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Abstract 

··:.F· '.J 
A new approximation scheme to the false-vacuum decay is sugge;t~- ...........- ....... 

In this scheme the bounce solutions can be obtained in an explicit and 

analytic way even for thick-wall bubbles. The result is compared with 

Coleman's thin-wall description, which shows that it nicely comprises the 

result of the latter prescription. Some applications are also discussed. 
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Department of Energy under contract DE-FG05-86ER40272. 



Phase transi tions have been discussed in innumerable contexts of physics. Among 

them, vacuum phase transitions in the cosmological settings have profound implica

tions for both cosmology and elementary particle physics. They are the turning points 

in the history of our universe. The.characters of the phase transitions can play decisive 

roles in the subsequent evolution of the universe. While the second-order transitions 

are usually smooth, the first-order transitions are dramatic and bring forth many 

interesting questions. In the discussion of first-order phase transitions the most im

portant ingredient is the calculation of the false-vacuum decay rates. Coleman[l] laid 

a groundwork on this matter. Even though he discussed false-vacuum decays in a 

broader sense, one of his main results is the so-called thin-wall approximation to the 

vacuum transition between two nearly degenerate vacua. 2 He considered a special, 

but generic, model of a single scalar with a metastable minimum. For this case he 

could get analytic expressions for thin-wall bubble solutions and the corresponding 

actions, assuming 0(4) symmetry and the near degeneracy of the minima. However, 

the latter assumption of near degeneracy is not satisfied for most of the parameter 

range in the models of our interests, e.g. SU(5) GUT models[3]. So, for more real

istic (and thus interesting) cases we should consider thick-wall solutions. One way 

to study this is to perform a humid numerical calculation of obtaining a bounce so

lution and computing its action. This is what people were actually doing. But the 

involved amount of numerical work is daunting. And without an explicit analytic 

solution it would not be easy to get an insight into the nature of first-order phase 

transitions emerging from various models. What we do in this paper is a try to obtain 

an approximate but useful analytic expression for a generic thick-wall bubble. 

Let us consider a simple model that gives a first-order phase transition. A nec

essary condition for this model is that it has at least one metastable minimum as 

well as a global minimum. For this model to be generic, we should be able to vary 

independently the height of the energy difference between the metastable point and 

the global minimum, the distance between the two vacua, and the height of the po

tential barrier. The essential features of the bounce solution are -mostly determined 

2The validity of the thin-wall approximation was questioned in Ref. [2]. 
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from these informations only. Then the simplest model with these properties is none 

other than a single scalar model of which Lagrangian is written as 

L = ~aJ1.</JaJ1.</J - V( </J) (1)
2 

where 

(2) 

with the constraints 8V/8</J = 0 at ¢ = v, i.e. 4a + 3b + 2c = 0 and V(v) < 0, z.e. 

a + b + c < o. This is also the only renormalizable one among the possible choice of 

potentials. Assuming 0(4) symmetry, the euclideanized action and the equation of 

motion are 

(3) 

and 
cP</J 3 d¢ 8V-+--= (4)
dr2 r dr 8</J 

where r = (XJ1.XJ1.)1/2. For convenience we rescale all the dimensionful quantities 

appropriately to make them dimensionless: a = </J/v, U = V/ av4, and x = ~vr. 
Then the above equations are written in terms of the rescaled quantities as 

7r2laOO [1 (da)2 1 ]SE = - x 3 dx - - + -U(a) (5)
a 0 2 dx 2 

and 
cPa 3 da 18U 
-+--=-- . (6)
dx 2 x dx 2 8a 

Redefine the parameters as c/a = '" (thus b/a = - 2( '" + 2) /3), then the potential 

U (a) becomes 

(7) 

Our choice of a = 0 as a metastable vacuum and of a = 1 as a true vacuum restricts 

I\, to be 0 < I\, < 1. At '" = 0 the barrier between two vacua disappears and at '" = 1 

these two vacua become degenerate. The potential looks like as in Fig. 1. In order to 

compute the action, first we should be able to get the bounce solution a(x). However, 

with the inclusion of the friction term the equation will never be integrable. Even 
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the boundary value of a at x = 0 denoted by 0'0 cannot be known until we get a full 

solution. For any nontrivial potential the only way to get an exact solution seems to 

be a numerical one. So we will disregard the friction term, but as a cOIYlpensation 

deform the potential U(o') to [;(0') = U(o') + ~U(o'). 

18(; 
(8)

280' 

where (;(0) = O. In principle one can always find this modified potential that shares 

the same sol u tion wi th the original equation if we do not restrict {; ( a) to some partic

ular form. However, for the integrability we will sacrifice this freedom by restricting 

the form of the deformation as ~U(o') = 0'0'4+,80'3+,0'2 (0', ,8, and, are deformation 

parameters) , which still renders {; renormalizable. This, certainly, would result in the 

deviation from the actual solution. But, if the deviation is not large, this restriction 

would be worthy of doing in light of integrability. The deformed potential is then 

given by 

(9) 

where A = 1 + 0', B - (-,8 + 2(K + 2)/3)/A, and C =((I\: + ,)/A)1/2. Since the core 

value of the bounce solution, i.e. 0'0, is neither the point where U( 0'0) = 0 nor 0'0 = 1 

(the true vacuum) but is somewhere between these two points, we deform the original 

potential to set U( 0'0) = O. This should be the case because we are neglecting the 

friction. Thus, there follows a relation 

(10) 

Now it is easy to integrate Eq. (8). Using the relation in Eq. (10), we obtain the 

following solution 

2 Cz 0'0'2 2 Cz )-1
o'(z) = 0'0 (cosh '2 - C2 sInh T . (11 ) 

where z == y'Ax. 

