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BRAmED GROUPS AND DUALS OF MONOmAL 

CATEGORIESI 

Shabn Majid' 

ABSTRACT Let F : C.....V be a functor bet.ween monoidal cat­
egories. Previously we have shown that there is a dual monoidal 
category Co of representations of C in V and a functor C - C·· gen­
eralizing t.he Pontryagin duality of Abelian group.. If V is braided 
then there are also .uch notion. &I a coadjoint action oC Con C· and 
crosa products by it. In another context. we have .hown in this .it.­
uation (in the rigid ease) that there i. a Hopf algebra Aut (C, F, V) 
in a cocomplet.ion of V together with a functor C _ Aut(C, F, V)­
comodules (the category oC comodules in V). We report. on t.hese re­
sults and explore their relation.hip. We show that C·9!Aut. (C, F, V)­
modules (modules in V) and explain how these categorical dual­
ity constructions can be applied in an algebraic context to obtain 
new results about ordinary qU&litriangular Hopf algebras (quantum 
groups), &I well &I their .ipificance for phy.ics in the context oC 
quantum-gravit.y. 

INTRODUCTION 

'I ilis paper recalls a construction of t.he aut.hor in {16J of the dual monoidal cat.­

egory of a monoidal category, and develops it further. We begin in Sect.ion 2 by 

recallin& this const.ruction and &iving a number of details (including diagram­

matic proof.) that were omitted in [16J for reasons of space. We t.hen proceed 

in later sections to connect. this construction wit.h the author'. recent work on 

braided groups and quantum braided &roups[18J, in t.he case when the monoidal 

category is braided. The braided group Aut.(C) of a braided monoidal category 
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of C. Section 3 begins by summarizing this con.truction (with full details to 

be found in the preprint (IS]), and proceeds to show that in this ease C· can 

be identified with the category of Aut(C)-modules. This thereby develops our 

duality work of [16] in the braided group context, and is the modest new result 

of the paper. The results hold generally over a base category V. 

These categorical constructions are all fairly .traightforward once the right 

.....,-- ... '- _... definitions are found. Yet t.hey have important and non-trivial applications. We 

i:.:.)-f~;-~~ applications to Drinfeld'. theory of quasi triangular Hopf algebras 

.-."..'~"".,'-~"'.".... r(q'u:a:Mum, oups). Section 4 begins by recalling t.hese and then proceeds to

1-----......... ,~,-,... ~.,J J,~T~ e n~n.trivial.corollaries ofour general ~n.truetion. from Section. 2 


"'---- i ana'3'. maID result 11 a new category-theoretic proof of the result of [21] 

i. -~~';""""-'-""1 Jlt~tDrin Ws quantum double D(H) of a quantum group H is a semidireet 

t~---:.,;;.;-~·." .product.. ,his W&l proven by algebraic means, using an involved t.heorem of 

t. •t "iiadforil 51; we recover it now &I a .imple corollary of the main result of 
r~.-
~ .. 	 .. ,.~ appl;"! i. lhe " .. "h... C .. Ih. _ of H-modul... Tho---'-... ~,~~ 

t"--- -.-" .._._~_ '. ~midire1 product. explicitly t.akes t.he form Aut(C)>ctH. 


i.. 	 .1 ... ~ -;~nt'te t.hat a number of other application. of braided groups in this same k..." -....- ..--,.-'--___. .. 

I' 	 f'- ­t~ ...,,- · context. f quantum groups have recently been given in [19][20](with Curther 

r,.'~J'''''' . '. 'applica~ons in physics[14][15]). These applications use t.he general coD8truction 

I ....."..... ---,_. . . Aut.(C" ;., V) (i.e., over base V) &I a way to .hift the category in which an 

~~,"c~.. a1gebratc .tructure is defined. We begin with an algebraic structure ofone IOrt., 

t~."", .aiid u.i it. to generate a category C. By target.ing C in another cate~ry V we 

t can th~n transfer our original .t.ructure to one of the form Aut(C, F, V) in V. 

r"'cc . This process of 't.ransmutation' can be very useful in physics. For exa.Rlple, 
~.' . 

}; 	 ~ m~y be presented wit.h a group or quant.um group in an ordinary sense 

~.,- "."". " 	 but. "'fhich lives more naturally (and loob simpler) when transmuted to t.he 

'~atei~ry of super-spaces, or vice-versa[14]. For a braided example, we have 

.hown in [15] how the Weyl algebra of quantum mechanics of a one-dimensional 

particle lives more naturally in a braided cates:ory, where it corresponds simply 

to the braided line. These applications are all connected with braided monoidal 

categories and Yang-Baxter equations etc, which are quite a popular topic in 
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physics and certain areas oCmathematics. However, Cromour point o(view they 

are a special case o( more general duality considerations o( quite wide validity. 

It is not within our scope to discWlS these detailed applications here. Instead, 

the paper concludes in Section 5 with a brier outline (or category theorists o( a 

vision o(physics based on these duality considerations and category theory. This 

section is strictly optional but we hope it will be interesting Cor a reader who 

wants to know why the author, with a background in physics, should be led into 

category theory. Roughly speaking, one can argue[23] that complete theories 

o( physics have two aspects, a combinatorial (quantum) and a geometrical, and 

these are in duality. During this conference I benefited (rom discU88ions wit.h 

F.W. Lawvere and A. Kock who convinced me that there were some connections 

between these duality ideas and Lawvere's notions o( 'extrinsic' and 'intrinsic' 

in t.OpOil theory. To explore such a connection would certainly be an interest.ing 

line (or (urther work. 

