UR/95 10/
FERMILAB Al |

OCT 41995

LIBRARY =

i

i

0 1ik0D Do

1l

Ay

Comments on Weinberg’s second sum rule
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Abstract

A mass relation of p and a; mesons is obtained from both Weinberg’s first sum rule

and KSFR sum rule. By applying SU(2)r, x SU(2)r chiral symmetry, current algebra,
and VMD two new sum rules of the amplitude of a; — p7 are found. The expression

of the amplitude of a3 — p7 is presented in the limit of p, — 0 in terms of the new

mass relation.



One of the most important features revealed from quantum chromodynamics (QCD) is
the chiral symmetry in the limit of m, — 0 (¢ = u,d,s). For a long time, it is well known
that the p and a; mesons are chiral partners[1]. Two Weinberg’s sum rules[2] of p and a;

mesons have been established
ﬁ _ 9a — F_vf (1)
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where

< 0|V““|pl’,\ s e;\t&,bg‘,,
< 0|A%)ay >= €)8a19a,

and F} is pion decay constant, F, = 186 MeV. The mass relation
m2 =2m} (3)
is the consequence of Eqgs.(1),(2), and the KSFR sum rule[3]
2 _ _]‘_F2 2 (4)
gp - 2 7Tmp'

The determination of a; meson has a long history. It was finally established in diffractive
production[4] and charge-exchange production[5]. However, the extraction of the mass and
the width of a; resonance is troubled by the presence of a coherent background, attributed to
the Deck effect[6]. The three -pion final state of 7 decay[7] presently offers the best conditions
to study the a; resonance parameters. The determination of m,, and I'(r — a;v) enables
us to test the Weinberg’s two sum rules directly. Let us test the Weinberg’s first sum rule

first. g, is the coupling constant between p and + and it has been determined to be

g, = 0.116(1 £ 0.05)GeV? ()



from I'(p — I*17). Using m, = (1230 & 40)M eV, Weinberg’s first sum rule(Eq.(1)) predicts
that
ga = 0.145 £ 0.018GeV?. (6)

On the other hand, g, can be determined from

G2 3
I(r — av) = g—cos2ecgz%(l -
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a m,

TEP(1+272). (7)

The experimental data of the decay rate is[8] 2.14 x 107*3(1+£0.32)GeV and g, is determined
to be 0.145 4 0.033GeV?2. Therefore, Weinberg’s first sum rule is in good agreement with
the data. From Ref.[2] we have learned that Weinberg’s first sum rule is a result of chiral
symmetry, current algebra, and Vector Meson Dominance(VMD)[2]. We abbreviate chiral
symmetry, current algebra, and VMD as CHCV. The agreement evidences that CHCV work
well in studying hadron physics at low energies.

On the other hand, the present value of m, and the values of g, and g, show that
Weinberg’s second sum rule(Eqgs.(2),(3)) is not in good agreement with the data. However,
Eq.(3) is widely quoted in the studies of meson physics. It is known that besides CHCV an
additional assumption is invoked in deriving Weinberg’s second sum rule. Therefore, it is
significant to find the mass relation between the two chiral partners, p and a; mesons, only

based on CHCV. In order to do that let us rewrite Eq.(1) as

2,2 2.2
gz m F7r m
_dale Tz e (8)
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Substituting KSFR sum rule(Eq.(4)) into eq.(8) we obtain

2 gz 2
m, = 2=2m, (9)
r

Using the values of g, and g,, it is found
me = 1.36(1 £ 0.17)GeV (10)
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Theoretical prediction of Eq.(9) fits the data of m, better. One of the purposes of this short
note is to point out that the combination of Weinberg’s first sum rule and KSFR sum rule
leads to a new mass relation of p and a; mesons.

