o,p 

. a cos til 0 8 
X, sm tP a8 - sin 8 OlP + cot 8 cos 1/1 8,p 

o 
X3 = -ot/J' 

We have the relations 

[!,Xi] =0 
and 

[X.. Xll = -X3 and cyclically. 

Let us assume that the metric is Ki.hlerian but not hyperki.hIer. Therefore the 

space of covariant constant two-forms will ha.ve dimension less than three. However 

this space is a real representation of the isometry group SU(2) and hence will be acted 

on trivially by this group. 

Now the Kahle~ fonn on a surface is always self-dual, so we deduce from the above 

remarks that our K a.hler form 0 is given by 

0= A(t)Or + S(t)ot +C(t)ot (3) 

where A, S, C are functions of t only; and 

3 

ot = to 1\ tl + e2 1\ t3 

ot == to 1\ tl + t3 1\ tl 

ot :: to 1\ t3 +tl 1\ t2' 

Here eo == abc dt, tl =aUIt t2 =bu2, ts =CO"'3 defines an orthonormal cofra.me for 

g. 

Now the condition dO = 0 is equivalent to the equations 

(Abe)' = Aa2be (4) 

(Sac)' = Sab2c (5) 

(Cab)' = Calx? (6) 

If we now introduce the standard varia.bIes Wt = be, W2 = ac, W3 = o.b a.nd define 

functions 0, IJ, 7 by 

Wi 
t = W2Ws+OWl (i) 

W2 
, 

W1W3 + IJw, (8) 

w; = W1W2 +7ws (9) 

then the equa.tions (4-6) become 

A' -oA (10)= 
(11)If = -IJB 

C' = -7C. (12) 

We see that for each metric 9 there is a 3-dimensional space of closed, selIdual, 

SU(2)-invariant two-forms, which are candidates for Kibler forms. 
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3. Integrability 

Given such a form n we can use the metric to define an endomorphism I of the tangent 

bundle by 

g(/Xt Y) = n(X, Y) 

'With n given by (3) the endomorphism is defined by 

a 
AW1Xl +Bw,X, +CW3X3 (13)I at 

A a Cw, BW3
IXI = --- +--x, - --X3 (14)

WI at WI WI 

B 8 CWI" AW3IX, = --- - -.xl +-X3 (15)
w, at 10, w, 
C a BWI Aw,

IX3 = ---+ --Xl - -x,. (16) 
w3 at W3 W3 

Moreover I is an almost complex structure if and only if A' + B' + C' = 1. 


It the above constraints on A,BtC are satisfied then n is a Kihler form precisely 


when I is integrable. Let us now check when integrability hold •. 


Assume first that A is not identically ±1. 


Then we can take 


Xl = ! -iAlOl X1 - iBw,X, - iCW3X 3 

and 

iA 8 iCtD, iB'tD3 x, =--+XI - --X, +--X3 
WI 8t WI 'lOt 

u independent (1,0) vector fields. 

Their Lie bracket is given by 

8 
(xhX,) =P8t +QXt +RX, +SX, 

where 

s 

P i(~)' 
lOt 

A), ( 'J C1)W'2W3Q --(AWt - B + - ­
lOt 'lOt 

R = _i(Cw'J)1 + (AB + iC)W3 - ~(Bw'l)' 
lOt lOt 

S = i( 
Bw3y + (AC - iB)w'l - ~(CW3)'
lOt 'lOt 

Using the eq~atjons (10-12) we can simplify these expressions to 

iA(? W'lW3)P = -- _a+-­
lOt lOt 
W'lW3

Q = 
lOt 

iCw1.( B W2 W 3)R --7-, +a+-­
lOt lOt 

iBw3 ({3 W2 W3)S --7- -a---.= 
lOt Wl 

Now (.'(It Xz] is a (1,0) vector field if and only if the following equations hold. 

-iP _":!'Q -.!.R - £5 o 
lOt Wz W3 

. ClOt BlOt
AlOtP- zQ - -R+ --5 o 

lO'l W3 

Cw, . AWl
Bw,P+ -Q-lR--5 o 

lOt W3 

BlO3 AW3 .
CW3P - -Q +-R - 15 o. 

lOt w, 
On substituting in our expressions for P, Q, R, 5 these equations reduce to 

004. = -iBCb - {3) (Ii) 

0(1 + A'l) = (B' - C2)(-y - {3) (18) 

(C-iAB)(o-{3+i) = 0 (19) 

(B + iAC)(7 - .8 - 0) = 0 (20) 
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From (19) we see that ,3 = a + AI or C = iAB. 

In the former case equation (20) implies that a = 0 or B = -iAC. If a = 0 

then ;; = 7. If, on the other hand, a¥:O and B = -iAC, then (17),(18) imply that 

a = C2(/3 - "1) and hence 0 2 = 1. It follows from (12) that i = 0 and a = p. 