DUALS OF MONOIDAL CATEGORIES 

In this sect.ion we recall the notion o( duals o( braided monoidal categories, 

with details oC some o( the proof's omitted in our report [16], and some (urther 

results. We use the standard definitions o( a monoidal category and (weak) 

monoidal (unctor as in the text o( Mac Lane{II]. Such a (unctor F : C - V 

means F(X)0F(Y)~F(X0Y) by (unctorial isomorphisms which we denote 

CX,y, compatible with the associativity isomorphisms. in the two categories. 

These (unctorial associativity isomorphisms.x,Y,z: X0(Y0Z) - (X0Y)0Z 

and .u,y.w : U0(V0W) - (U0V)0W will generally be suppressed (or clarity, 

as also the isomorphisms X0l?!!X, 10X~X (or the unit. object 1 (and similarly 

(or t.he unit in V). Throughout the paper, X, Y, Z etc denote general objects o( 

C and U, V. W etc general objects o( V. 

Definition 2.1 [16} Let F : C - V Ie 4 monoid4/1-nctor ktweea monoidol 

c4te,orie,. We define 4 ri,ht (C, F, V)-modu/e in V to k • ,4ir (V, .\y) where 

V if 411 o6jed 01 V 4nd .\Y E Nat(V0F, F0V) if 4n intlerti61e n4t.n&l tN"'· 

, .. 
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lorm4tion .\Y,X : V0F(X) -+ F(X)0V 06e,in, 

(id0.\y,y)(.\y,x0id) =(ci~y0id).\y,X0y(id0cx.y) ..\y.l=id, 

This clearly 'represents' the monoidal product in a natural way, and gener­

alizes the definition o( representat.ions o( groups and Hop( algebras as we will 

see in t.he next section. The main results are 

Theorem 2.2 [16} The collection 01 ri,ht (C, F, V)-modulu in Definition e.1 
lorm 4 monoid4l C4tegory, denoted CO. The morphism, (V,.\y) -- (W,.\w) 4re 

morphism. .; : V __ W in V ,uch th4t the mod. Ie, 4re intertwined in the lorm 

(id0';).\y.x =.\w,x(.;0id), VXinC. 

The monoid4' ,t",clare is (1, .\v, .\lox =id 4nd 

(V,.\Y )0(W,.\w) = (V0W, .\Y0W), .\Y0W.X = (.\y.x0id)(id0.\w,x). 

Proposition 2.3 [16} In the ,ettin, oltAe ,recedin, theorem, there is 4 monoid41 

1-nctor rp :C -+ CO· defined t48tologic41l, 6, 

X - (F(X),.\.;(X»' .\';(X),(Y,Av) = .\v,~· 

There is also a notion o( left (C, F, Vrmodule, the collection o( which is 

denoted ·C and a (unct.or C _ ·(CO) given by .\Y,X wit.hout inversion in Propo­

sition 2.3. In these results it is dear t.hat. there are also monoidal (unctors 

1'" : C· _ V etc (given by the (orget(ul (unctor) SO that (CO, r ,V) and 

(.C, • F, V) are dual systems o( the same type &8 (C, F, V). We can think o( 

V &8 a fixed category over which C, CO , • C, C·· etc are (undored. We consider 

a morphism between such triples as a monoidal (unctor bet.ween the first mem­

bers that is compatible with the (unctors to V. Thit is t.he $etting in which we 

work. For example, the (unctor " : C -- CO· is such a morphitm. 

The proof o( these results is in {16}. In (act, once tbe right statements 

are known, it is not hard to verify t.hem by elementary and standard diagram 

filling. The results show clearly the similarity between the construction o( 

CO and the classical duality o( Abelian groups, with their canonical inclusion 

G ~ G. However, by generalizing this Pontryagin duality to monoidal categories 
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we extend it to non-Abelian groups also (as well as beyond these to include 

Hopf algebra duality). Many constructions for groups and Hopf algebras can 

be extended in the same way to the setting of monoidal categories over a base. 

An example of such a result, when the base is braided, is 

Theorem 2.4 [16} Given (C,F, V) with V 6raided monoidal in the 6eJUe of [7}, 

there u a fcnctor a : C x C· ..... C- (compati6/e with F, r) with uomorphuJJU 

of the form o(X, O(Y, »E!0(X0Y, ) for all X, Y in C, i.e. the two fcncton 

o(id x 0),0(0 x id): C x C xC- - C· 

are nat.rall, c••iva/en,. We call a the left coadjoint action of C on C·. It i6 

given tautologicall, 6, o(X, (V, lv» = (F(X)0V,lcr(x,(v,~v») with 

lcr(X,(v,,\v»,Y = (id01v,x)(lv,z0id)(id0"v,F(y»(lv,a..c0id). 

Proof This (and similar proofs) were omitted in [16} for lack ofspace. We give 

it now in detail as a demonstration of the new techniques needed when working 

with monoidal categories in this way. Recall first that a braided monoidal 

category V is a monoidal one equipped with a braidi~g or 'quasisymmetry' of 

"v,w : V0W ..... W0V obeying two hexagon conditions and compatible with 1. 