Now we can ask a question that if we get rid of the additional assumption made in Ref.[2]
what can we learn from Eq.(18) of Ref.[2](see Eq.(17) of this note)? The Eq.(18) of Ref.[2] is
used to derive the second sum rule by invoking an additional assumption. In order to show
that in the Eq.(18) of Ref.[2] a factor of two has been lost we start from the Ward identity
presented in Ref.[2]

1
53:M"(4,p) = AP (g +p) — AZ(P), (11)
where
—icaM* = [ dizdly < OT{AL(@) AL (y)VNO)HO > exp{~igz —ipy},  (12)
6P (p) =i [ diye™™ <OV} > . (13)

Following Ref.[2] and setting ¢, = 0 in Eq.(11), on the left hand side of the Eq.(11) only

pion poles survive. In this limit, Eq. (11)now reads

: (2 _
—7€abcq;‘M Iq,’,—vo =

0(y . -
o /d4ye—ﬂpyk q{%wwem < ma(k = =, ko) | AL (1) V2(0)[0 >
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o <04y YWANO0)|ma(k = G, ko) >
ko = qo —

% itko—a0)vo < 0|V A(0) AL (y)|ma(k = §, ko) >} (14)

In Eq.(14) the pion is on mass shell and in the chiral limit, ky = |g]. When k = —{ there is

kg 1 1 (15)
2k0 q0+k0—i€ 2’
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and when k = ¢ we have

k-q 1 1
= ——. 16
2k0 ko — qo — 1€ 2 ( )

In the limit of ¢, — 0, the 4-momenta of the pion states in Eq.(14) are zero. Considering

this fact and substituting the two equations(15,16) into Eq.(14), we obtain
Fy [ diye™™ < ml T{A () VA OHO >= —cac{ AP (p) — A2(P)). (17)

Comparing with the Eq.(18) of Ref.[2], there is an additional factor of two in Eq.(17). This
new factor does not affect Weinberg’s second sum rule. However, this factor is important
for the study of this note. In Eq.(17) A%(p) has p meson pole and A4*(p) has both pion
pole and a; meson pole. The left hand side of the equation(17) should have these three
poles. Therefore, multiplying both sides of the equation by p? — m? and letting p? — m?,
the corresponding pole term can be picked out from the equation, where m? is pion mass(in

chiral limit pion mass is zero) , p meson mass, and a; meson mass respectively. In order to

find the poles the left hand side of the Eq.(17) is rewritten as
F, [[dtye < n LA V2O >=
/d‘iy{ﬂ(yo)e_"kyiF,rku < mam(K)|[V2(0)|0 > +0(y0)e*¥(=)iFok, < ma|V0)|7, >

+0(yo)e™Vg,e37 (k) < ma| A5 (0)|pZ (k) > +0(yo)e™ g,e3 (k) < map? ()| A7 (0)]0 >
+0(yo)e ™ gael (k) < maaf (K)VA(0)10 > +0(yo)e™ gaey" (k) < ma|V.(0)laf (k) >}(18)

After using VMD, the following formulas are obtained

. K
< 7ra“/c/\(o)’71-17(]‘:) >= zeabcgpfprrr—nga
p
k’\
<mm(R)VAO)0 >= ~icuse, e, (19)

p
where f,rr is the coupling constant of the decay of p — 27 in the limit of p, — 0. Using

VMD, other four matrix elements in Eq.(18) are related to the decay of a; — p7r. The vertex

)



of this decay can be written as

{Aguu + Bprupvru}eabcazp?/ﬂ-c, (20)

where A and B are functions of momenta of a, p, and 7. In Eq.(18), the 4-momenta of the
state |r, > are zero, therefore only the amplitude A contributes to these matrix elements of

Eq.(18) and the amplitude A is defined in the limit of p, = 0. Using Eq.(20) and VMD we

obtain
1
v o 2\ .o v
< 74| A (0)[pZ (k) >= —€apega A(m;)e’ (k) m,
1 .
< map? (K)| A5 (0)]0 >= —€apega A(m2)e™ (k) —5—— (21)
m; —mg

In Eq.(21), due to &* = m2, we have A(k?) = A(m2). In the same way, two other matrix

elements of Eq.(18) are written as

1
V2 (0)105 (K) >= —canegpA(m?)———
< |V (0)]ag (k) >= —€abeg, (m“)mg —m?
—1—66*(]6)/\. (22)
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a

Eo(k)'\,

< maay (K)|VS(0)10 >= —eaeg, A(m)
It is necessary to point out that because of the limit of p, = 0 in Eq.(17), the amplitude
A is function of k% where k is either the momentum of p or a;. It has been found that

k* = m? in Eq.(21) and k* = m? in Eq.(22). Substituting the six matrix elements(19,21,22)
into Eq.(18), the pole terms on the left hand side of the Eq.(17) are found to be

