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Abstract

Using a technique which is based on dimensional regularization, loop corrections to
vertex diagrams of a massless quark moving in a spherical cavity are calculated in
an arbitrary covariant gauge. Including the finite one-gluon-exchange diagrams, the
corrections to the magnetic moments, vector and axial vector coupling constants,
and the various r.m.s. radii of the nucleon are evaluated to order as. The results are

compared with experimental data and previous calculations.
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1. Int_lj(j duction

Over the past two decadés:tc;vity QCD [1, 2] has been much used to gain a quantita-
tive understanding of the properties of the hadrons. Similar to cavity QED which is
the Abelian counterpart of cavity QCD, the boundary conditions that the fields must
obey on a static sphere are consistent with the gauge symmetry and the field equa-
tions. Cavity QCD, as much as cavity QED, is therefore presumably a well-defined
and renormalizable relativistic quantum field theory on its own, which could in prin-
ciple be calculated perturbatively to arbitrary order. Apart from its non-Abelian
character, the main feature that distinguishes cavity QCD from cavity QED is that
the latter can be realized and observed in nature while it is still not clear whether
perturbative cavity QCD provides a consistent framework for the description of the

hadronic world.

One of the reasons for this deficiency is that the boundary conditions on the fields of
the colour carrying particles are imposed in a somewhat arbitrary and ad hoc fashion,
in order to mimic confinement, while confinement is generally believed to be a con-
sequence of the dynamics of the non-Abelian gauge theory. Secondly, by confining
particles to a static sphere, one breaks both, translational and Lorentz invariance
of the underlying gauge theory, and it is difficult to restore these symmetries consis-
tently without explicitly introducing the dynamics of the boundary, which necessarily
amounts to solving the centre-of-mass problem exactly. Chiral symmetry is also bro-
ken, and this may be restored by introducing the coupling to an elementary pion
field, as is done for instance in the chiral and cloudy bag models [3]. The price one
has to pay for this remedy though, is that these chiral field theories are in general not
renormalizable, which makes perturbative calculations dependent on a large number
of renormalization parameters, with substantial loss of predictive power. Moreover,
there remains the problem of double counting, as the pion can be treated both, as
elementary and quark-antiquark degree of freedom. Thirdly, in the framework of
cavity field theory, it is technically rather difficult to calculate higher-order Feynma;n
diagrams [4], especially the diverging ones [5, 6, 7, 8, 9, 10], as the singularities have

to be extracted numerically. While these higher-order corrections may be important,



they have been largely ignored in the past, with a few exceptions [5, 6, 7, 8, 9, 10].
Fourthly, it is by no means clear that perturbative cavity QCD will converge any
better than ordinary free-space QCD. However, the fact that the field operators are
expanded in cavity modes instead of plane waves helps at least to get rid of the in-
frared divergences plaguing free-space QCD. Indeed, a confined quark cannot radiate
off a gluon as easily as a free quark, as the emitted gluon has a non-zero minimum

mode energy.

Despite all of these shortcomings, it is important to investigate the higher-order
predictions of cavity QCD in more detail, in order to establish whether perturbative
cavity QCD makes sense as a possible description of the hadronic world. Thus, the
purpose of this paper is to calculate all the O(as) diagrams, including loop diagrams,
which contribute to the magnetic moments p, and p,, the vector and axial coupling
constants g, and g,, and the root-mean-square radii (rz),%, (r’)i and (r’)i. Assuming
that the nucleon contains only up and down quarks, we restrict our attention to
massless quarks. We do not attempt to restore chiral symmetry, translational and

Lorentz invariance, as this cannot be done in a model-independent way.

Recently, a reliable method for regularizing cavity loop-diagrams has been developed
and applied to the self-energies of confined quarks [8, 11] and gluons [12], and the
axial and vector coupling constant of the nucleon [9]. In this method, divergences due
to the unreflected part of the propagators are extracted from loop integrals by using
techniques similar to those of dimensional regularization in free space. In the case of
the quark self-energy, Hansson and Jaffe [13, 14] have shown that the singular part
of the loop integral is contained entirely in this free or un-reflected part of the quark
propagator. Due to the Ward-Takahashi identities, this is also true for the vertex
correction diagram which means that we can use the technique described in [8, 12]

to calculate the O(as) vertex correction diagram in an arbitrary covariant gauge.

The paper is organized as follows: In the next chapter, we briefly review the calcula-
tion of the loop-corrections to the vertex diagram in free-space field theory, empha-
sizing those details which will be repeated in the analogous cavity calculation. In

chapter 3, we use the Gell-Mann and Low theorem to obtain an expression for the

first-order corrections to the observables in question. Subsequently, we show in detail
how to obtain the corrections to the magnetic moments. The results are discussed in

chapter 4, while the calculational details are contained in the various appendices.



2 Vertex diagrams in free-space field theory

The three loop-diagrams that appear in a calculation of nucleon observables to order
as (fig. 1) contain ultraviolet divergences which must be regularized before physically
meaningful quantities can be extracted. After regularizing these diagrams, the sum
is found to be gauge-independent in free-space field theory. For massless quarks,
the singularities of the self-energy diagrams (fig. 1(b)-(c)) and the vertex diagrams
(fig. 1(a)) cancel exactly. In the case of massive quarks, the self-energy diagrams
develop an additional divergence which can be absorbed in a mass counter-term. For

simplicity, we shall restrict ourselves here to massless up and down quarks.

Before attempting the regularization of these diagrams in cavity field theory, we note
that the ultraviolet singularities are a high-momentum or short-distance phenomenon,
and thus should have exactly the same structure for both confined and free particles.
Additional divergences may arise in the cavity version due to the boundary conditions
that are imposed at the surface of the cavity, although in the case of the quark self-
energy, Hansson and Jaffe [13, 14] have shown that the M.I.T. boundary conditions do
not introduce any new singularity. As the vertex correction and self-energy diagrams
are intimately related through the Ward-Takahashi identities, the former is also free
from boundary-induced divergences. This leads us to expect that the singularities
of the cavity loop-diagrams will cancel, as well, and that the sum will be gauge-

independent.

Let us begin with a brief review of the calculation of the one-loop correction to
the vertex diagram in free-space field theory. In D dimensions, the vertex function

A“(p',p,q) is given by

i) =57 [ (1) iS0 - KIEriste ~ K iDPE, (1)

where we have omitted the arbitrary mass para.meter, #4~P, which keeps the coupling
constant g dimensionless. As the divergent part of A*(p’,p, q) is independent of both
the quark mass m and the momentum transfer ¢, m and ¢ will be set to zero at the

outset, for simplicity. Substituting the quark propagator and the gauge-independent

part of the gluon propagator (i.e. the k=2 term) into eq. (1), one has

dPk 1 ¢? [ dPk v(F—-F(F-F)
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As we wish to carry over the method of evaluating this integral from free space to
cavity field theory, it is convenient to review the details already here. After some
Dirac algebra, one can rotate k and p to Euclidean space, i.e. k® — 1k® and p® —» ip°,

and elevate the denominators into the exponential using

1 o 2
S dz e~2(P—k)
(p—Fk)? /0 e )

for each factor in the denominator. A* may then be written as
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Two successive shifts of variables can now be made

+1) pr
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after which the exponent of eq. (4) becomes zk'? + p’z(:c_+ y)(1 —z —y). The integral

over k' is now a standard Gaussian and may be evaluated immediately to yield

1 1-z ) 1 D/2
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where the result has been rotated back into Minkowski space. Setting D = 4 — 2,

where ¢ is small, and evaluating the remaining integrals, one arrives at
1 2
(- r-meppn) - 2], )

where + is Euler’s constant. Using the integral representation of the gamma function,