We do not assume "w,v"v,w = id. Omitting the associat.ivity, the hexagons 

take the form "v,weu = "v,u"v,w and "vew,u = "v,u"w,u, This is well 

known by now, as is the resulting coherence theorem for braided categories[7]. 

A useful technique for our proor. i. a diagrammat.ic one. In this, all morphisms 

are written pointing downwards, " and ,,-I are written as braid croseings and 

other morphisms are written in boxes or as nodes. Functoriality of ", ,,-1 
says that such boxes can be translated through braid croseings. Recently, such 

short-hand notat.ion h .. been given an ambient topological interpretation in [8]. 

Thus the braiding and Definition 2.1 take the form, 

V0W V0W V~0;::)0F(Y) V~0F(X)0F(Y) 
, = -llv,xeY.v.w =>< .w!v = >< 

lv,Y 

W0V W®V F(X)0F(Y)0V F(X)0F(Y)0V 

SHAHN MAJID 6 

F(~~rJ®J F(X:.:r)J~ 

== 

F(Y)0F(Z)0V0F(X) F(Y)0F(Z)0V0F(X) F(Y)0F(Z)0V0F(X) 

Figure 1: Proof that coadjoint action C xC- ..... C- is defined 

The proof that o(X, (V,lv» obeys Definition 2.1 is then easily seen from the 

diagram in Figure 1. The upper three boxes on the left are the definition of 

lcr(x,(v,~v»,Y and the lower three of lcr(x,(v,,\v»,z. Arter cancelling inverses 

and using the braid relation for" we obtain c-llcr(x,(v,~v».Y\IliZC as required. 

The action of a on morphisms is the obvious one given by F0id, with its result 

viewed as a morphism in Co. The proof that this functor a is a left action in 

the form stated is more complicated and shown in Figure 2. On the left is the 

definition of 

lcr(x,cr(Y,(V,'\v))),Z = lcr(Y,(v.~v»,X lcr(Y,(v,'\v».z" F(X).F(Z)l;lY.(v,~v».x 

which, after cancellation, the braid relations and Definition 2.1 for lV,x\IliY 

computes to c-l1cr(x\IliY.(v.~v»,zc. Thus the natural equivalence required in 

the theorem is induced by c. Functoriality follows at once from that of c. This 

completes the proof. 

The ordinary coadjoint action plays a fundamental role in many applica­

tions of groups in physics (in the realm of quantization), so it is interesting that 

it generalizes to our setting. An application in category theory was given in 

[16] where we used it to construct a double Cf06S product C 1>4 C- in the case 

http:diagrammat.ic
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F(X)®F{Y)®V®F(Z) F(X)®F(Y)®V®F(Z) F(X)0F(Y)®V®F(Z) 

== 
~V,z ~V.Z 

F( 

Figure 2: ProoC that coadjoint action C x Co - CO is an action 

when CS!!CO'. Here t.here is an action {J : C x Co - C analogous to the above 

and Cpl>4oC' is a double semidired product (along the lines of [22, See. 3.2} 

for groups and HopC algebras) by these two mutual coadjoint. act.ioM simulta­

neously. When it exists, it is a monoidal category that non-trivially Cactorizes 

into the monoidal categories C and CO I and can be called the outer f"..nt"m 

do.61e D(C) oC C. 

Returning now to the general situation, let us describe some results that do 

not have Camiliar group analogues, i.e. some genuinely new phenomena. One 

such canonical Cact is that the dual in the special case Z(C) = (C,id.C)' is 

tautologically braided (with .(V,).v),(W,).w) = ~v.w). This has been observed 

8 SHAHN MAJID 

by DrinCeld[3J in another context, as well as independentlY in [9]. This Z(C) 

can be called the inner qUllIntum dou6le and provides a way to generate braided 

monoidal categories from monoidal ones. We note also t.hat our general C' 

construction haa subsequent.ly been generalized st.ilI Curther in [10] in the sett.ing 

oC 2-categories. For a different. t.ype of result we observe also 

PropoaidoD 2.5 Given (C, F, V) witA C 6raided then: ;, III monoitillli/uactor 

R : C- C' defined tlllUtologicllIll, 6, 

VX,Y in C.R(X) = (F(X),~R(X»' ~R(X),y = ci~yF(.x.Y)cx.y, 

Proof The output. oC R lies in CO due to F applied to one oC t.he hexagon 

identit.ies Cor the braiding. oC C and is a monoidal Cunctor due to F applied 

to the other. The other Cacts are equally easy. 

3 BRAIDED GROUPS 

We have said that the duality constructions above have been modeled on HopC 

algebras, wit.h C' considered heurist.ically aa t.he modules oC some Hopf algebra 

whose multiplication corresponds to the monoidal product oC C. In nice cases 

this can be made precise, i.e. the underlying Hopf algebra Cor t.he dat.a F : C ­

V actually exists and CO can be identified with its modules. This is t.he main 

result oC the present. sect.ion. The neceuary Hopf algebra (in V) t.hat. we need 

here haa already been int.roduced in [18}. d(17) and we begin by briefty recalling 

it. 

Recall that. an algebra (or monoid) in a monoidal category is an object. 

