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Ab.t r Bd 

Quantum algebras provide a natural algebraic setting for q-special func
tions. Taking as example the quantum Euclidean algebra in two dimen
sions, we shall explain how generating functions, orthogonal relations 
and addition formulas for q-analogs of the ordinary Bessel functions can 
he obtained in tbis framework. 

Lie theory gives a natural setting for an algebraic interpretation of the special func
tions of mathematical physics. Using the exponential mapping from the algebra to the 
corresponding group, one computes the matrix elements of group operators in specific 
irreducible representations and finds that these are tipically expressible in terms of hyper
geometric series. i 

A similar connection bas now been established2 - 5 between quantum algebras and t he 
so called basic or q-special funct ions.' In this case, one considers m atrix elements of op
erators built with q-exponentials of the algebra generators; these elements turn out to be 
expressible in terms of q-hypergeometric series. Also, q-special functions appear as basis 
of irreducible representations of quantum algebras. T his algebraic setting is extremely 
usefull in studying properties of these basic special funct ions. Indeed, various generat
ing relations, orthogonality properties and addition formulas can be obtained within this 
"group- theoretical" interpretations. We shall illustrate this algebraic approach to q-special 
functions by considering the two-dimensional quantum Euclidean algebra £9(2) and its 

4connection to q-Bessel funciions .2 

T he algebra £q(2) is defined by the following commutation relations of itB three gen
erators: 

[J, p ±J = ±P± , [P+.p-J = o. (1 ) 

(oj Supported in part by the National Sciences a.nd Engineering Research Council (NSERC) 
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It is endowed with a non-trivial Hopf Itructure. Each irreducible representation Q(w, mo) 
of [ , (2) il characterized by two complex numbera w and mo, with wI- 0 and 0 ::; Remo < 
1.1,2 In this representation the spectrum of J is the set 5 = {mo + n: n E Z}, and the 
repreeentation Ipace haa baais veda" 1m, m E 5, IUch th.t 

P± /m = w/m±! , (20) 

J /m = m/m, (26) 
2P+ P_ / m = w / m , (2c) 

where C == P+ P_ is the Cuimir operator. 
An explicit rea1ization of the reprelentatioD Q(w, rna ) can be euily obtained by 

t akingl,2 
d 

J = rnu + zdz ' p+ = wz, p- =~ (3) 
~ 

These operators act on the space of all linear combination. of the functions zn, % E C , 
nEZ, with basis vectors/nl( z} = zn, where m = mo +n, n an integer. 

In analogy with ordinary Lie theory, it ia useful to consider the following elements in 
the universal enveloping algebra of [ ,(2),1-6 

U(a,p) = e, (aP+) e, (PP_) , (40) 

Y(a,p) = E, (aP+) E, (PP_) , (46) 

with a and {J complex parameters. The functions e, and E, are q-analogs of the exponential 
function; they are defined bye 

~ 1 n __1 , Izi < 1 , (SCI) . e, (z) = ~ (9jq)n Z - (Z jq)oo 

Eq(z) = 

n=U

f q ~'"2- 1! n (5b)n=o (q;q)n Z =(-Zjq)oo, 

where (aiq)" denotes the q-shifted fac torial, given by (ajq)o = (Oi q}oo /(aqO iQ )oo, where 
(aj q)"" = n ::u(l - oq" ), Iql < 1. Note that e, (z) E,(-z) = 1 and thai lim,_l- f,(z(l
q») = lim q_ l - Eq (z{1 - q») = f'. In the following we shall alwaYI aasume Iql < 1. 

The matrix elements of the operator U(o,P) are defined through 

U(o,P} fmo+n = ~ Utn(a,l3) /moH , (6) 
"=-00 

and similarly for Y (a, p ). They can be explicitly computed using the realisation (3); one 
finds 2 - 4 

(" - ..)/2 ( )a (I) 1/2
UIc ..(a, {J) = ( -p ) J"_n 21.11 (-a{J) j9 , (7a) 

(,,-n)/2 (( )1/2)
Ulcn(a, {J) = q~("-")' -·~Ji~n 21.11 - a: jq (76)( ) 

2 

The {unctions J~I)( Z i q) and J~2 ) (z ; q) are q-generalizations of the Bessel function8 of the 
first kind , and are explicitly given by:tI 

J~I)(Z jq) = f (_I)n ( ~)2n+I' (8C1) 
n=o (qj q)n (qiq )n+I' 2 ' 

