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We consider a 2+ 1 dimensional model with relatividic fermion! interacting via a four
Fermi term. Our goal i. to mimic the procedure done in .tudying BeS superconductivity, 
name1y, linearizing the interaction with an auxiliary fie1d, and integrating out the fenruons 
to obtain the one-loop effective actlon for the auxiliary field, which i. then viewed as a 
condensate. We examine the effective potential to see if symmetry brea.k.ing occurs, which 
it does at 10w temperatures, and also look at the two-derivative term to ensure that its 
coefficient is positive, yielding an acceptable truncation of the derivative expa.naion. We 
also study the fi nite temperature correction. to the effective potential a.nd find that the 
symmetry ia restored at a critical temperature through a second order phase tra.nsition. 
The criticali't!XDoa€Ut f~~..~..AalL,.wlWdl..agreq :witb ~bc meG fieJd 
result. 

;-1 
m 
--I 

C
-...,. !L! J
=~.,'
Q .- 0,(., ( 
""1"'rr, - \ 

Ii ~ 
r 
ei 
~ 
~ 
-< 

I 
. -l 

IntrodudiQn 

In discussions of BeS superconductivity by field theoriSt&,l .2 a. common approach il 

the following. The starting point is the second-qua.ntized BeS Lagrangia.n, including the 

effective electron-electron interaction: 

.cacs = "'1(iB. - E(P))"'T + ,pl(i~ - f(P))1/1i - ~1P~,pI,p!"'T' (1) 

Here f (p) is the kinetic energy, including a chemical potential and coupling to eledrom&8

netiam, if desired. This has the obviou6 U(l) phase symmetry'" _ t. iS ",. One then argues 

that the low-energy behaviour of the theory is best described in terms of a condensate field 

Tather than the fermions. Physically tbis is connected to the fact that there is a gap in 

the fermion spectrum below the critical temperature, &Ii a result of which long-wavelength 

excitations of the condensaie are much cheaper to create than fermionic excitations. 

In order to achieve an effective theory for the condensate, one replaces the four-

Fermion interaction in (1) by a Yubwa-type interaction with a scalar fie1d, a step known 

as a Hubbard-Stratonovich transformation. Consider then the following Lagrangian: 

LI = 1/1~(i8t - f(P»,pT +,pI(i~ - E(P)),pi + .;r9(t;-,pi,pr +#~,pr) +9t;-t;· (2) 

The equation of motion of tP- is 

9tP + J>:!J1/Jl,p1 = OJ 

inserting this in (2) we recover (1). We alao note from this that tP has charge two, if '" haa 

charge one. 
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The advant~e of (2) is that its bilinear nature in the fermion field. permits one to 

eliminate the fermion, &t leut formally. In the language of path integrals, the generating 

functional of (2) i. 

z = ! v,ptv,p1)t/J-1)t/Je iSI , (3) 

where 51 = f ~z C+ Notice that the functional integral over the scw field can be done, 

yiel.d.ilJ3 ILD "efl«tive action" for the fermion which is none other tban the integral of (1). 

From (3), one can perform the fermion functional integral: 

z = J'D~· 1)t/JeiS.ff(.· ' .), 

where 

eiS •trW .• ) = J'D..p tr>tpeiSI (4a) 

and 

S = -iTt log (Po - f(p) -..;xg~) +! tI' z 9t/J·t/J. (46)
eft" .jIgt/J. Po +f(p) 

Here the matrix, if sandwiched between y,t = (y,~ ,tPd and tP = (y,r,y,!lT, gives the 

fermion-dependent part of (2). 

Next, the effective action can be evaluated in a gr&dient expan.ion. The lowest-order 

term, with no derivatives, i. the effective potential for the condenaatcj at finite temperature, 

the result is 

T 
Yeti" - alog -¢.¢ + b(¢.t/J)2, (5)

Tc 

where a, b are p08itive parameters, the details of which are not important to U8. One 

sees from the effective potential that ¢ attaina a nonzero vacuum expectation value be

low 8. certain critical temperature. When that happens, electromagnetism i. broken and 

superconductivity results. The phase transition is of second order . 
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In this paper, we essentia.l.ly want to repeat this calculation in a relativistic setting. 