A and a morphism A®A - A which is aasociat.ive, and haa a suit.able unit 

morphism 1- A. A coalgebra (comonoid) is t.he same thing wit.h the arrows 

reversed. It haa a comultiplicat.ion A : A - A~M and counit t: : A - 1­
A bialgebra (bimonoid) is usually defined in a symmet.ric monoidal category 

and has both oC these structures with the additional condition that A,e: are 

algebra homomorphisms. Here A®A haa the tensor product algebra struc­

ture (A®A)®(A®A) - A®A defined by applying first the symmet.ry .A.A in 

the middle two Cactors and then multiplicat.ions Cor A. This definition can be 

adopted also in the case when • is a braiding not a symmetry, i.e. A®A is still 

http:symmet.ry
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associative. Bialgebras in braided monoidal categories were introduced in this 

way, and studied, in [17]. A Hopf algebra (Hopf monoid) is a bialgebra with an 

additional antipode morphism S : A - A playing the role of inversion. Finally, 

a (right) module of A is an object V and a morphism V®A - V obeying the 

obvious axioms. A (right) comodule is an object V and a morphism V - V®A 

obeying analogous axioms with the arrows reversed. It is clear that when the 

category is rigid, i.e. there are suitable dual objects, then A· is also a Hopf 

algebra and comodules of A· correspond to modules of A of appropriate (left 

or right) form. 

Theorem 3.1 {18}, clf17} Let F : C - V 6e 41 in Section I, witA V braided, 

rigid and cocomplde. TAen tAere u a bialge6ra Aut(C, F, V) in V, cAarader­

ized 41 unifler,al witA tAe propert, tAat F lactor, tAro.gA iii catego,., 01 rigAt 

comod.le, in V fta tAe lorgetl.l functor. II C i, allo rigid tAen Aut(C, F, V) i, 

a HopI algebra in V. 

This Aut (C, F, V) can be realized explicitly (d [27](1]) as a representing 

object for a certain functor to Sets or, in the language of [11], the coend 

Aut(C,F, V) = JX r(X)®F(~). 
Here F· is a contravariant functor provided by the rigidity in V and cocom­

pleteness in needed for the existence of the coend to be assured. In another 

variant we can take C rigid instead of V. Details are in [18]. 

The factorization of F in the theorem is via a monoidal functor C _ 

VAut(C,F,V) where VAut(C,F,V) denotes the category of right Aut (C,F, V) _ 

comodules in V. Tbus C is mapped to tbe comodules of tbis underlying Hopf 

algebra. However, except in special CaBel (such as V=Vec), this functor is 

not an equivalence. Thus we are not dealing here witb a (braided version 

of) a full Tannaka-Krein reconstruction theorem as in {27](1](24]. Nevertbeless, 

Aut (C, F, V) exists and contains a lot oCinforrnation about the system (C, F, V). 

Indeed, we now show 

Theorem 3.2 1ft tAe ,it.ation 01 TAeorem 3.1, 'Aere iI 4ft ilomorpAum 01 
monoidal categoriu 

C05!VAut(C,F,V) 
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wAere VAut(C,F,V) denote. tAe categorg 01 rigAt Aut(C, F, V)-modu/e. in V. 


Proof Firstly, rigidity of V means more precisely that for every object V 

t.here is a dual V· and morphisms.-y : 1- V®V·, evy : V·®V -1 obeying 

some a.xioms. Omit.ting the associativit.y morphisms etc as usual, we require 

that. (id®evy)( .-y®id) and (evy®id)(id®.-y) compoee to the ident.ity on V and 

V· respectively. Using these maps it is not hard to Bee that. there is a bijection 

hom(W®U·®T. V)5!hom(W®T.U®V) (1) 

for any objects T, U, V, Win V. The proof is similar to Lemma 2.1 of {18], for 

example if I : W®U·®T - V is given, the corresponding morphism on the 

right is 

W®T~W®U®U·®T·!,!+UU®W®U·®T.!..U®V. 

The automorphism bialgebra A = Aut(C, F, V) W88 defined in [18], cC[17] as the 

representing object of a functor V _ hom(F,F®V), i.e. there is a bijection 

hom(Aut(C, F, V), V)5!Nat(F,F®V). We then used rigidity of V in [18] and an 

observation like (1) (with W trivial) to give the coend realization mentioned 

above. We now use (1) in a similar way to conclude that 

bom(V®Aut (C, F, V), V)5!Nat(V®F, F®V) 

for all objects V. This gives the correspondence that we need for the theorem. 