—iA(p,p) = ~len?

the singular part of A* in 4-dimensional space may be parametrized as

o “__i'y“ ® e
1A = 161r2_/0 dz — 9)




The self-energy of the quark, X(p), which is related to the vertex function through the
Ward identity, A*(p, p) = 0X(p)/0p,, can be calculated in exactly the same manner,
yielding

iy
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for massless quarks. The singular part of the self-energy is

. ) © e’
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where B denotes the divergent constant —iI'(¢)/16x%. Calculating the amplitude of
the self-energy inserts, we encounter a difficulty which will also occur in cavity field
theory. As the method of resolving this problem is the same in both, free-space and
cavity field theory, it is convenient to discuss it already here. The Feynman amplitude

M® for the self-energy diagram (fig. 1(b)) is given by

M® = gCu(p') i7,iS(p)iZ(p) u(p) Al (9), (12)

where C = 4/3 is a colour factor and A%,(q) is some external potential. Inserting

the quark propagator and the singular part of £(p) into eq.(12), we arrive at
1
v

which is ill-defined, as evident from the fact that the on-shell value of g/# is of the

Ms = ig*Ca(p) 1.~ Bou(p)Abulq) (13)

form 0/0. Alternatively, the result of # acting on a free-particle spinor u(p) is zero,
while if the #’s in the numerator and denominator are allowed to cancel before acting
on the spinor, the result is proportional to u(p). This difficulty can be resolved by
adiabatically ‘switching-on’ the interaction, introducing a function g(t), which tends
. to zero as t — oo, and is of unit value for ¢ = 0. Fourier transforming ¢(t) into

energy space,

g(t) = /‘w dEG(E)e'®!, (14)

G(E) turns out to be almost a §-function, with the normalization g(0) = [dE G(E) = 1.

Including the Fourier-transformed damping factor in the interaction Hamiltonian, the

self-energy and quark propagator are replaced by

e - Ee-9) . =

7

and the Feynman amplitude (13) becomes

M = iegCi(y) / dE dE" G(E)G(E'mﬁa(ﬂ—/)u(p)A:,mq). (15)

One way of evaluating the integral is to subtract a factor of Jpu(p) from the numer-

ator, which may be done since pu(p) = 0. This allows us to make the substitution
1 1
(#—4) - (F-4) - 51‘-_- 5(1‘— 24).

Furthermore, the factor of 2 § may be symmetrized by making the replacement

24 — 4+ 4'. The integral now straight-forwardly yields

M = ig’Ca(p') 7“2B u(p)AL.(q)- (16)

The factor of %B is particularly important since the same result holds for the diagram

shown in fig. 1(c), hence the sum of these two terms contains a factor of exactly B.

The Feynman amplitude M$ for the singular part of the vertex correction can be

found immediately from eq. (9), yielding
M = —ig’Cu(p') 1. B u(p) Alu(9). (17)

This cancels exactly the singularities arising from the self-energy inserts.

So far, we have discussed the term proportional to k=2 rather than the full gluon-
propagator. If the remaining term in the propagator, which depends on gauge param-
eter, is now inserted into the Feynman amplitudes for these diagrams, one finds that
the sum of the three amplitudes vanishes identically, i.e. the sum of these diagrams

is gauge-independent.



3 Vertex diagrams in cavity field theory
3.1 Perturbation expansion

Assuming that perturbation theory is valid, cavity QCD can, as its free-space coun-
terpart, be expanded as a perturbation series in the strong coupling constant g. Using
the Gell-Mann and Low theorem, this approach leads to a perturbative expansion of

the energy shift due to the interaction [15, 23]

¢k| A2, (0)0(~00,0) !m)
AE; = llm
5 3 ),

(18)

The subscript ¢ indicates that only connected diagrams are included, and |43k > is an
eigenvector of the non-interacting Hamilton operator. The time-evolution operator
O(t,to) is defined in terms of the interaction Hamiltonian ff.-,.t(t) and Wick’s time-
ordered product T by

04(~00,0) = Z(n’)"[ dty - f dtn T [ (1) - B (t2)]- (19)

n=0

Since, to order g2, the three-gluon, four-gluon and ghost-gluon vertices do not con-
tribute to the nucleon, the interaction Hamiltonian is simply given by the term de-

scribing the quark-gluon vertex, i.e.

Hy(t) = e [ E2(@) = g [ Pad@)Fhlei@),  (20)
where eIl is the adiabatic damping factor, 1[1(::) the quark field operator, A{,‘(a:) the

vector field operator describing the gluons, and the A,’s are the Gell-Mann matrices.

Writing the Gell-Mann and Low theorem in this form, Feynman diagrams may be
decomposed into time-ordered diagrams, each of which needs to be evaluated sepa-
rately. This undesirable feature can be avoided using a more symmetric form of the
Gell-Mann and Low theorem [16], where the energy shifts are given in terms of the

dummy variable £ by

AE, = lim <¢"|S"|¢k>/6£ (21)
5:32 (B See|:).
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The adiabatic S-matrix S,¢ can be expanded as S.¢ =1+ Y oo, Sc(.z)Y

5= % / dty - / dt, el . g=eltnl 7 I;{,-,.,(tl)---fli,.t(t,.)]. (22)

Since the limits in the time integrations appearing in the S-matrix are symmetric, all
the time-ordered diagrams of a given Feynman diagram are equivalent, and there is
no need to decompose a Feynman diagram into its constituent time-ordered graphs.
However, the price one pays for this convenience is that the time integrations are

more difficult to perform.

The nucleon observables which will be calculated in this work are all given by the
expectation values of one-body operators. The five operators O which we shall discuss

here are
r2v%Q charge radius squared

% (Fx%);Q  magnetic moment

7@ vector coupling constant (23)
V37573 axial vector coupling constant
r2y375T3 axial vector radius squared,

where @Q is the charge matrix of the flavoured quarks. To O(g?), the value of the
observable O is given by O = O + O where ‘
1\7> (24)

is the zero’th order term. Starting with the symmetric form of the Gell-Mann and

00 — /d"z <N’$(z)@(r)l/3(1)

Low theorem, the second order term O is found to be

; 3
09 = lim 23; —(-;) /d4z1/d412/d‘13 e~c(nltlaltia]) o (25)

-0

(][ (b3 Aempiten)) (Fedeaien) (e 3 dutenpien ) [,

where |N)is the appropriate nucleon wavefunction. Using Wick’s theorem, the time-
ordered product of the fields is contracted in all possible ways to yield the sum of
normal-ordered products. Of these, some are not connected to |[N) and can thus
be discarded. The remaining terms with the same spatial structure may then be

collected in groups of 6, represented by the Feynman diagrams shown in fig. 2.

10




3.2 Vertex correction

Let us consider the contribution s of the vertex correction graph (fig. 2(a)) to the

magnetic moment. From eq. (25), we have

x<N|(zﬁ5;4aw) (vt n0w) (4paw) |8),
I E2 E>Y I I3

where one of the possible contractions has been indicated. Since the limits of the
time integrals are symmetric, the 6 possible permutations of the space-time labels
T, To and z3 are equivalent. We therefore may use the one contraction shown above

and omit the factor of 1/3!, thus including all the permutations.