Although we do not have a specific condensed-matter Iystem aa a st&rting point, we were 

motivated in this investigation in part by other recent worka where relativistic fermionic 

field theories ( usually in 2+1 dimensions) have arilen lUI effective modela of strongly coupled 

electronic systems on a plane.3 These continuum Dirac fermions have two' or moret apecies 

a.nd describe the long wavelength excitations of an underlying lattice Hamiltonian, with 

linear diapenion relation. Couplings with scalars and gauge fielda (both abelian8 ,1 a.nd non

abelianS ) can al.&o arUe because of the residual interactions and con.traint. at the laUice 

Level. Four-fermion couplings have been considered in Ref.9. Recently, gauge theories, 

and in particular thOile with dati.tic..changing Chern-Simons (C-S) couplinga, h&ve been 

closely examined after Laughlin's suggestion regarding their possible relevance to high-

temperature .uperconductivity.lo Mode1J with couplings to neutral .calan and Cpl (or 

0(3)) bosons have alao been dudied to lIettle the que.tioD. of spontaneous breaking of 

parityl l .12,U and bound state formation, and to find the occurrence of superconductivity. It 

Probably the first situation in which a calculation similar to the above waa done in 

a. relativistic letting W&l the work of Nambu and Jon&-Luinio.1:l Thia work, which ia 

actually approximately concurrent with BCS, introduced the idea of dynamical symmetry 

breaking in the context of the pion-nucleon system. A four-Fermi interaction was shown 

to break crural symmetry, leading to what are now known as Nambu-Goldstone bolODS, 

which Nambu and lona-Lasinio identified with the pion. 

Another, more recent field tbeory which mimics the BCS theory a.s discussed above is 

4 

http:essentia.l.ly
http:D~�1)t/JeiS.ff


the Gro..-Neveu mOdd,16 a 1+1-dimenaional model deKribed by the following Lagrangian: 

- . 9'1 - a 
CGN = 1/JiiHi + "2 (~it/J,) . (6) 

Again one often introducel &11 auxiliary field to remove the four-Fermi interadion, replacing 

the lut term in (6) with 

- 1 :1gHiYJi - 2; . (7) 

It is well known that the dUcrete chiral transformation., -+ "'51/J it broken spontaneously. 

Thill aymmetry brea.king, together with the fact tha.t the model i. asymptotically free, 

makes it a good testing ground {or QCD (although given that it is in 1+1 dimensiona 

make. the connection rather tenuous). 

One obvious difi'erence between the Gross-Neveu model and the BCS theory is that 

the "condClllate" tP in (7) i. a real (uncharged) scalar, while that in BCS is doubly charged. 

One can of course couple & charged scalar to (ermions via an interaction of the form 

# ltPlZ, 

but thU is not terribly reminiscent of BCS. 

In order to find a closer analog we multi find a doubly-charged bilinear in the fermion. 

This can be done using the charge-conjugate fermion field,,pc O';;T = i..,'l,p·. The 

appropriate relativistic genera..lization of (1), which we will analyze in det&i.l, is thus 

2 

C = ~(iI - eA),p + ~,f,,pc,f,C"" (8) 

Coupling to the photon field endows the model with a U(1) gauge symmetry. 
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In what (ollows, we will remove the four-fermi interaction in favour of aYukawa-type 

coupling to an auxiliary field tP. Our goal i. then to perform a derivative expanaion of 

the effective theory ior r/J. As a fuel step, the effective potential will be computed at 

the one-loop level to study the queetion of radiative breaking of the U(1) symmetry 4 lG 

Coleman-Weinberg. 1 7 After answering this quetltion in the affirmative, finite temperature 

effects will then be incorpora.ted to ahow the restoration of the symmetry at a critical 

temperature, t.he phaae transition being of second order. In contrast, it is interesting to 

point out that molt of the COS theories give rise to so-called semi-superconductivity, where 

there is no phase transition . 