Explicitly, if a : V®A - V is a morphism the corresponding natural trans­

formation is '\y,X = (id®a)9y,F(X)(id®~x) where ~x : F(X) - F(X)®A is 

the natural transformation in Nat(F, F®A) corresponding to the identity mor­

phism A - A (it is the A-comodule associated to X in Theorem 3.1). Figure 3 

tben shows tbat a a rigbt module corresponds to ,\y a right (C, F, V)-module in 

the seDBe of Definition 2.1. The left hand side is the definition of c- 1'\y,XfPyc 

after using C-l~XfPYC = (id®·)9A,F(Y)(~X®/Jy) (this is the definition of the 

multiplication in A Crom [18, Lemma 2.4]). The right hand side is '\y,y'\y,X 

and the two are equal as shown if (and only if) a is a right A·module. The 

proof can also be done by more conventional diagram-filling. This completes 

the proof of tbe theorem. 

http:comod.le
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V®F(::®F(~ V®F(X)®F(V) r~F(Y 

~ l,By/<y1= = ~~ 
(~Ya 

F(X)0F(Y)0V F(X)0F(Y)0V 

Figure 3: Diagram in proof of Theorem 3.2 

This represent.ation of C· in t.erma of Aut.(C, F, V), has a number of corol­

laries for t.he work of Sect.ion 2, at. least. in t.hese nice cues where Aut.(C,F, V) 

exists. For example, 

Corollary 3.3 Let F : C - V II. in Section t, wit" 6ot4 C, V rigid IIlld V 

6raided. nen CO iI rigid. 

Proof IC Aut.(C,F, V) act.ually lives in V (rat.her t.h{Ul a cocomplet.ion), it. is 

a Hopf algebra in V and hence its cat.egory of modules in V is also rigid. This 

is an element.ary feat.ure of t.he cat.egory of modules, or of comodules, of a Hopf 

algebra in a rigid braided monoidal cat.egory. The case or comodules (in t.he 

braided seUing) was spelled out. in [18, Lemma 1.1}. More generally we can 

argue by cont.inuit.y. In fact. t.he necessary maps 'It and ev are induced by t.hCllle 

in V (viewed now as morphisma in CO) and hence serve quit.e generally. 

In addit.ion, ifC is also braided t.hen Aut.(C, F, V) is a (dual) quant.um group, 

i.e. a dual quasit.riangular bialgebra or Hopf algebra in V, wit.h various con­

sequences for t.he st.ruct.ure of CO. We will discWill quant.um groups in det.ail 

in t.he next. sect.ion, in t.he simplest. algebraic seUing, and refer to (181 for t.he 

general case. Suffice it to say t.hat 'dual quasit.riangular' mean.s t.hat. t.here is 

a morphism R : Aut.(C, F, V)®Aut.(C, F, V) - 1 and Aut.(C, F, V) is 'commu­

t.at.ive' in a certain sense (in t.he braided category) up to conjugation by t.his 

in t.he relevant. convolut.ion algebra. In addit.ion, t.he morphism R in suit.able 

~ 
F(X)0F(Y)0V 

"'! 
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convent.ions converts comodules t.o modules, along t.he lines of an ext.ension of ' 

Proposit.ion 2.5. 

We ment.ion t.hat. in general t.erma, t.he dual quasit.riangular st.ructure R of 

Aut.(C, F, V) measures t.he failure of F to respect. t.he braidings: it. is given by 

t.he ratio of t.he braidings in C and V and is t.rivial in t.he case Aut. (C) where V 

is a cocomplet.ion of C and F is t.he ident.it.y. This Aut. (C) is t.herefore exact.ly 

'commut.at.ive' in a cert.ain braided sense and hence can be called a 'braided 

group' (in analogy wit.h affine group schemes), while t.he general case can be 

called a 'quant.um braided group'. See (181· 

4 APPLICATION TO QUANTUM GROUPS 

In t.his sect.ion we apply t.he cat.egory t.heoretic cOIl.lt.ructioll.l above to obt.ain 

a result. in t.he t.heory of quant.um groups. Various applicat.ions of Aut.(C, F, V) 

and Aut.(C) have already been made in t.his way in [19]{20] as well as in {13U6]. 

Our new applicat.ion is based on t.he connect.ion with the dualit.y of Sect.ion 2 

as found in Theorem 3.2. 

Briefly, an ordinary quant.um group for us is a pair (H, R) where H is a Hopf 

algebra over a field or commut.ative ring k, and R E H0H (t.he quasit.riangular 

element) is invert.ible and obeys the axioma of Drinfeld[4] 

tJ.op =R(tJ. )R-1, (id0tJ.)R =R13R12, (tJ.0id)R = R 131l.23· 

Here tJ.OP denotes tJ. followed by t.he usual permut.at.ion. If G is a group, its 

group algebra kG is t.rivially a quant.um group wit.h R =101 (it. is cocommu­

tat.ive). Quant.um groups are import.ant. in mat.hemat.ics and physics because 

t.hey provide, in t.heir represent.at.ion t.heory, a source or braided monoidal cat­

egories. The monoidal product (t.enaor prodUCt.) or t.wo H-modules is obt.ained 

by pulling back along the comultiplication tJ., in t.he usual way. The braiding " 

is provided by t.he act.ion of R followed by usual permut.at.ion of t.he underlying 

vector spaces. 

IC H is any Hopf algebra, eay finite dimenaional for simplicit.y, Drinfeld 

showed how to const.ruct. from it. a quant.um group D(H). Most. ot.her quant.um 

groups are quot.ients of such quant.um doubles, so t.his is one of t.he key con­

http:quant.um
http:quant.um
http:quant.um
http:Quant.um
http:quant.um
http:quant.um
http:quant.um
http:quant.um
http:exact.ly
http:quant.um
http:quant.um
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structions of the theory. In t.he conventions of [21] it coincides as a linear space 

and coalgebra with H*®H, but has a modified algebra structure 

(o®h)(60g) =E 6(2)O®h(2)g < Sh(l), 6(1) >< h(3), 6(3) >, h, 9 e H, 0,6 e H* 

where Ah = E h(I)®h(2) etc [29] and < , > denotes evaluation. The quasitrian­

gular structure is'R. = E.(r®l)®(l®e.) where {e.} is a basis of H and V·} 
a dual one. The structure of D(H) is a double crose product H*op C>(I H[22, Sec. 