The gluon propagator can be divided into a part independent of the gauge parameter
(equivalent to the Feynman-gauge propagator), and the remainder, which depends
explicitly on the gauge parameter. This latter part will be used later to show that
the result is gauge-independent. Substituting the former into eq. (26), and inserting
the quark propagator (76) from appendix A, and the cavity mode expansion of the
fields, the gauge-independent part of #22) becomes

a Aﬂ
(2)_ hbdd
% (o (5. (£) 0

pgmE
9“/4311 ﬁn’(zl)%"p(ml)aﬁ(ﬁ)/daza g(z3) Y, un(z3)ar,z(z3)

>/d T ip(22)(T2 X F)aug(z2)

cc' ff'nn’

dw dw' dw' —e(ltif+]tal+]ta]) pita (e rtw—w’) Lita(w'—w") Lita(w' —w—eq)
/dtldt2 dt3/ £ 2 ° E @7

21 2m 21 (W — €, £10)(w" — €, % 10)(w? — 2 +40)
To reduce the proliferation of indices, the energy of the intermediate gluon has been
written as ( instead of QF. The +i0 prescription will henceforth be assumed in
the propagators, as will the summation over the labels ¢'f'n’ and cfn (i.e. colour,
flavour and cavity modes). The expectation value of the colour, charge and cre-
ation/annihilation operators is given in appendix E, and will be discarded from the

formulae until needed. Writing the vertex integrals over the space co-ordinates in the

11

short-hand form introduced in appendix B, egs. (102) and (114), the vertex correction

to the magnetic moment, eq. (27), can be expressed more compactly as

) = hm @y Qe (28)

pgmEI

oo © do dw' dw' e—clltal+ltal+]ta]) el'h(en:-{—w—w')el't;(w'—u")ei!;(w"—u—tn)
/ dt dtzdtaf = ; :
o 21 21 27 (W' — &p)(w" — gq)(w? — Q2)

The integrals [ dt, dt, dt; [ dw'dw” can be evaluated immediately to give

) - dw 8(ensEn)
(2) — ;2 L GmE mE | & nsEn 29
L E g wp Mpq Qi / 21 (e +w— &) (6n +w — ) (w? — 02’ (@)

pgm¥
where 6(e,, ,€,) is the Kronecker delta implying n = n’. The integral over w is anal-
ogous to the free-particle integral over the gluon momentum k°. It can be evaluated
in two ways: either as a contour integral, producing an energy denominator, or with
the dimensional regularization techniques used in free-space field theory. The latter
method enables the cavity vertex correction to be regularized by parametrizing its

divergence.

The integral in eq. (29) is easily evaluated by the first method, i.e. as a contour
integral, yielding

dw 1
mE — —
Ly = ’/27r (en +w— €p)(En + w — £g)(w? — O2) (30)

1
2Q(en — Qsgne, — £p)(en — Nsgne, — €)

if sgne, = sgne,

(31)

—(20+ ¢, +¢,) if sgne, # sgne
20en — Qsgne, — 6,)(en — sgne, —)(Ep t65) o T O

When this result is inserted into eq. (29), the vertex correction is expressed purely
as a sum of vertex integrals, weighted by an energy denominator, and it diverges
logarithmically. This is the form in which cavity diagrams are usually evaluated,
since it arises naturally when the unsymmetric version of the Gell-Mann and Low

theorem is used.

Let us now proceed to evaluate 1;';2 as it would be done in free-space field theory.

Reducing the +:0 prescription to +i0 in the denominator by squaring the quark

12



propagator pieces, Wick-rotating to Euclidean space with the shifts w — iw and

£n — 1€, and elevating the denominators into the exponential, I;,';E becomes

me = /‘;—:[e,,+i(w+eﬂ)] [e.,+i(w+e,.)

/ " dr / " ds / T gt er@0) gslentor 4] gtl(enter+l], (32)
0 0 0

Making shifts of variables comparable to those used in free-space field theory, eqgs. (5)
and (6), i.e.

roz(l—-z—-y) , s—zz , t—ozy , worw—=tuzty), (33)
we arrive at
[0 +iea(l = 2 — y) 4 iw] emslP 40 raghd] 3y

The w integral is a standard Gaussian, yielding, after rotating back to Minkowski

space,
oo 1 1-z 1

I;:E = '/; dz/0 dz/; dy [(e,+sn(l —z—y))(eq+5,,(1 —z—y))z— 5] X
_z_e—z{n’(l—a:—y)—z?,(z+v)(1-I—v)+zzf,+yz§]. (35)
4r

Finally, evaluating the integrals over the z- and y variables, and writing I;’;Z =

J;° dz IT¥(z), we obtain

ImE(z) — (6" + 50)2 — 92 + 2605P e—ze';' _ (5’1 + 5}-’)2 - ﬂ2 + 25"67 e—nf, _ e—zﬂ’
P 8el(e2 —e2)y/mz 8el(e2 —e)y/mz 8el\/mz

N (2 +€2— 0%+ 206p)[(6n +6,) — O ][
163 (€2 — €7)

20 nerf ( \/_A+) e~ *anerf (V= A_)]

2462249, 5 2_q2 ,
B (En +¢&, Q% + 2 Eq)[(E + 5p) ][e-—zn nerf(\/EB+) + e—-u;nerf (\/;B_)] )

16€3(e2 —€2)

(36)

where the normalized error function nerf(z) is defined by

nerf(z) = % e”/ e dt, (37)
n 0
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and the following shorthand has been introduced
Ay = (ei—kﬂz—e:)/?e" , A= (e: —Q’+5:)/2€,.
By =(e2+ 07— s:)/2e,. , B_= (6,2, -0+ 5:)/2en. (38)

The singularity which appears in eq. (36) for €, = ¢, can be easily dealt with by
expanding the exponential and error functions. However, as this special case occurs

again in the diagrams containing a self-energy insert, it will be presented there.

The result obtained from the contour integration of I;:E could now be recovered
by integrating over z. However, we want to have a form in which the ultraviolet
singularity is parametrized, and that results from inserting eq. (36) into (29) and
first summing over the intermediate quarks and gluons. The divergence then appears

as precisely the same non-integrable singularity in z as was found in the free-space

(). E)enls)

/ dz Z gEZ p M,, QmE ImE( )

o pqmE

diagram. Hence, ,A.” is given by

K= g Z<

Jfce

3.3 Self-energy inserts

The remaining two divergent diagrams, which each have a self-energy insert on one
of their external legs, are usually not included in cavity QCD calculations. The stan-
dard argument for discarding these diagrams is that the fields, masses, and charges
appearing in the cavity QCD Lagrangian are renormalized quantities, and as such,
already include self-energy effects [10]. However, as the order g? corrections to ob-
servables are not gauge-independent without these diagrams, we believe that they
must be included to obtain a meaningful quantity. Furthermore, the finite parts of
these diagrams do not vanish (in contrast to free-space field theory) and hence should
have observable consequences. The result of the calculation of the vector coupling
constant gy also reassures us in that the self-energy diagrams should be retained,

since the first-order correction vanishes when they are included, in accordance with

14



CVC. Finally, in the vertex diagram, the intermediate zero-energy scalar gluon (see
Appendix C) has a divergent part which is exactly cancelled by a similar intermediate
mode in the two diagrams with self-energy inserts.