From this explicit bubble solution we can find the width of t.he bubble wall ~ 

and the radius of the bubble R. Obviously the width of the bubble wall is given by 

~ ~ 1/(CV2aAv) (12) 

4 



And defining the location of the wall as the point where a reaches half of its core 

value, i. e. ao/2, we find 

(13) 


Certainly ao, A, B, and C are parameters that should be determined in terms 

of 1'>0. We can determine these by matching the derivatives of a with respect to x 

at origin from Eq. (6) and from Eq. (8) respectively. Since we are left with three 

unknown parameters (B is determined from Eq. (10)), we need to match three 

different derivatives to get three independent relations. But, in this way we end 

up with very complicated expressions for ao, A, and C in terms of 1'\" which is not 

desirable. So we simplify the problem by setting A = 1. And we also determine ao 

empirically using the numerical result. We then need only one derivative matching: 3 

1 I'\, 2 
a(x) = ao - 4ao (ao - 2")(1 - ao)x -... (from Eq. (6)) 

1 222a(x) = ao - 4ao(C - ao)x _... (from Eq. (8)). 

Through this procedure we arrive at another relation 

2 I'\, I'\,
C = (1 + - )ao - - (14)

2 2' 

Using the numerical result, we find an empirical (not derived) formula for ao 

ao = 1 _ exp (_ ----'1'\,(_4-_1'\,---,-)) (15)1-1'\, 

For comparison we plot the above expression and the numerical result in Fig. 2. The 

formula reproduces the actual value within an accuracy about 1%. And thus, from 

Eq. (14), 
2 I'\, (1'\,(4-1'\,))C = 1 - (1 + -) exp - (16)

2 , 1-1'\, 

When I'\, goes to 1 (thus both ao and C goes to 1), the solution describes a 

thin-wall bubble, i.e. R/~ ~ 1. To be more quantitative, when fJ =1 - I'\, ~ 1, 

3Because of a (unphysical) reflection symmetry of the equations of motion under x -- -x, u(x) 

is an even function of x. 
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0"5 ~ 1 - 2 exp( -3/8) and C 2 ~ 1 - (3/2) exp( -3/8). Therefore, from Eq. (13) 

R 3 
~~5~1 ( 17) 

And in this case the solution becomes 

1 x ~ R/~ 

O"(x) ~ ~ [1 - tanh(x - ~)] x ~ R/6. (18) 

o x» R/6. 

However, as K goes away from 1, it becomes a thick-wall bubble. In particular, when 

K is very small, 0"0 ~ 4K and C ::: )7K/2. Thus, R/~ ~ 0(1). In this limit the 

solution becomes 
4K

O"(x) ::: • . ( 19) 
cosh 2

( J7K/8x) 

Even though it is hardly possible to get a simple formula for SE applicable for 

the entire range of K, we are ready to compute it at least for the aforementioned two 

interesting limits. First, in the thin-wall limit, using the solution in Eq. (18), 

(20) 


where 8 = 1 - K. This is exactly the same formula with that obtained in the con

ventional analysis, 4 which assures that we are on the right track. Likewise, in the 

small K, limit (the case of shallow barrier, namely the case of weakly first-order phase 

transition), we use Eq. (19) to get the action 

(21 ) 


4For example, in page 201 of Ref. [4], translating into our notations by replacing ,.\ by 4a and t 

by 6/6, we see it reproduces the same formula in Eq. (20). 
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For K away from these limits we do not have a simple formula. However, it is easy 

to do a numerical integration. We show the result in Fig. 3 which is being compared 

with the thin-wall and the shallow-barrier formulas in Eqs. (20) and (21). 

Given any model exhibiting a first-order phase transition, each of the difference 

between vacuum energy densities, the distance between two vacua, and the height of 

the potential barrier set equal to a corresponding quanti ty in the real scalar model 

that we are discussing: 

distance between two vacua ===} v 

energy-densi ty difference (22) 

barrier height 

Now we can write a, v, and K in terms of the parameters of this particular model. 

Then we know the (approximate) shape of the bubble solution and its corresponding 

action without cumbersome analysis. 

In conclusion, we obtained an analytic expreSSIon for a bubble solution which 

holds for a thick-wall bubble as well as for a thin-wall bubble. Our solution nicely 

comprises Coleman's thin-wall solution as a special limit. 
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Figure Captions 

Fig. 1. The plot of the potential U(a) when K, = 0.75. 

Fig. 2. The dotted line is ao from the numerical result and the solid one is the plot 

of Eq. (15). 


Fig. 3. The plot of asE as a function of K,. The solid line is the numerical result, the 


dotted is the plot of the shallow-barrier formula in Eq. (21), and the dashed is the 


thin-wall action in Eq. (20). 
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