4}. This is an example of the factorization of a Hopf algebra into two factors 

H*OP and H. It is dear that D(H)-modules are vector spaces on which both 

Hand H*09 act, in a compatible way. (or on which H acts and also coacts, 

in a compatible way, i.e. crossed H-modules as in [30». Moreover, if C is the 

category of H-modules then Z(C) =(C, id, C)O in Section 2 is the category of 

D(H)-modules[3}. 

Knowing this, a corollary of Proposition 2.5 for example is that if H is 

itself a quantum group, then there is a Hopf algebra projection p: D(H) - H 

inducing the functor C - CO. It can be easily be computed in terms of'R., and 

was the starting point of [21). Now, as a corollary of Theorem 3.2 we have, 

Corollary 4.1 Let H be ofin.te c'men,ional pa,;tria~ga/ar Hop/ algd"" (pan­

tam group) anc let C be tAe catego,., 0/ finite.cimen,ioAal H -moculel. TIlen 

D(H)~Aut(C)>4H 

a, a ,em.cirect procact olgd"" anc ,emicirect ,roJud coa/geb"" ., aA actioA 

anc coaction re6pect've/, 0/ H. 

Proof Identifying CO as the category of D(H)-modules as explained, Theo­

rem 3.2 now says that these correspond to Aut(C)-module. in C. This means 

vector spaces Von which Aut(C) acts H-equivarianlly. Here H acts on both V 

and Aut{C) as objects in the category. It is clear that such V are the same thing 

as Aut(C)>4H-modules where the semidirect product is by the canonical action 

of H on Aut(C). This establishes a correspondence between D(H)-modules and 

Aut(C)>4H-modules. which one can easily see to be monoidal and compatible 

with the forgetful functors to Vec (i.e. it does not change the underlying vector 

space). As a result, by standard Tannab.-Krein ideas Aut(C)>4H is a Hopf 
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algebra and isomorphic to D(H). The coalgebra structure here comes out as a 

semidirect coproduct by the H-comodule structure induced by a functor from 

H-modules to H*-modules (given by pull back along 'R. as a map H* - H). 

Let us note that the explicit form of Aut(C) in this example is known from 

[18). Writing A = H* so that C is the category of A-comodules, we have 

from [18] that Aut (C) =.4, realised on the same linear space and coalgebra as 

H* but with a modified multiplication and a non-trivial H -module structure. 

Explicitly, 

(A4»(h®g) =4>(hg), (g.4»(h) =E 4>«Sg(I»hg(2» 

(4)li)(h) =E('R.(2) .li)(h(1) 4>(h(2)'R.(1» 

for h,g e H and 4>, li e H* and 'R. =E'R.(I)®'R.(2). This gives an algebra 

and coalgebra but not a Hopf algebra in the ordinary sense. This explains the 

structure of D(H) found by algebraic means in [21]. There, using a theorem of 

Radford[25} it was shown that D(H)~B>4H where B was a mysterious algebra.­

coalgebra. We recognize it now as a Hopf algebra in a braided category. After 

this we can go further and express Radford's theorem itself in this language. 

It then reads: if HI - H is a Hopf algebra projection between ordinary Hopf 

algebras then there exists a bialgebra B in the category of D(H)-modules such 

that Hl~B>4H by the corresponding action and coaction of H. 

Our Corollary 4.1 can also be viewed as an example of a general 'bosoniza­

tion' theorem in (20). Using ideas of transmutation mentioned in the introduc­

tion, this asserts that any Hopf algebra B in the braided monoidal category of 

H-modules of a quantum group H, can be converted by a tautological semidi­

reet product to an ordinary Hopf algebra B>4H. In these terms, Corollary 4.1 

says that Drinfeld's celebrated quantum double D(H) is the 'bosonization' of 

the braided group .4 = Aut(C). 

5 A VISION OF QUANTUM..GRAVI'l'Y 

This section aims to indicate how the above duality considerations fit into an 

approach to the unification of quantum theory and gravity in [22][23). Such 
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a unification is of course a fundamental problem in theoretical pbysics and I 

believe that category tbeory provides some fundamental insight into it. 

The idea behind this application is very simple. Firstly, it should be stressed 

that theoretical physies is not so mueb concerned with 'what' is observed but 

with the question 'why is it observed', i.e. always seeks to explain structures 

in terms of still more fundamental structures or principles. This reductionist 

programme takes the naive view tbat tbere are indeed some fundamental laws of 

nature of which our experiments and observations are representations. Thua it 

is supposed tbat something is absolutel~ true, and tbat something else measures 

or observes it. 

However, every mathematician knows that such evaluations should generally 

be thought of more symmetrically as a 'pairing' of one structure with another. 