Since the contributions to the magnetic moment from the two diagrams are equal,
only the contribution pff) from fig. 2(b) will be calculated here. As before, the gauge-
independent part is given by

WD = lim g232ﬁ(__3f_)3/d4$1/d41.2/d‘ixse—c(ltnlﬂlzlﬂtal) (40)

€—0
N>

A7+ - -Ag -
x <N‘ (w(zl x 7)3Q¢) (w;m) (¢3” /,w)
) z2 z3
where the factor of 1/3! has been dropped since the 3! permutations of the co-ordinate

L1 L1 |

labels are all equivalent. This immediately yields

3i€ =

2 . m m

#L) = lm(} 792 E g M, ,,,,E pnz X (41)
pgmk

0 21 2r 27 (W' = €g)(w" — €p)(w? — N2)

00 ® dw dw' dw" e—(('l||+|12|+|13) eil,(q—w') eilz(w’—w"+w) el'l;(w"—w—z;)
/ dt, dty dis /

Some care is needed when evaluating the time and w integrals. Recall that, in free-
space field theory, the Feynman amplitude for the divergent part of this graph was
found to be ill-defined because the operator (1/#) # acting on a free-space spinor pro-
duces the undefined quantity 0/0. The ambiguity was only resolved by introducting

adiabatic damping factors which are already included here.

- One way of evaluating these integrals is to transform the damping factors into energy

space using the Fourier transform

* dE 2 :
—elt] _ WE
e‘l'_/_w27—62+E2e e (42)

With this transform, the integral becomes

3ie [® © dw dw' dw' e—e(]h|+lh]+|£g|) eit,(en,—u') eit;(w’—w"-’»w) eilg(w"—u—zn)
— / dt, dt, dt; i’ 2 2
2 Jow oo 2T 27 2w (W' = gg)(w" — €p)(w? — Q2)
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T2 oo 2T 21 2w J_ 123_w27r27r21r

2 2 2 eil1(2n1+E—u') eit;(w+wl+E'-w") e“a(W"+E“—u—en)
€2 + E?¢2 + EnR¢2 + Em (wf = eq)(w” _ 6,,)((-02 = QZ)
. dw 5(6,, ,E"l) £ .
= =K» fe -
’/%&fam+w—mw—m) mo HMeate

(43)

ife, = €n

i/dw 6(€n ,€nr) — mE

T2 2 (wtew — )2 w?-02) T P

When the first case, €, # €, in eq. (43), is inserted into eq. (41), we arrive for massless
quarks at a finite self-energy contribution to the magnetic moment. The analogous
result in free-space theory is zero. For massive quarks, this term diverges, and a
counter-term must be introduced into the cavity Lagrangian to renormalize the mass
[11]. However, here we shall restrict our attention to massless quarks. The second
case, £, = €n, leads to a logarithmically divergent expression which is identical to
that found in the free-space theory, eq. (16). This singularity, which in free-space
field theory is equivalent to the charge renormalization constant, exactly cancels the

divergence in the vertex correction diagram.

The remaining w integral may now be evaluated in the standard way by Wick-rotating
to Euclidean space and elevating the denominators into the exponent. Writing K;ZE =
I;° dz K¥(z), we arrive at
K;’;E z) — ; (e—zz; _ e—zﬂ’)

den (e — €n)V/mz

(€p +€n)* —

2B? -2 2B3 —z¢3
st el = oot (o) 5 e (V55)] )

for the first possibility in eq. (43). The quantities By and B_ are defined in eq. (38).

The other possibility, I{,’;E = f0°° dz I;;x(z), is actually a special case of the inte-

16



gral (36) for the vertex correction diagram yielding

_];E(z) = [(En +e+ Q)z (e,. +ep— Q) 2z + 26,2,] e~

1
32ed /72
1 —ze?
+ W [((e,. o Qz) (53, — €2~ 2.6, + 92)z + depedz — 25:] e

! [(e: -+ QZ) ((5,. +€,)? — Qz)z - 453‘] ((e,. +6,)? - Qz)

” 64e’

X [e”‘nznerf (VzBy) + ™% nerf (\/;B‘)] : (45)

Inserting these integrals into eq. (41), we obtain for the vertex diagram containing a
self-energy insert

W = g / dz) g™ (Mnn Q™)+ Mng @ mzK”m"E(Z)) 4o
1]

pmL g#n
3.4 Gauge-dependent terms

Recall that in free-space field theory, the sum of the three loop-diagrams contributing
to the anomalous magnetic moment of the quark is gauge- independent, i.e. the terms
containing the gauge parameter A cancel identically. It will be shown here that this

is also true in the cavity theory.
After subtracting the parts which do not depend on the gauge parameter, the re-
mainder of the gluon propagator is given by (see appendix A)

1-2 = d“"q q w -t
2 das(@)ank(E) [ o (et (47)

v .
IDnb (.’E],Iz) = "‘15” s
mIL/ q

Substituting eq. (47) into eq. (26), the gauge-dependent part of the vertex correction

diagram is found to be

A _ - mg’ mE ¥ ¥/
Hy = lim == ——¢" > Qmy My QpF g%¢% x (48)
pqmEL!
oo © dw dw' dw" e—c(|t1|+|t;[+|t3|) 8611(¢":+w-w') eit;(w’—w") eizg(w“-u—z,.)
/ dt, dtgdtg/ e - 7 > ) .
o 21 21 27 (W' — €p)(W" ~ £g)(w? — O2)

where the colour and flavour matrix elements have been omitted. From the definition

of g% in eq. (99), the sum over gluon polarizations is restricted to the scalar and
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longitudinal modes only, and since the vertex integrals of these two polarizations are
related by current conservation, egs. (94) and (113), the sum over polarizations may
be written in terms of scalar modes only
Z mel Q::;E qsqs (Wten—€)w+ew —¢p) Qms :::s' (49)
50
Evaluating the time and w integrals as before, and inserting the polarization sum into
eq. (48), we arrive at
My [ poe (50
pgm i
Finally, the remaining integral may easily be evaluated using standard techniques,

yielding the gauge-dependent part of the vertex correction diagram

s 2
=—g —/ dz "p pq S 4_1I'. € L . (51)
pam

In a similar way, the gauge-dependent part of the Feynman diagram with self-energy
inserts, fig. 2(b), contributing to the quark’s anomalous magnetic moment is found

to be

W= [Can[E ey S g (=) | g

LI T A ir gMen Q7 m n—eq S
pm q#n

(52)

The sum g + pf + p can be evaluated numerically, and the result turns out to be

exactly zero, which is what we expected from the free-space result.

3.5 One-gluon-exchange graphs

The remaining contributions to the baryon magnetic moments are the one-gluon-
exchange diagrams, figs. 2(d)-(e). Only fig. 2(d) will be evaluated, since the two

graphs have an equal contribution, given by

WP = tim g 2316 —l) /d‘:zl/d«n/d& e=llnl+lnal+les)) o
NV . : 5

(8|(550) (Fpa0) (9 xinav)

(I U =
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/‘v>.

(53)



Inserting the quark and gluon propagators, and reducing the number of indices

by writing the energy of the external quarks as €, instead of €,,, etc, the gauge-

)

independent part of this expression becomes
@) _ i 25€ alat a2 A* A&
"‘d - !l_{r‘} g _2_ Z <N ac’[’n; ad’p’n; (7 " 7 d'dQ ac/n;adgm

c'flef
- 00
XY gPEQRE, QrEM,, / dt, dt, dts
—00

pmL
© diw dw' e~ ttlHtal+ts]) giti(e1-e2+w) gita(e3—w—u') gita(w'~eq)
—_— 2 54
/:w 27 2% (W — &p)(w? — Q?) )

A sum over all colours, flavours and cavity modes is understood in eq.(54). All the
time and w integrals can simply be evaluated to produce an energy denominator,
since the one-gluon exchange diagrams are finite and do not need to be regularized.