Were tP a true dynamical field, rather than an auxiliary field, we would argue that the 

two-derivative term induced by the Cermion loop serves only to renormalize the already-

present, kinetic term for r/J. However, being an auxiliary field , it haa DO kinetic term and 

the induced two-derivative term is physically significant ~ it stands. In order for the 

expansion up to two derivatives to be sensible, therefore, the coefficient of this term mutt 

be positive. We check this, and find that it it. 

We restrict our aUention to 2+1 dimensions, (or two reasons. First, many interesting 

relativistic analogs of lattice spin system. are in 1+1 and 2+1 dimensions. Second, u has 

been emphasized recently by Rosenstein, d al.,12 the strong ultraviolet divergences which 

arise in 3+1 dimensions are prohibitive, leading one to consider lower climeruions. The 

point is that, although naively non-renormalizable, four -fermi theories in 2+ 1 dimensions 

can be made renormalizable in an appropriate large-N limit. However, the phY8ica of 

1+1 dimensions is in many ways unique, and in particular can be very different from 
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3+1 dimensiona, puhapi too much 10 in order for what u learned in 1 +1 t.o be useful in 

3+1 dimenliona. So we are left with 2+1 dimensions. It mUllt be admitted, furthermore, 

that it haa not eacaped our attention that high-temperature superconductivity is a planar 

phenomenon. 

We uae a diasrammatic approach to compute the derivative expansion,u making use 

of the interpTetation of the effective action in terms of one-parlicle-irreducible Green', 

fundion.. The approach it eaaentiaUy a generalization of the method devised by Coleman 

and Weinberg to compute the effective potential. An alternative approach 18 uling IUl 

expansion of the trace-log representation of the etrec1.ive action is also employed &8 a 

check. 

It is worth pointing out at thil point that the effective Lagrangian we arrive at, with 

additional .calar aelf-coUplingl, haa been anal)'1Cd before for the purpOIC of finding zero

modea of the Dirac equation in the presence of & vortex, either without20 ,21 or with22,;n a 

COS term. Hence our inve1liigation aupplemenb these previoull works. 

u. One-loop etrective actioD at aero temperature 

As mentioned above, our analym of the Lagrangian (8) begins by first decoupling the 

four-fermion term by introducing auxiliary fields cP and cP" . The new Lagrangian reads 

c = t{J(iI- e4.),p - ~ (cP°-j,c,p - H,pC) - cP·cP; (9)
2 

substituting the equatioDs of motion for cP and cPo back in (9) reproduces (8). It is worth 

pointing out that to maintain gauge invariance of the. Yukawa term in (9), the charge of 

the complex field has to be q = 2e. 
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The effective action for the scalar and gauge fields is attained by integrating over the 

fermions: 

eiSefr[A , ~,~' J = J1>1jj-p,p eiS• 

In fact, the dependence of Self on A can be deduced from gauge invariance, 80 often in 

what follows we set A to zero. 

A nonlocal object, Self cannot be computed exactly. However, if our goal is to dcacribe 

the low-energy, long-wavelength excitations of the condenaate, it il reasonable to aUempt 

& gradient expaDJion of Self. Indeed, the equivalent of the trace-log in (4) can be computed 

&I a derivative expansion directly. However, a perhaps more physical approach is to appeal 

to the interpretation of the effective action aa an objec1. which incorporatel the effects of 

scalar field interactions mediated by internal fermion linea. Thus, Seff is the generating 

functional of one-particle irreducible vertex functiolll: 

d3

Self[cP,cP 1= - I ~ n!2 (271'-)3 (2,..)' ... (211"r' (2,..)3(2,..) 6 L..JPi + qd 

x r(n,n)(Pl, ' . . , pnj ql,'" , qn)~(Pl )~·(ql)··· ~(Pn)~·(qn) (10) 

