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Abstract
We study how different parametrizations of the

Thirring;model behave under finite chiral rotations
with the ¢-function regularization for the fermion
determinant. We show that in some cases the contri-
bution from.the chiral Jacobian may change the sdign
of the factor which multiplies the quadratic term
in the auxiliary field‘leading to an exponentially
divergent theory. We also propose how this problem

could be remedied by exploiting the invariance of

the theory under finite renormalizations.

PACS numbers: 03.70 + k — 11.10. Gh - 11.10 ILm

Keywords: Thirring model; Fermion determinant; Chiral rotations
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Since Fujikawa's discovery(1) that the chiral anomalies
can be obtained by examining the change in the fermionic
functional measﬁre under chiral rotations, there has beeh
an increasing interest in the evaluation of the Jacobians
associated with these trénsformations in the path integral
framework. Recently Gamboa-Saravi, Muschietti, Schaposnik
and Solomin (G-SMSS) proposed(z)’(z) a very elegant
(4)

method based on the z-function regularization and

Seeley's expansion coefficients(s)

, which permits to
extend in a natural way the evaluation of chiral Jacobians’
to theories which contain non-hermitian operators. They
have shown(s) that their method is equivalent to Fujikawa's
for the case of hermitian operators but yields different
results when non-hermitian operators are present..The
question as to which method is correct has not been
settled yet and further investigation is necessary.

Both approaches mentioned above have one thing in
common, they require an action which is quadratic in the
fermionic fields. If there are quartic fermionic
terms it is usual to reduce them to quadratic terms
}using auxiliary fields. However, it is well known that
for some models, like the Thirring model(7) for example,
this reduction can be performed in several ways. Some
ways lead to hermitian Dirac operators while others
lead to non-hermitian ones. We made use of the G-SMSS
method which tréats on an equal foot hermitian and

non-hermitian operators to study how the different
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parametrizations of the Thirring model behave under chiral
rotations. We are going to show that some parametrizations
apparently lead to ill defined theories whose Euclidian
action becomes unbounded for some choices of the chiral
rotation parameter. We also show this'problem can probably
be cured by performing a finite renormalization.

The Thirring model is described in two dimensional
Euclidian space hyv the Lagrangian

— r\2... 2
L= 1T - & Ty, 0)° (1)
M

where p = 1,2 , ¢ = and we choose a representation

d
YU H
in which the Yy matrices are hermitian, namely Yq = g
Yo = Ogs Yg = ‘03 and €40 = 1.

In Euclidian space
(0ot} = (T, Tl = {0 Tpd = 0, a,B = 1,2, (2)
hence if M is any 2x2 matrix then
(TP % = detM ()2 | BNES
where detM stands for the determinant of M.The identity
{3) and the Pauli matrices property that det o; = -1 may

be used to rewrite the four fermion terms in several

ways, for example
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-3=-

- %Emuwz 92—3—-2-@»)2 - - 8 ygn? - 3;-£(‘@¢>2—(i7y5¢>2],
| (4)
where g'2 = 292. If we sgbstitute the four-fermion term
in (1) by the second term in {4) we obtain the well
known equivalence between the Thirring model and the
N=1 Gross Neveu model. Each term in (4) leads to a
different parametrization of the Thirring model. After

reducing the quartic terms in the resulting Lagrangians

using the identity

e%p[(i}%Az} = &mw exp{- szx{~%¢2+{;1¢A}}. (5)

we obtain respectively

T(i madn? - T 1,2
Ll = ¢(1v3+gﬂ)4)+—2-Au = \I)D.]d) + -fAll y (6a)
L2 = $(12+igc)w+%02 z '1])“02\!)-&%02 , (6b)
Ly = W(il+gv5x)¢+-%x2 = 7503%-12-)(2 ’ (6c)
L= W(iﬁ+190+gY§0¢+%02+%x2 = $Da¢+%02+%x2 (6d)

where Au’o’ x are auxiliary fields and we have

suppressed the prime in g. Notice that only D1 and D3

g %
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are hermitian.
Now the fermionic part of the generating functional

has the structure
F = Lﬁﬁawexp[-fﬁDwdzx] = detD . (7)

A local chiral rotation over the fermionic fields is

defined as

ryga(x) —  _ Tryga(x)
v =e V', b= Y'e (8)
where r is a real parameter (0<r<1) which is used by
G-SMSS to compose finite chiral rotations from
infinitesimal ones by 'iteration(3). We define

ryga(x)  rygalx)
D.=¢€ - De = i%+a (9)

T - 0

Following Ref. (3) the symbol of the operaior‘Dr is'
G(Dr) = —Z+a0

and the Seeley's coefficients necessary for d = 2(1+1)

are )

b_y(x,E,0) = =(g+M)™", b_,(x,E,0)=-b_jagb_; ,  (10)
] 8b_1 aao

b_B(X,E,)\) = —b__zaob__.' - 1 3?;—‘ 3'-)-(;- b_1

G-SMSS have shown that the Jacobian J associated with

(8) is



CBPF-NIF-004/87

2i
(2m)

1 o0
and = - 2Idzxfdr [ d§ [du Tr[b_3(x,g,iu)y5]u(x).