Omitting the tedious colour and flavour matrix element, this leads to

~ b(ey+e3,e2+¢€
W = Y P R, Qi My RIS
b} (6,,-54) (61 —62)2 -2

png
Since the virtual gluon in fig. 2(d) is coupled to a conserved quark current, labelled
here by nyn;, one expects that this diagram will be independent of the gauge parame-
ter. Asis well-known from free-space QED, ¢,,7* = 0 for a conserved current j*; hence
the piece depending on the gauge parameter is zero. The relation analogous to this
in cavity QCD can be written in terms of the polarization vector gz as qgj* = 0, and
consequently, the one-gluon exchange graphs are automatically gauge-independent in

the cavity. This result can also be established directly.

We have used the magnetic moment operator as an example of how the nucleon
observables can be calculated. The other observables are evaluated in exactly the
same way, replacing the vertex integral for the magnetic moment operator with the

appropriate vertex from those defined in appendix B.
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4 Numerical results and discussion

We now turn to the evaluation of the expressions for the order a, corrections to the
nucleon observables which we have derived in the previous section. The sum over
the spins of the intermediate quarks and gluon can easily be calculated analytically,
leaving three infinite sums over the radial modes and two infinite sums over partial
waves. The remaining partial wave sum is constrained by conservation of angular
momentum and is thus finite. As these infinite sums are to be evaluated numerically,
they must be truncated at some point, e.g. by including only cavity modes whose

energy is less than a certain cut-off value Epay.

The sum over vertex integrals, without the z-dependent terms, can be checked using
the sum rules derived in appendix D, and the complete expressions for O as a
function of z, can be compared with the free-space divergent terms. As we noted
previously, the divergent parts of the free-space and cavity results should be the
same. In order to compare them directly, the singular free-space function A given by
eq. (9) must be transformed from momentum to configuration space by sandwiching
it between cavity spinors and integrating over the vo]ume of the cavity. For example,

the singular part of the anomalous magnetic moment in free space is given by

2

2a ® eV
M. dy —. 56
i ,2/0 v (56)

e %

00 a. 00
Hs = a./o dz ps(z) = GMnln;L dz

z =
It is convenient to shift the variable z — y? here, since fig. 2(b) has a contribution
from the self-energy which is finite for massless quarks (c.f. with the free-space theory,
where the finite contribution is actually zero). However, the spectral function ,u{})(z)

~1/2 j.e.it has an integrable singularity. Shifting the variable

of this piece diverges as z
in the above manner transforms the divergent integrand y{f)(z) into a function yg)(y)
which is regular at the origin. This does not, of course, affect the other contribution

1

from the charge renormalization constant, which is a non-integrable 2! singularity.

The contribution from the vertex correction diagram is shown in upper frame of fig. 3,
where the functions yﬁ”(y) and ps(y) are plotted together against y on the same axes.
The initial and final quark are both in the 13%1 state, and the value of the energy

cut-off used is AEax = 140. The colour factor is not included. As expected, the nu-
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merical calculation produces a curve which, for small y, lies exactly on the free-space
divergent term. The lower frame of fig. 3 shows the finite remainder, after subtracting
the free-space divergence from the cavity expression. In principle, the finite contri-
bution of the vertex correction diagram to the anomalous magnetic moment (up to

a finite renormalization) could be obtained by integrating this remainder.

Note that the function p)(y) has not been calculated all the way to zero on the
y-axis. This is because the error introduced by truncating the infinite sum over
cavity modes appears in the low y, or high energy region, creating a sharp kink. By
using different values for the cut-off E.,, one can establish that this point is at
Ymin & T/FEmax. Apart from bringing the kink closer to the origin, increasing Emax
has little other effect on the result. The ‘missing’ piece of p&z)(y) in the error region

has been approximated by extrapolation using Chebychev polynomials.

Fig. 4 shows twice the contribution from the vertex diagram containing a self-energy
insert on an external leg (the factor of two arises because there are two diagrams).
Referring back to eq. (43), we see that this diagram has a finite ‘self-energy’ part,
and a divergent charge renormalization part, which are plotted separately here. Also
shown on the figure is the singular part of the free-space analogue of this diagram.
Once é.gain, the cavity and free-space functions exhibit precisely the same divergence.
Clearly, when the vertex correction and self-energy insert diagrams are added, the

divergences will cancel exactly.

The divergences from the loop diagrams have cancelled, but we are still confronted
with the question of what, if any, finite renormalizations need to be applied. First
of all, note that, apart from infrared problems, there is no finite renormalization of
these diagrams in free space. This would appear to be the same in the cavity, at least

for the observables generated by the conserved vector current.

It is well known that the vector coupling constant g, generated by the vector current,
is not renormalized by the strong interaction. In the cavity, the sum of the O(a,)
corrections from the three loop-diagrams vanishes identically since the operator for
g, only connects diagonal states. This is easily seen from eqs. (23), (40) and (46).

Furthermore, the two-body term also vanishes, leaving only the zero’th order result,
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which has the required value of g, = 1. Hence, no finite renormalization should be

applied to the vector current.

The situation is less clear for g, and (r?) 4, since the axial vector current generat-
ing these observables is not conserved everywhere—it is discontinuous on the cavity
surface. In view of this difficulty, we do not attempt to apply any ad hoc renormal-
ization procedure, but note that possibility of a finite renormalization exists for the

axial vector current.

The calculation of the one-gluon exchange diagrams does not present any problems
since these are finite. The only point to note is that the contributions from the zero-
energy scalar and longitudinal gluons must be calculated separately and added to the
result. Once again, the sum rules provide powerful tests of the numerical algorithms.
Restoring all factors of £ and ¢ and setting the cavity radius R = 1 fm, the results
are given in table I. As a test, it is interesting to note that zeroth order and one-body
part of the first order correction still respect the SU(6)rs relation pp/pn = —%, while

the two-body part does not, as expected.

Oth 1st order corrections ‘ Oth + 1st order experiment
order l-body | 2-body total || @, =06 [ &, =22 [17]

Up 1924 || -0.8034a, | 0.0503a, | —0.7531c, || 1.472 0.267 2.793

Un —1.282 0.5356a, | 0.0308a, | 0.5664a, || —0.942 | —0.036 -1.913
(r%p 0.5314 || —0.2598a, | —0.0147¢a, | —0.2745a, 0.3667 | —0.0725 0.69
(r)), 0 0 —0.0125a, | —0.0125¢, || —0.0075 | —0.0275 -0.12

9, 1.088 0.2927a, | —0.0501a, | 0.2426a, 1.234 1.622 1.261
(rz)A 0.4979 0.0104a, | —0.0441a, | —0.0337q, 0.4777 | 0.4238 0.7

TABLE I:

Nucleon observables to order a, for various values of a,. The magnetic moments are

in units of the nuclear magneton pn = eh/2m, and the radii in fm.

In the recent past, the calculation of the two-body corrections to nucleon observables
has been presented in several papers [18, 19, 20, 21]. Hggaasen and Myhrer [21]
clarified earlier calculations by Ushio [19] and Krivoruchenko [20] by evaluating the
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contribution to u{® due to the transverse magnetic gluon, to pg) = 0 for the proton,
and #gz) = 0.133 p for the neutron, using @, = 2.2 and R = 5 GeV~'. These numbers
are confirmed in the present calculation when the contribution from the scalar gluon is
omitted. (The transverse electric and longitudinal gluons do not contribute anyway.)
With the same parameters, Ushio finds the contribution from the transverse magnetic
gluon to g, to be 0.036, which we again can confirm. In his calculation, Ushio adds
particular terms arising from the self-energy interaction to the contribution from the
one-gluon-exchange. This is done to ensure that his Coulomb propagator satisfies the
correct boundary conditions (see [1] for a discussion), and is not done here since the

zero-energy scalar gluon mode takes care of that problem.