• . ~ 1 f d'PI ql d:lpn d'qn :I 3(~ 

Alterna.iively, simply by recognizing Self as a functional of cP, it can be expres8ed in terms 

of the gradientll of cP and cPo: 

S"If[cP, cPO) = f d3 :z: (-Veft'(cP) +Z(cP)8,.cP8"cP" + ... ). (11) 

The key feature of the first expansion is that each term is calculable: r(n ,n) are the one-

fermion-loop diagrams with n external q,'s and q,°'s . On the other hand, the second is a 

convenient way of capturing the long-wavelength behaviour of the scalar field as induced 
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by the fermion. In what follow. we will compute the fint two terms in the derivative 

expanaion through judiciou. combinations of the IPI Green'a functions . 

We concentrate fint on the effective potential. By rewriting (11) in momentum space, 

the other term. van.iBh at sero momentum, to Yew can be calculated from Green 's {unctions 

at zero momentum. It i. Dot difficult to see that 

00 (~.;)" 
Yew(;) = Yo + i L -'2- r (n ,n)(o, . . ·Oi O,·· ·0). (12) 

n. 
1 

T he Bum over all zero-momentum diagrams appears formidable, but as shown by Coleman 

and Weinberg, it i. actually quite doable. The only unusual twist in the present case is 

actually in the Feynman rWe.: the # " t: coupling, (or example , gives a vertex with an 

incoming; and two outgoing fermion • . 

After some work, the effective potential is found to be (up to a cODlitant) 


Veil' = V(O} + i J d' k log (1 _ g2;_</»

(21r)' Icl ' 

where ye O) is the classical potential, i.e., the lut term in (9). YeW is linearly divergent j 

imposing a cutoff A, we get 

Yell' = (1 -~) 4>-4> + 4g' (</>.;)'/l, (13)
a c 371' 

where a = 92/ 4 and a c = 7I'2 / 2A . 

We see that if a < a c , tbe symmetry is not broken, while for 0: > at: it is broken, the 

auxiliary field developing vacuum expectation value 

71' 0: - Q 

1J= I t/lI = 89~
c 

' 
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Note that if we iiuppose that A/ g2 ).l> I, v -t A/ 41fg. 

Bdow we will determin e t.he temperature dependence of the effective potential; for 

now we cont inue with the zero-temperature derivative expansion . If we are to have a 

sensible Ginzburg-Landau theory {or the condensate, the two-derivative term muat have 

B. positive coefficient. The computation i8 very aimila.r to the effective potential. The Z 

term from (11) is, usin g a Taylor expansion (or Z(4)) , 

00 ; d'q; )"Z ,. J (J d~p ' 3 -L -;J (21f)3 (21r)3 (21r) 5 (L Pi + qi) 
o 

x Po . 9o~(pl) '" ~(Pn)¢· (ql)· · · ~·(qn) 

T his time, it is clearly Green 's functions with two nonvanishing external momenta which 

contribute. After some work, one finds 

5g2 

(14) Z(4)) = 9671'~ ' 

where ~ = gv ill the induced fermion mus. (14) i8 blissfully positive. 

Incorporation of electromagnetism is t rivialj since we know; has charge 2e, the kinetic 

term muat be modified to an appropriate covariant derivat ive; we get effective Lagrangian 

2 3 
I" 5g 1(8 A ) 12 ( a ) . 4g _ )3/2
r...e.1I' = -96 ,. - 2e /01 4> - 1 - - </> 4> + - ( </> 4> • (15)

7I'~ a c 31r 

m. Finite-te m perature effect. 