18] Igt:‘l 0
(11)
We calculated Tr[b~3(x,§,x)75] for a5 = A+y58+p+75m
where A, B, Pu’ Qu may depend on X r and a. The
- result which is general enough for our purpdse is
Zun s s
A4AB+2) euv 0. P 12>\BUQu

Trlb 2(x,&,A\)yc] = My
-3 57 (2 - 52)2

(12)
To illustrate these ideas let us evaluate the
Jacobian for L, (6b). In this case |
, ryga(x) rysa(x) o ‘
D = e Dze = 18-1ry53a+1gocosh(2ra)+
| (13)

igo ys‘sinh(Zra),
from which we read

A = igocosh2ra, B = igosinh2ra, Pu = 0, Qu :—iraua

(14)
Substituting (14) into (12) and the result into (11)
we obtain
2 12,.:9° 1.2 2
and = -fd x50" (x)Fz(coshaa(x)-1) +5-fd“xa(x)3%a(x),
(15)
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Y

and the chiral-rotated generating functional

2m

_ o 2ysa
Z, = [ 9 Vavoo exp{ - [dx[Y(id+igo e YU o+
2 ) :
+ 2(1+8-(coshta-1)) 0% -5-ad 0 1} (16)
If we integrate over ¢
' 275a
— 2 = g%(F e )2
22 = ﬁ?¢9¢exp{~ Jdox[igy + > -
201+ %F(cosh4a~1)]
~ 1 aa2adl, , (7).

. A L I
but equation (3) implies that (Y e Y)“=(PP)© and

so the effect of the chiral/rotatioh amounts to a
finite renormalization of the charge 92 if a is
constant.

Using expressions (11) and (12) we may éasily
repeat the exercise for the Lagrangians (6a), (éc),
(6d) and we arrive at the following generating

functionals

Z, = faEbwmAu exp{—f[$(iz+gﬂ-iysza)w

1,2 1 .2 2
+ -Q-Au+ %‘Ea €vauv—ﬂda aldx} (18)

T
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_ _ 2Y5a
25 = [ayavox exp{-S[P(id+gxyge AU
1,,.9° 2 1.2 .2
+§(1 Zn(coshaa-l))x - 509 ald“x} (19)
_ » 2Y5a
z, = f9¢8¢908xexp{-f[v(13+g(io+y5x)e oo+

2 2
+ %(j+%?(cosh4a-1))02+%(1— %;(coshba-1))x2

g2 1 .2 02
- icx2n51nhaa~ 5700 a]? x} (20)

In deriving expressions (16), (18) through (20) we
‘have not neglected any total derivative. The results
were written as they were obtained from expression
(11). Several commehts,afe in order.

Examining expression (18) for Z

1

unless the term proportional to Euv Fuv ~ EuvauAv is

neglected the theory is not invariant under global

, We realize that

chiral rotations (a = constant). Apparently the
invariance of the Thirring model under global chiral
rotations holds only in the trivial topological

sector where one may safely neglect total derivatives.
G-SMSS made some comments along these lines

although they have not mentioned the term

proportional to € F |

UV - uv’
Expressions (19) and (20) for Z4 and Z, respectively
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are singular for some choices of the chiral parameters.

Indeed, for any value of gz)D it is possible to find

0q such that

g° |
1 - 2n(cosh4ao-1) =0 . (21)
If a ) ag the factor which multiplies x2 changes sign

and the theory becomes exponentially divergent.

However this problem may be remedied, the Thirring model
requires renormalization and one must add counter

terms to the Lagrangian. By choosing correctly the ¥
field counter term (~X2) one may cancel the uhwénted
(-92/2n)(cosh4a—1) rendering fhe theory finite. An
analogous observation holds for 22 where one may also

2 which comes

veliminate the term proportionél to o
from the Jacobian (see (16)) by means of finite
renormalization. If a was allowed to be imagihary

cosh4a~cos4a and the factor which multiplies 02

might also change sign whenevervg2/2n }1. The

necessity for this renormalization is not trivial.

Usually counter terms are calculated order by orderl
in perturbation theory assuming that g is small.

Our calculations, on the other hand,are non

perturbative, holding for all values of g,even for those

values for which the perturﬁative series does not

converge at all.

Qur calculations are easily generalized for the


http:values.of
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chiral Gross-Neveu mode1(7) (L = i¢33¢a+(92/2)[(¢a¢a)2 -
~(waY5¢

terms using auxiliary fields the N components of y

a)2], a=1,...,N). After reducing the quartic
decouple and one obtains the product of N terms
identical to 24. Hence, the Jacobian is Jz and the
factor which multiplies x2 becomes (1/2)[1-(g2N72m)
(cosh4a-1)] which may change sign if we choose «
conveniently.

In summary, we have studied carefully how different
parametrizations of the Thirring model behave under chiral
rotations using the g-function regularization. We
showed that all parametrizafions yields a non-trivial
Jacobian. The standard parametrization (6éa) apparently
is invariant under globél chiral rotations only if one
neglect total deerivatives. Other parametrizations on
the other hand are invariant provided that one performs
a finite renormalization after the chiral rotation.

We have seen that for (éc) and (é&) ill defined theories
may result if this renormalization is not performed.
Finally this interesting result was obtained using the
Lagrangian (6c) whose Dirac operator iz+gy5x is
hermitian and in this case the G-SMSS method is

equivalent to other approaches.
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