) , A\ F2 pup/\
—Fw/d"ye—lpy < ’R'alT{A;:(y)‘/c (O)HO > lpoles = Z-eabcgpfpvrwm_g p2
p
. 1 A(mz) y p’\p”
~itabe Frdofa—> - (—g"* + =)
m2 —m2 p? —m? 2
. 1 A(m? i p¥p?
_Zfachwgpga mg — mg p2 — mz (_g + —mg ) (23)



By applying the VMD to the right hand side of the Eq.(17), the pole terms are obtained

v, A v, A (79N

PP, ] oA, PP Ly 1 v PP
1 F? — —_— — =) 24
™ p2 +ngp2_m[2)( g + pz )+Zgap2_ Z( g + z) ( )

Multiply both sides of Eq.(17) by p* and set p? = 0, the pion pole is picked out and the
following relation is found

9o fprn =m. (25)
Multiply Eq.(17) by p* —m? and set p* = m2, the p pole is picked out and the second relation

1s obtained

9aFr A(miy) = —g,(mg — my). (26)

Multiply Eq.(17) by p* — m? and set p* = m?, the a; pole is picked out and the third relation
is derived

9o FrA(m?) = —ga(m? — m2). (27)

The first relation is well known from VMDI[9]. It has been pointed out by Brown and
Wess[10], Schnitzer and Weinberg[11] that the amplitude A determined in the soft pion
limit(p, — 0) is far away from the physical amplitude of the decay a; — pr and they have
applied the hard pion approximation[10,11] in this decay. However, because Eqs.(26,27) are
based on CHCV and CHCV are very general, then these two equations can serve as the
constraints on effective chiral theories in which p and a; mesons are included. In other
words, in the limit p, — 0 the amplitudes of the decay a; — p7 derived from an effective
chiral meson theory must satisfy the two equations(26,27) obtained from CHCV. Use of the
new mass formula(Eq.(9)) leads to the determination of the amplitude A in the limit of
pr — 0. Following Schnitzer and Weinberg[11] the amplitude A can be written as a simple

polynomial in 4-momenta in the limit of p, =0

A(E*) = a + bk%



By using the new mass formula(Eq.(9)) and the two new sum rules(Eqgs.(26),(27)) we obtain

2 g, 2 g, -
= —g—mg, b= —g—(l — g—‘;)
frgp fﬂ'gp ga

In the limit of p, — 0, the amplitude A is determined to be

a

2 G o 92 2
A=—=—[m*+ (1 - 22)k“. 28
£l (- B8 )

This amplitude is in unphysical region and cannot be used to calculate the decay width of the
a; meson. On the other hand, the soft pion approximation( p, — 0) is used in deriving the
KSFR sum rule (Eq.(4)) and Eq.(25) too and the coupling constant f,., of the decay p — nr
in the KSFR sum rule and the Eq.(25) is in unphysical region. However, both the KSFR
sum rule and the Eq.(25) are in good agreement with the data. In Refs.[12] an effective
chiral theory of mesons have been proposed and the physics of the pseudoscalars, vectors,
and axial-vector mesons have been studied. The theoretical results are in good agreement
with data and the Weinberg’s first sum rule is satisfied analytically. This theory provides
an explanation to that why soft pion approximation works on p — 77 and doesn’t work on
a; — pr. In this theory f,» is almost independent of the momenta of pions, however, the
amplitude A of a; — pr strongly depends on p, and there is cancellation in the amplitude
A. Because of these two factors the soft pion approximation doesn’t work on a; decay. The
theoretical significance of Eqs.(26,27,28) is that in order to satisfy CHCV, the amplitude A
derived from any effective chiral theory must satisfy Eqs.(26,27,28) in the limit p, — 0. As
an example, the expression of A(Eq.(28)) can be derived from Refs.[12].

To conclude, a new mass relation between p and a; mesons is presented in terms of both
Weinberg’s first sum rule and KSFR sum rule. In the limit of p, — 0, two new sum rules of
ay decay amplitude and the expression of the amplitude of a; decay are obtained based on
CHCV.
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