We now analyse the temperature corrections to the effective potential in order to 

determine the nature of tbe phase transition . In the imaginary-time formalism, finite 

temperature is achieved by making field configurations periodic or antiperiodic in time, 
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with period fJ = l/T; in what follows we put ", the Boltzman constant to one. In Euclidean 

momentum .pace thi. amount. to replacing Jd3 k/(271")' by /3-1 'L,J tPk/(21r)2, where 

leO = 2#1-1(1 + i/2). The effective potential at fitUte temperature i. then 

oc tPlc ( g'l¢>.¢»Vd(~t~·iT) =~.~ - ~ ~J (21r)'l108 1+ k2 + !fr(l + i)2 . 

The calculation i. more or lea••tandardj'l* after lOme work, the re.ult i. 

Ve.(~tt;·iT) - Yew(OjT) = Yelf(tP,t;-;O) + g2~.~ log (1 +e-fJ,v'N)

1 21r/3 

1 
00 

t
2 3,[3]- - dt--+ - (17)

271"/13 fJ,./N et + 1 471"P' . 

The critical temperature can be computed from the coefficient of the tP- ¢> term( thi. ia 

done by di1ferentiating the ¥elf twice with rellpect to tP and ¢>- and aublequenUy putting 

tP and ¢>- to zero). After aimplification we lee that there i. indeed & critical temperature 

(Uluming Q > Q c 10 that there is Iymmetry breaking at zero temperature), given by 

9'1 (18)Tc = ' 2108 2 

The order parameter approachea zero smoothly, with critical exponent P =1/ 2, so this is a 

second-order phue trlLll.8it;on. This behaviour of t.he order parameter (P = 1/2 is preciaely 

the mean-field value) also ariBeS in the context of the Gross-Neveu mode1.25 

The m8Bsgap p. being gv I thc pbysically rdavant quantity 21J/Tc in thia theory equals 

410g 2, this is lower than the BCS value 3.52 . 

We have alao calculated the two-derivative te.rm at finite temperaturc to make snrc 

that it is well behaved bdow and above the critical temperature. 
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Finally, let us mention that in 3+1 dimensions the effective potential is 

v(3+ 1 
) = _ 1_ (2AZmZ +milog(m2/A2) _ ~~)

elf 321r2 2 . 

It is, aa mentioned above, much more divergent than in 2+ 1 dimensions: quadratically 

rather than linear. This i. a serioul problem if one hopes to attain large- N rCDormw

ability, aa diaculsed above. 12 

Note that our condensate, ~1/Jc does not tra.nJCorm in a well defined manner under 

parity and time reversal symmetries. ThiA i. due to the phue arbitrariness of the spinors 

under the above discrete tranarormationl. Thi, lead. to the question of the possible pretl

cnte of a C-S term in the effective action. ThiA term could arise from one-loop diagrams 

with two external photons carrying momentum (in addition to any number of scalar fields 

at zero momentum). However it is easy to 5ee that .uch diagrams can never generate a 

C-S tcrm. This is esaentially due to the £act that there must be an even number of ex

ternalscalar legs (to preserve gauge invariance), and therefore an even number of fermion 

propagators. Since thc fermion i. maasles. there reaults a trace of an even number of 

propagators; however with two-cDmponent Ipinon a C-S term would only arise from the 

trace of three gamma matrices (proportional to f;jt). In hindsight, this result is perfectly 

sensible becauae the photon field and consequently the C-S term is well defined under P 

and T transformations unlike the spinors . 

To conclude, the model presented here exhibits superconductivity without a parity 

breaking C-S term and is based on a relativistic field theory which wee naturally in 

many strongly correlated electronic systems. Further analysis of this model using the 
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lCiIge-N method and it;; connedion with the mic!"C5ccpk le.ttic~ Hamiltonian!! i~ cu!!'~ntly 

under progress and will be reported elsewhere. 

We acknowledge useful discussions with Dr.V.Spiridonov and financial support from 

the NSERC(Canacia). 
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