An evaluation J(z) can also be read z(!) wbere J is an element of a dual 

structure. Since theoretical physics adopts the language of mathematies, such 

an 'observer-observed' reversed interpretation of the mathematical structure can 

always be forced, but will the dual interpretation also describe physics? Tbe 

idea bebind [221[23] was tbat the answer should be 'Yes', i.e. that a fundamental 

theory ?f physics is incomplete unless such a role-reversal is possible. We can 

go further and hope to fully determine the (supposed) structure of fundamental 

laws of nature among all mathematicalstuctures by this self-duality condition. 

See [23] and tbe introduction of [22]. 

Cert.ainly, such dualit.y considerat.ions in lOme form are evident. in tbe con­

text of quantum theory and gravity (and may also be relevant to recent devel­

opments of duality in string theory). The situation is summarized to the left in 

Figure 4. For example, Lie groups provide tbe simplest examples of Riemannian 

geometry, while the representations of related Lie groups provide the quantum 

numbers of elementary particles in quantum theory. Thus both quantum the­

ory and non-Euclidean geometry are needed for a self-dual picture. Now, Hopf 

algebra.s (in tbe form of Hopf-von Neumann or Kac algebras) precisely serve 

to unify these mutually dual structures. Motivated by this we described in 

[23] systems of particles on homogeneoua spaces where this was achieved. The 

algebra of observables was indeed a Hopf (von Neumann) algebra of self-dual 
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?­

Figure 4: Representation-theoretic approach to quantum-gravit.y 

type provided the homogeneoua space and its dual one were suitably matched. 

The dual von Neumann algebra is built on the Banach space predual, 80 tbat 

roughly speaking. the role of obervables and states in the quantum t.heory can 

be interchanged. For example. the quantum (von Neumann) algebra of observ­

abies of a 1 + I-dimensional differentiable dynamical system was shown to be a 

self-dual Hopf algebra ifand only if the effective dynamics was that of a particle 

moving in the background of a 2·dimen8ional black hole-type metric. 

The duality considerations of Section 2 and (16) are then motivated by the 

question of wbat is the right mathematical structure to unify more complex 

quantum and gravitational systems. We bave established tbat (small) monoidal 

categories over a base make up a self-dual category. witb the duality C .- Co 

covering Hopf algebra duality (which in turn covers tbe duality operation on 

Abelian groups). and tbat one can begin to do pby8ies in tbis seUing (for exam­

ple, in tbe form of tbe coadjoint action in Section 2). It sbould be mentioned 

here tbat the functors in Figure 4 are intended to be of tbe nature of embed­

dings and to respect tbe relevant duality functors. Moreover, t.he collection 

of monoidal categories over a base is large enougb to receive varioua functors 

from botb quantum 8ystems (as in [2]. as well as tbe modular functor in confor­
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mal field theory) and Crom Riemannian geometry. Precisely which Cunctors we 

should take here and the search Cor selC-dual objects are topics Cor ongoing re­

search. IC they can be Cound then such selC-dual objects would be interpretable 

as (po!I8ibly generalized) quantum theories and (possibly generalized) geome­

tries, simultaneously. This is our approach to quantum-gravity. 

Finally, we note that in addition to the 'end' oC theoretical physics in the 

Corm oC quantum-gravity, we can ask also about its 'birth'. We take the view 

that the simplest theories oC physics are based on classical logic or, roughly 

speaking, Boolean algebras. Some physical (not mathematical) arguments in 

the last oC [23] suggest that the relevant duality here is provided by complemen­

tation. The situation is summarized on the right in Figure 4. Boolean algebras 

are considered selC-dual according to De Morgan's theorem. Going above the 

axis to Heyting algebras and beyond takes us into intuitionistic logic and pre­

sumabley embeds (ultimately) into an axiomatic Cramework oC quantum field 

theory. Dual to this, below the axis, F.W. Lawvere and his school have shown 

that coHeyting algebras can be viewed as the 'birth' oC geoemtry[12]. Specifi­

cally, it has been observed that in a coHeyting algebra one can view 80 = 0/\-0 

as the 'boundary' oC 0, with the relevant derivation pr~perty[12] 

8(0/\ b) = (80) /\ bv 0 /\ (8b). 

Here -0 is the smallest element such that oV-o = 1. To develop this geometrical 

interpretation oC cointuitionistic logic to embed (ultimately) in metric spaces 

and Riemannian (or Lorentzian) geometry is a task Cor Curther work. 

Finally, we can ask iC such problems as the unification oC quantum theory and 

gravity have a useCul parallel Cor the unification oC (generalized) intuitionistic 

and (generalized) cointuitionistic logical systems. For example, this might be 

achieved using suitable Corms oC HopC algebras or in the more general setting 

oC monoidal categories. We note in this context that monoidal structures are 

now used routinely in various models oC logic since the Cundamental work oC (5), 

see (28]. This unification is an interest.ing question suggested by the above. 

would like to note the recent. work [26] as a concrete step in this direction. 

18 	 SHAHN MAJID 

REFERENCES 
[1] 	 P. Deligne and J.S. Milne. Tannakian categories. S,ringer Leet. Note. in 

M4tA., 900, 1982. 

{2] 	 S. Doplicher and J.E. Roberts. Why is there a field algebra with compact 
gauge group describing the 8uperselection structure in particle physics? 
Comm. M4tA. PA, •. , 131:51-107, 1990. 

(3] V.G. DrinCeld. Private communication, February, 1990. 