In calculating these corrections, Maxwell and Vento [10] use a similar formalism
to that employed here which includes a rigorous treatment of the divergent vertex
correction diagram. However, as the authors have not calculated the vertex diagrams
containing self-energy inserts, their results for the one-body corrections are gauge-
dependent, making a comparison with our results for these terms difficult, as these
are performed in a different gauge. On the other hand, the one-gluon-exchange
corrections are automatically gauge-independent, and can thus be compared with
our calculation, shown in Table II. Here we have used a, = 2.2, which is equivalent

to the a, = 0.55 used by Maxwell and Vento.

Maxwell and | present paper
Vento [10]
pp || —0.11 0.1107
P 0.22 0.0678
(r’)p | 0.032 —0.0323
(r?)a || —0.028 —0.0275
9, 0.kl —0.1102
(r*), 0.124 —0.0970
TABLE II:

Comparison of results for the one-gluon-exchange of ref.[10] and the present paper

Our results for the one-gluon-exchange contribution agree with those from Maxwell

and Vento {10] only in the case of the neutron charge squared radius, (r?),, with
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differing signs being obtained for y, and (r?),. The agreement in the case of (r?),
suggests that the discrepancy could lie in the calculation of the zero-energy mode,
since this is the only case for which the contribution from the zero-energy mode is

Z€ero.

In all of the nucleon observables investigated here, the O(a,) corrections have made
the agreement with experiment worse rather than better. The culprit is easily
identified—it is those diagrams with self-energy inserts on the external legs, whose
contributions may be divided into two parts for convenience. Firstly, there is a di-
vergent part, equivalent to the free-space charge renormalization, which cancels the
divergence from the vertex correction diagram, leaving a small {inite remainder. Sec-
ondly, there is a part which is finite for massless quarks (the free-space analogue is
zero). For massive quarks, this term also diverges, and would need to be cancelled by
a mass renormalization counter-term [11]. It is found that the finite part is responsible
for the large O(e,) corrections, and it seems to have the ‘wrong’ sign. As mentioned
earlier, the self-energy type diagrams are invariably dropped by other authors, but,
as we have seen, there are compelling reasons for retaining them in the cavity. On the
other hand, these results might be indicating that the boundary conditions confining
the fields to the cavity are inadequate—a fact already hinted at by the disconcert-
ingly large self-energies of a confined quark [7, 8] and gluon [12]. One should perhaps
determine the boundary conditions in some self-consistent way such that the nucleon
observables and self-energies have reasonable values, and this exercise may even lead
to some insight into the mechanism of confinement. Alternatively, the poor fit of
the calculated observables to the experimental values could be due in part to our
omission of corrections such as the center-of-mass or effects of the pionic cloud at the
cavity surface. It is also possible that higher-order diagrams should be included to
obtain a better fit, and although that would be an extremely un-attractive task, it

would be useful to know if the perturbative series really is converging.

We would like to thank Robert Lindebaum for useful comments. Financial support

by the Foundation of Research Development is gratefully acknowledged.
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Appendices

A Cavity modes and propagators
A.1 Quark cavity modes

The wave function of a quark with flavour f, mass m; and energy €, is given by the

solutions to the time-independent Dirac equation
(=57 9 4 my) un(M) = enr®un() (57)

subject to the boundary condition of the M.I.T. bag model [1] which, for a static,

spherical cavity, reduces to
G-+ 0P| =0, (58)

where R is the radius of the cavity. The solutions to the Dirac equation with this

) ) . (59)
7)
The adjoint spinors are defined as

() = ul (M. (60)

boundary condition are given by the spinors

N aEAUEy
“m‘(mw¢4

Here, n = {v, x, 1} labels the radial, Dirac and magnetic quantum numbers of the
cavity mode, respectively, and x%(7) is the usual two-component spherical spinor.

The radial functions g,(r) and f,(r) are given by

n) = D idnr) (61
1) = grzseale) 2 itpur), (62

where j¢(z) is the spherical Bessel function. The total and orbital angular momentum

7 and £ are defined in terms of the Dirac quantum number & by

i(r) = sl -3 (63)

(r) = j(x)+ zsgn(x) (64)

{r) = j(x)— ysgn(x). (65)
25

The momenta p, are determined by the boundary condition, eq. (58), and are given

by the solutions of the transcendental equation

Tn

wn + (5

Je(zn) + sgn(x)je(za) =0, (66)

where, for convenience, the energy, momentum and mass have been written in terms

of the dimensionless quantities wy, z,, and (; respectively. These are defined by

z, = p.R (67)
G = mR (68)
wn = €.R = sgn(v) /224 (}. (69)

The positive and negative energy solutions are characterized by v > 0 and v < 0
respectively. These solutions are connected by the symmetry relation, e_, . = —€,,_.
Finally, the normalization constant A, is given by

‘W=mm%iw+g(ﬁgﬂi - (70)

The spinors (59) form a complete and orthonormal set of states defined within the

cavity. Explicitly, the completeness relation is given by
D un(Aul () = 69 7)1, (T)
where I is the unit 4 X 4 matrix, and the orthonormality by

/dar ul(r"’)u"r(r") = 6,.,.!. (72)

A.2 Quark propagator

The quark field 3 may be expanded in the complete set of cavity modes
ber(@) = 3 [aesmun(@)e™ 4 Bl u_n(@)eie ], (73)
L
>0

where the expansion coefficients & and bt are quark annihilation and antiquark cre-

ation operators respectively. The propagator is defined as the time-ordered product
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of the fields
i8(z1,22) = <0]T [t[;c](zl)zzgl:(mg)]|0> (74)

= 6Ccl 6]]4 Z [u"(f] )‘l_l"(fg)(")(tl - tg) - u_n(fl)ﬁ_n(fz)e(tg — tl) c—unltl—hl,
v>0
where the spinor indices have been suppressed. Using the integral representation of

the theta function,

—lwt
—— 7
o(t) = lim / o1 (75)
the propagator may be written as
. . o dw e wlti-t)
15(31,12) =1bet bypr Zun(ﬁ)un(zz)/ o m (76)

n
The sum over n now includes both positive and negative radial quantum numbers.
The usual Feynman prescription for the poles should be employed when performing
the contour integral, as indicated by the +i0. In other words, poles with positive
energy are given a small, imaginary negative part while the negative energy poles
acquire a positive imaginary part. Of course, the propagator is a Green’s function of

the Dirac equation

(P — m)S(z,y) = 6W(z,y) . (77)
A.3 Gluon cavity modes
The gluon modes a’,;,(7) are solutions of the wave equation for massless vector fields
(V2 +02) a4 (7) = 0 (78)
subject to the M.L.T. boundary conditions

PSP =0 (79)

r‘-&'mg(r")‘mﬂ = 7 x (V x dns() LR =0 T=LM,E (80)