Similar manipulations in the case 0 = iAB lead to the conclusion that either 

a=O,I1=i or !3=O,a=i' 

In the case A == 1 we can take 

a . x v .w3 X- -IWI I , ·'\2 - ~- 3at W2 

as independent (1,0) vector fields. Imposing the integrability condition leads to the 

equation 

W 2 
WI _ ( .2)' = WI W3 

W2 w¥ 
which implies that (3 = /. We also have a =0 because A == 1. The case A == -1 is 

similar. 

We have shown. therefore, that our metric is only Kihlerian in the following three 

cases 

(i) a = 0, /3 = / 

(ii) .a = 0, a = / 

(iii) / = O,a =/3. 

In fact, it is straightforward to show that in case (i) we must have either B == C == 0 

or else a = p = / =0 (in which case our metric is hyperkihler). Similar statements 

hold, with appropriate permutations, in cases (ii) and (iii). 

4. The scalar-fiat condition 

Let us now require that the scalar curvature R,cal... is zero. 
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Using the expressions of Pedersen·Poon [PPIJ for the connexion forms of the metric 

we can calculate the Riemann curvature tensor and hence the scalar curvature. We 

find that 

R.colo... = 4 
-1 

(2a' +2P' + 2'1' + a2 + p2 + '12 - 2ap - 2Pi - 2ai) (21) 
W1 W 2W3 

Comparing with the expressions of (i),(ii),(iii), we find that the scalar-Bat condition 

forces a, P, i to be constant. 

We summarise our results as follows. 

Theorem 1 

The only scalar-Bat Kihler metria given by (1) which are not hyperkihler are (up 

to permutations) those given in [PPl]. C 

5. Kahler-Einstein metrics 

We can also use the techniques of this paper to study Kihler-Einstein metrics of the 

form (1). We assume that the Einstein constant A is nonzero, so the metric is not 

hyperkihler. 

The Einstein equations in terms of 0, 0, e are 

2(~)'+ 2A(obe)2 = 0" - (0' - (2)2
o 

2(!)' +2A(obe)' = b" - (e2 _ ( 
2)'

b 

2(~)' +2A(obe)2 = c4 _ (b' _ 0')' 
c 

0'1/ b'e co' 64 024(- + - + -) +4A(obe)' = _04 
- - e4 + 202

'; + 262e2 +2e2

GO be co 

Let us assume that our metric is Kihler. From the discussion in sections 1·3 we 

c.&D without real loss of generality ta.ke a = fJ aDd '1 = O. Using (2) aDd (7-9) the 

Einstein equations reduce to the constancy of A and the relation 
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l.' 

Q = -Aw~ 

so we obtain the following result. 

Theorem 2 

The Kihler-Einstein metria of form (1) which are not hyperkihler are given, up 

to permutations, by solutions of the equations 

WI 
I = WIW2-Aw~Wl 

Wi
2 = W.W3- AW~W2 

Wi
3 = WIW2 

a 

Ie WI =w, then the solution to these equations is 

WI = W2 = /(w3) 

where 

I 2 2 3 
W3 =W3 - 3'AW3 + " 

and " is a constant. 

After making the substitution W3 = p2/4 we arrive at the Kihler-Einstein metric 

It. 2 16")-ld 2 1 2(' ') 1,( A 2 16" ,9 = (1 - -p + - p + -p a, +a, + -p 1 - -p + -)0"3
6 p" " 4 6 p" 

which was obtained in [GP1 and [Pd1. 

6. Kahler-Yamabe Metrics 

Finally, we consider Kihler metria satisfying the Yamabe condition, that ii, coutaacy 

of the scalar curvature. Taking Q = P and '1 = 0 as before, we see from (21) thai ,he 

scalar curvature is given by 
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R,colar = - WI W2tL.'3 

so the Yamabe condition is equivalent to 

0.' = 2ICWI W2 W 3 

for some constant IC. 

As i =0 this is equivalent to 

0.' = 2KW;W3 

and hence to 

0. =Kwi +.\ 

where>. is a constant. 

From Theorems 1 and 2 we see that K = 0 is equivalent to scalar-fla.tness, while 

>. = 0 is equivalent to the Einstein condition. 

Theorem 3 

Kihler-Yamabe metrics of the form which are not hyperkahler a.re given, up 

to permutations, by solutions of the equations 

W; = W2W3 + Wl(KW; + .\) 

w; = WIW3 +W2( ICW5+ .\) 

W; = WIW'l 

Cl 

As in section 5, we can write down the metric explicitly in the case WI =w, (that 

is, when the isometry group is U(2)). It is 

9 =~-ldr'l + !r'2(O'; + O'i + ~0'5)
4 
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where 

~ =1 + ~r2 + 8A + 16p 	 [PP2j H. Pedersen and V.S. Poon. Hamiltonian construction of Kahler­
6 r2 r" 

Einstein metrics and Kahler metria of const.ant. scalar 
and ", A, p are constants. 

curvature. Commun. Math. Phys. 136 (1991) 309·26. 
This is the family of Kihler-Yamabe metrics discovered by Pedersen and Poon in 

[PP2]. 
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