J~2 )(Zi q) = f: qn(n+,,) (_I)n (:)2n+ . (8b) 
n=O (qjq)n(qjq)n+" 2 

Generating relations for these q-Bessel function can straight forwardly be obtained. 
Inserting (7) back into (6), after some simple redefinitions one gets, for the two caaes:2,4 

(ZZ) (Z) ~"(I)
f, 2" fq -2z" = L...J z J" (Zjq), (90) 

"=-00 

E, C2Z) E, ( - ~: ) = f: q4"(" -I) z" J~2)(zi9) . (96) 
"=-00 

These are q-analogs of the generating relation for the ordinary Bessel functioDli h:(z), 
e,,(· - ·- I ) /2 = E;: -oo J,,(z) z", to which both formulas (9) reduce in the limit q -71-. 

A biorthogonality relation involving the two func tions J~I )( :l:i q) and J~2)(Zi q) can be 
obtained by combining together the two generating formulae (9). First, let Z -7 q- I/2 Z, 
z -7 q1/2 z in (96), and then multiply it by (90) . Using e,(z )E, (-z) = 1 and equating the 
coefficients of equal powers of z on both sides , one fi nally finds, for Iz21 < 4, 

~ q("+1&)2/2 J(1) (z'q) J(2) (_q-I/2 z·q) = b . (10)L...J i:-m' n-' m,nJ 

"=-00 

To obtain addition fromulas involving the q-Bessel functions (8), one needs to intro
duce a realization of the representation Q(w, mo) on the space of functions of two complex 
variables, z and 1/. Such a realization is provided by the operators4 

P+ = 1/ (~) (1- T,-1/2T~/2) , (lla) 

p_= JI-l (~)(I-T;/2T:/2), (lIb) 

8 
J= yOy , (lIe) 

and the buis fu nctions 

/m (Z, y) = ym J~121(zj q) , rn = rno + n , n E Z , (12) 

where T. is the q-dilatat ion operator, such t hat: T. rp(z) = rp (qz) , on any function of the 
variable z. We have taken w = 1 for simplicity. Note that the equation (2e) becomes now 

a second·order difference equation for Ji~)(zjq): 

[~(1_q"'/2T; /2) (1_q-"'/2T;/2) -1] J~~)(z;q) = O. (13) 
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This is a q-analog of the Bessd differential equation, to which it reduces in the limit 
q-t1-. 

Since we have a realization of the representation Q(I,mo), one gets from (6), with 
m = mo + nand U(o,/1) replaced by ii(o,IJ), 

ii(o,lJ) /m(z,1I) = L
00 

ii4m- mo(o,P) /moH(Z,1f) , (14) 
4=-00 

where the model independent matrix dementi Uh(O,IJ) are still given by the formul.. 
(76), with 1M = 1. To get addition formul .. for q-Be8sel fundion., one now need. to evaluate 
explicitly the l.h.s. of (14), i.e. to compute directly the action of U(o,P) on the b..is 
functions (12), when P+ and P_ are realized u in (11). One finds' that this action can 
be expressed in terms of the following q-hypergeometric aeriea: 

I. ) ~(/ljq)n(6;q)n " 
2~1 ( CI,ujCjq,J = L..J ( . ) ( . ) J , IJI < 1 . (15) 

n=O q, q n C, q " 

With this result , from (14), (12) and (76) one finally gets the following mations, taking 
o = 0, /1 = 0 and 0{J ¥- 0, respectivdy: 

(~)m (-2P!Zj q)m .I. (0 _2{J m. m+l. _ Z2) _ ~ 1(1-1)/2 ~ ;tl) (, . )
2 ( .) 2'1'1, q, q ,q, 4 - L..J q ( .) m-I Z, q , 

q, q m Z 	 1=0 q, q I 

(16) 

( ~)m _1_ (20. m+l. _~) _ ~ 1(1-1)/2 ~ (I) • 
. ) 2~1 ,O,q ,q, 4 - L..J q ( . ) Jm+l(z,q), (17)2 (q, q m Z 1=0 q, q 1 

( ~)m (Jq!zYjq)m ~ (~ !.... m+!. m+!. _Z2)
2 (qjq)m 2 1 Z 'zy q ,q ,q, 4 

00 	 (18)
L q'(I-I)/2 II' J,(2)(Jj q) J~!,(Zj q) . 

1=-00 

Equations (16) and (17) are q-analogs of the Lommd summation formulu 7 for ordinary 
Bessel functions, while (18) is the q-analog of the Graf summation theorem. 7 
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