The solutions of these equations are labelled by & = S, £, M, € for the scalar, longi-

tudinal, magnetic and electric polarizations, respectively, and m = {N, J, M} denotes
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the radial, total angular momentum and magnetic quantum numbers, respectively. In

terms of spherical Bessel functions and vector spherical harmonics, the cavity modes

are
Os(F) = DS i5,(05) Vom () (31)
dme(F) = W[IJJ i Y () + VI 1 JJH(QC )ijﬁl(r)]
(82)
dnpm(7) = Rw 7 3(Q) Vi () (83)
dme(F) = T(Q\/T—[v ]J l(ﬂ r) ‘;'(f')—\/jjjﬂ(ﬂir) YJJA}-I(f)],
(84)

where QF is the energy of the m’th mode with polarization ¥. The total angular
momentum J is defined such that J > 0 for ¥ =8§,L and J > 1 for ¥ = M E.
The boundary conditions for a spherical cavity reduce to the following eigenvalue

conditions for the gluon energy
JjJ(QﬁR)—QﬁRjJ+l(ﬂﬁR) =0 - ¥=§,C
(J+l)jJ(QﬂR)—an‘RjJH(QfR):0 =M (85)
3, (Q%R) =0 E=&

The normalization constants are given by

3= i = e - k) (56)
e = g - o) (57)
me = 370, (R). (88)

The set of gluon modes satisfying eq. (78) is complete and orthonormal. These prop-
erties are most conveniently expressed by introducing the metric tensor in polarization

space, g°=. With its help, the completeness relation may be written as
D o sl ar () = 9 60 ) (59)
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and orthonormality is then given by
[ G0 ) a5 () = 47 b (90)
The diagonal metric g®% is represented as
g% = gt = _gMM _ _ g8 1 ¥ =0 ifT#£%. (91)

Finally, a few useful identities concerning the cavity modes are noted. Using the

properties of the vector spherical harmonics, the complex conjugate of a’ () is

at5(7) = (-1)Mn k.5 () (92)

with the definition m* = {N, J,—M}. The phase ¥ is shorthand for

5 -1 fE=8M
N = : (93)
+1 ifX=L¢E.
The scalar and longitudinal modes are related by current conservation i.e.
is .
tns(?) = —qsV dnc(?) (94)
- i
inc) = — o Vads(?). (99)
A.4 Gluon propagator
The gluon field may be expanded in the complete set of cavity modes
Ao = 3 e St @ B a@e™ ] o)

The propagator in the Feynman gauge (A = 1) is given by

iD::(I], .’L‘z)

Il

< |T{ x,)A,,(z,)}| ) (97)

g~F * 0z,
= _5nb Z ZQ_); a‘,:,}:(fl)a;.g(fZ) e’ mlh—tz|_
mEZ m,

Using the integral representation of O(t), eq. (75), the propagator may be written as

duw eivlta=t1)
_ >
1DV (z1,22) = —ibap Z 9= akh 5(Z1)a Ig)/ o 10 (98)
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where the vector ¢% in polarization space has been introduced. This vector is defined

as

(q ' q qM E) (w,ﬂ,ﬁ,0,0) (99)

=
Il

(w’ _Qy)v:u 01 0)’

qz

and satisfies the condition ¢*> = w? — (Q%)%. The functions D% (z,y) satisfy the

inhomogenous d’Alembert equations
0. D4 (2,y) = 8as 9™ 6V (z,y). (100)
More generally, the gluon propagator in an arbitrary covariant gauge is given by [24]

DYy = I—Aq q iw(ty—
DG (€1,72) = ibap Zm::' me(E1)ank (F2) /21r [ 7 ]e (ta=t1)
(101)
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B Vertex integrals
B.1 Quark-gluon vertex integral

The interaction between quarks and gluons is described by the integral which is

defined as
Q=i [ & () sl (102)

Closely associated with this integral is one in which the gluon field is replaced with

its complex conjugate, which will be written as

Qn =i [ Er @ () (7). (103)

Using (92), this may be reduced to (102) as

Q= ()M [ Er (e () ) = (~DMPQIE = ~QIE. (100

Following ref. [22], but using a slightly different notation, the radial and angular

dependence of (102) can be separated as

mE =  RTIRmE / dQ X (7) Yau (7) x5 (F) £=3S,L,€
(105)
mM — RTY2RmM / dQ X (F)Yom (F)x" o (7) =M.

nn’

The integral over the angular variables is readily evaluated by expanding the spinors
and spherical harmonics in a Clebsch-Gordan series. In terms of the Wigner 3j-

symbols, the result is

, 1 yw1/2 I
[ e xeimmnen - SO B gy (106)

where the abbreviation J = v/2J + 1 has been introduced. The notation for the 3;-
symbols is that of the encyclopedic Varshalovich et al. [25], and is consistent with

the standard notation of Edmonds [26]. The radial integrals are given by
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REE = ~Nos [ drr?5,05)50m () (107)
Ry = —%f / Rdrr{[nfner+,(nir)—Jjj(nir)]uml(r)

+ (k — &) jJ(Qir)Tnn,(r)} (108)
R™M = "i:l mM/ dr 12 () Lo (r) (109)
Rz = w% oRdrr{J(ul)j,(ﬂi,r)uw(r)

+ (6= ) 15,060 — O, @50 ()} (10)
Three further abbreviations have been introduced here for the radial parts of the
quark wave functions. They are
Sunt = Gngn + fafw
T = gnfo+ frgw (111)

Uit = gufor — fogn.

It is convenient to include the phase factor from the angular integration of eq. (106),

which contains the parity selection rule, into the radial functions by defining

1_ £E -1 HJ+t!
gmE g0z (—1)

an! — 92

RTE (112)

The vertex integrals involving the scalar and longitudinal modes are related by current
conservation,

mi — En' —€n QmS (113)

nn' Qs nn’*
m
The angular integrals for the quark-quark-gluon vertex are easily evaluated, while

the radial integrals require lengthy numerical calculation.
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B.2 Magnetic moment vertex

The interaction between quarks and the magnetic moment operator is defined by the

integral
1 3. - -,
M, = 5/41 rin(7) (7 x 7) (7). (114)
The radial and angular dependence in eq. (114) may be separated yielding
R
Mnn’ = -(": + K")AKK'/ dr 7‘3 (gnfn’ + fngn’)1 (115)
0

where the angular integral has been defined as

A =[5 [ Vil ) (116)

Evaluating the angular integral explicitly yields

WL_I&‘“' if K=k
— A = (117)
(sl +3)? — p? )
W&w' if IC'Z—IC:!:I,

where A is symmetric. All other possibilities are zero. The radial matrix elements

of eq. (115) reduce to

/[;R drr® (gnfn’ + fngn’) = (118)

£4w/<—2(+4n2—1
2 ww+k)+(¢

—2zz’'R x ¢ "=k, V#v
=) e Bele + 0+ R D 4 0] ’
—2ZI’R(W_W'+K_K”)X¢ kK =—-x+1

(w + w)(2? = 22)y/[20(w + K) + (]2 (w' + &) + (]
Here, the dimensionless energy, momentum and mass variables, introduced in equa-
tion (67) to (69) of appendix A, are being used, and the notation is such that w’ = wy

and z’ = z,. The factor ¢ is a phase factor given by

" v|+1 k<0, ¥v<0
$ = (), = { N (119)

|v| otherwise.
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B.3 Charge radius vertex

The vertex integral of electromagnetic charge radius is given by
Pa = [ 772 (). (120)

This is easily separated, and the trivial angular integral evaluated immediately to
give

R .
P = / dr r‘ (gng,l: + fnfn')émt’éuu'- (121)
1]