[4] 	V.G. DrinCeld. Quantum groups. In A. Gleason, editor, Proceecling. of tAe 
ICM, pages 798-820, Rhode Island, 1987. AMS. 

(5) 	 J.-Y. Girard, Linear Logic, J. TAeor. Com,. Sc'., 50:1-102,1987; Towards 
a geometry oC interaction, Contem,. M4tA., 92:69-108, 1989. 

[6] 	 D.I. Gurevich and S. Majid. Braided groups oC HopC algebras obtained by 
twisting. Pre,"nt, DAMTP/91-49, 1991. 

(7] 	 A. Joyal and R. Street. Braided monoidalcategories. Mathematics Reports 
86008, Macquarie University, 1986. 

{8] 	 A. Joyal and R. Street. The geometry oC tensor calculus, I. Acltl. M4tA., 
88:55-112, 1991. 

{9] 	 A. Joyal and R. Street. Tortile Yang-Baxter operators in tensor categories. 
Pre,"flt, April, 1990. 

[10] 	 M.M. Kapranov and V.A. Voevodsky. Braided monoidal2-categories and 
Zamalodchikov tetrahedra equations. Mathematics report, Harvard and 
Northwestern Universities, 1991. 

{U] 	S. Mac Lane. Categories for tAe Working MatAem4tician. Springer, 1974. 
GTM vol. 5. 

[12] 	 F.W. Lawvere. Intrinsic boundaries in certain mathematical toposes ex­
empliCy 'logical' operators not passively preserved by substitution. Nov 
1989. 

[13] 	V.V. Lyubashenko and S. Majid. Braided groups and quantum Fourier 
transform. Pre,"nt, DAMTP/91-26, 1991. 

[14] 	A. MacCarlane and S. Majid, Quantum group structure in a Cermionic ex­
tension oCthe quantum harmonic oesillator, Ph,•. Lett B, 268:71-74, 1991; 
S. Majid and M.J. Rodriguez-Plaza, Universal R-matrix Cor non-standard 
quantum group and superization, Pre,"nt, DAMTP/9I-47, 1991. 

[15] 	S. Majid. C-statistical quantum groups and Weyl algebras. Pre,"n', 
DAMTP/91-46,1991. 

{I6] S. Majid. Representations, duals and quantum doubles oC monoidal cate­
gories (in Proc. Winter School Geom. Phys., Srni, January 1990). Sa"I. 
Reflc. Cin:. M4t. Palermo, Ser. II, 26:197-206, 1991. 



"'" 

BRAIDED GROUPS AND DUALS 19 

[17] 	S. Majid. Reconstruction theorems and rational conCormal field theories, 
Int. J. Mod. Pl". A, 6(24):4359-4374, 1991; Some physical applicatiollB 
oC category theory (in Proc. XIXth DGM, Rapallo, July 1990), Sp"nger 
Leet. Notel in Pl". 375:131-142, 1991. 

[18] S. Majid. Braided groups. Prep"n', DAMTP /90-42, 1990. 

[191 	S. Majid. Transmutation theory and rank Cor quantum braided groups. 
Prep"n', DAMTP /91-10, 1991. 

[20} 	S. Majid. Cross products by braided groups and bOllOnization. Prep"n', 
DAMTP/91-11, 1991. 

[211 	S. Majid. Doubles oC quasi triangular HopC algebras. Comm. AIgdnl, 
19(11):3001-3073, 1991. 

[22] 	S. Majid. Physics Cor algebraists: Non-commutative and non­
cocommutative HopC algebras by a bicrossproduct construction. J. AIgdnl, 
130:17-64, 1990. 

[23] 	S. Majid. Phd Thesis, Harvard University, 1988: HopC-von Neumann alge­
bra bicrossproducts, Kac algebra bicrossproducts, and the classical Yang­
Baxter equat.ions, J. lUnd. Anea/"i" 95:291-319,1991; HopC algebras Cor 
physics at. t.he Planck scale, J. Clealliccal eand Qaean'am Gnlvit" 5:1587­
1600,1988: Principle oCrepresentation-theoretic seIC·dualit.y, PA". E,aea", 
4(3):395-405, 1991. 

[24] 	B. Pareigis. A non-commut.at.ive non-cocommutative HopC algebra in na­
t.ure. J. Aigeinl, 70:356, 1981. 

[25] 	 D. RadCord. The st.ruct.ure oC HopC algebras wit.h a projection. J. AIg., 
92:322-347,1985. 

[26] G.E. Reyes and H. ZolCaghari. Bi-Heyting algebras, t.opos and modalities. 
Prep"nt, 1991. 

[27] 	N. Saavedra Wvano. Categories Tannakiennes. Sp"nger Leet. Notel in 
Meaa, 265, 1972. 

[28} a.A.G. Seely. Linear logic, .-autonomous categories and coCree coaigebras. 
Contemp. Meatl., 92:371-382. 

[29] M.E. Sweedler. HopI Algdnll. Benjamin, 1969. 

[30] 	D.N. Yet.ter. Quantum groups and represent.at.ions oC monoidal cat.egories. 
Meatta. Proc. Ceam6. Plil. Soc., 108:261-290,1990. 

Depart.ment. oC Applied Mat.hemat.ics 
& Theoretical Physics 
University oC Cambridge 
CambridgeCB3 9EW, U.K. 