Evaluating the radial integral yields

(22 + 2wk + 3¢)(4k2 — 1 + 22?) +4¢(2wk — ¢) + 2:1:2] R

=
622(27 + 2wk + () rr=v
Puu’ =
422/ R? [(w + o)w + '+ 26) + 2(] x ¢
if vVV#£v,
(22 — 2?)?y/[2w(w + &) + (][2/(w" + ) + (]
(122)
where the phase factor ¢ was defined in eq. (119).
B.4 Axial vector vertex
The integral arising from the axial vector coupling constant is defined by
G = /dar U (F) Yeys un(F) = / d&r ul (F)oun (7). (123)

After separating the angular and radial dependence, and evaluating the angular in-

tegral, this expression becomes

R
Gnn’ = 2A,“'/ dr r2 [(" + n’)(gngn‘ - fnfn‘) —Gngn — fnfn’ ) (124)
0
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where A, was defined in eq. (117). For all possible quantum numbers nn', the Case 3: ' = —x +1

ining integral is given b
remaining tegral 13 given by I=2zz'R? [{(w—w'+n—x’)(:c’——a:”+2n—2:;’)+2(w+w’)(2(—w—w')}(12—1:’2)

R
dr T2 ('C + K’)(gﬂg"' - fnfn') = Gngn’ — fnfn‘ = (125)
Lot Al 4 5o =+ n = )] [ 2B ) F B F T
C(4k? = 1) + 2w(26( — w) ek Ve
Dol T 1) +¢ :
4kzz’ X ¢

_ K=K, V#v Case 4: £' = —x—1
(w +w)y/[2w(w + &) + (20 (W + ) + (]

12z’ (w—w' + k- k') X ¢
(22 = 2?)\/[2w(w + &) + (][2w'(w" + &) + (]

I = —2zz'R? [{(w —w k=) 2 -z -2 4+ 26") + 2w + W')(20 +w + u)')}(:r:2 —z'%) I

K'=—-k*xl.

_4(32 + 1'2)(w —w 4 k- ,;')] /(12 _ :c”)a\/[%(w +5) + (' (@ + &) + (]
B.5 Axial charge radius vertex

The integral for this operator is similar to that arising from the axial vector coupling
constant, the only difference being the power to which r is raised in the radial integral.

Hence, only the radial integral need be evaluated here.

R
./(; dr et [(E + ﬂl)(gﬂgn' ~ fafar) = gngnt — fufur| =1 (126)

Case 1: ' =k, V' =v
I=R [{2«)2 +2(¢ + 1)(2® + 2kw) + ((46% — 3)}(4/:2 —1) 4423+ 1)(2kw — 1)

+Hw(w — 2w — 415()] /612(2«)2 + 2wk + ()

- | !
Case 2: k' =K,V # v

4zz'R? [K(2? — 2)% — 4k(2* 4+ 2?) + (w + )2 (4(Kk — w — ') + 2((w + w')(46% ~ 1)
(@ + 0w - w)?V/[2(w + £) + (2 (W +5) + (]
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C Zero-energy scalar mode

For the scalar gluon, the M.I.T. boundary conditions yield the eigenvalue equation

d .
$]J(Q’3,r) =0 (127)

which has a solution 25 = 0 for mo = {N,J,M} = {0,0,0}. This solution must be
included in order to obtain a complete set of modes, and to be able to construct a
propagator that is consistent with the boundary condition [6, 13, 27]. The normalized
gluon mode corresponding to this solution is

0 =3 i
meS 47I'-

(128)

a

As Q5 appears in the denominator of eqs.(96) and (97), the corresponding quantities
are infinite. One way of dealing with this problem is to perform the calculations for
a mode with the same quantum numbers, but with a small non-zero energy Qio #0,
taking the limit 2, — 0 at the end of the calculation. This method works, but is
not entirely satisfactory, as one obtains terms which diverge like 27!, and one ignores

the instantaneous nature of such a zero-energy mode.

A more consistent approach is to examine the scalar part of the gluon propagator
more carefully. Ignoring the zero-energy modes, the Coulomb part of the propagator

can be written as the sum over the scalar and longitudinal modes

. dw e—iw(t t')
DR )= -6 3 @) [ 50y 029
r=S,C

It is important to note that the propagator is always sandwiched between conserved

currents, i.e.
8u* = Gop+V-j=0. (130)

Thus, what we usually evaluate are integrals of the form

= [ i) (@™ — dicl@e™). (131)
Using @,nc(Z) = —(i/Q)@a?ns(:i’) and performing two partial integrations, one finds
A=(1+ %)/d‘rp(x)a?,‘s(f)e"*“". (132)
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Thus the Coulomb (i.e. scalar plus longitudinal) part of the propagator can be written

as

D¥(z 7) = §105v0 —nu(t t') ms an. (I)
C ) (133)

5405105t E mS(I Ja s(l')
6408Y05(t — )G(f, 7).
One can see by substitution that this Green’s function satisfies
VIG(E,#) = = ) ahs(@)adis(#) (134)
which would yield a delta function, if the sum on the right-hand side of eq.(134)

included the zero-energy mode. However, it is not possible to include the mode mq

in eq. (129). The contribution of the zero energy mode to the propagator is given by
ViGy(&, %) = ——. (135)
Hence by integrating and using the symmetry of the propagator, we arrive at

, 1 2 2
Gole, ) = - (cf%—%), (136)

where c is an arbitrary constant. Thus the contribution of this mode to the full
propagator is

12
DE*(2,) = §08%6(t ~ 1) ( 7 —) | (137)

The presence of the arbitary constant is not a problem, as it does not contribute to any
diagram we have calculated. If one excludes the zero-energy mode [24], the Coulomb
part of the propagator in the Feynman gauge differs from that in the Coulomb gauge
by

2 2
5G(z,) = é (9 T L) . (138)

Thus one could use ¢ = 9/5 to get results in agreement with the Coulomb gauge; one

would simply have to insert
2 2
D*(z,2') = 6068t — z')4i (9 L L) (139)
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for the gluon propagator to find the contribution of the zero-energy scalar mode. The

zero-energy scalar mode contribution to each one-gluon-exchange diagram is therefore

(2) PﬂaPMPW 6"1"2 140
#Zm 2eq—€p) (19)

For the vertex correction diagram one arrives at

Ap® = —mp TR 141
pP=-3 e, (141)
b

and for each self-energy diagram one finds

P"lPMF"Z

Ap) =y ZmeTem
Ho 2(54 — Ep)

p>0
p#ny

(142)

These results are independent of the arbitrary constant ¢. The sum over all O(a,)
diagrams of the zero-energy mode is zero; thus this mode has no effect. It is, however,
important to include this mode if one wishes to compare the intermediate results with

work performed by other groups.
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D Sum rules
D.1 Vertex correction sum rule

Although there is no way of checking the final results of the cavity QCD calculations
carried out here, there are ways of carrying out independent checks on intermediate
numerical results. In this appendix, a few sum rules are presented which provide a
powerful means of checking the numerical sum over the complete set of intermediate
cavity modes of the vertex integrals. These sum rules also demonstrate that the

method of truncating the infinite sum over cavity modes is valid.

Consider, for example, the contribution from the vertex correction to the magnetic

moment

oo
Mg :gQ/ dz Y g™ QY My QY ITF(2). (143)
0 pgmL
If one discards the z-dependent terms, the sum over two of the three intermediate

particles may be carried out using the appropriate completeness relation. The re-
sulting expression can be used to check that the numerical sum over those vertex
integrals is functioning correctly. Choosing to sum over the quarks p and ¢, one has

Vit =4ng™ Y QrE i (144)

pqM

where the sum over M runs over the gluon spin projections. Using the completeness
relation for the quark cavity modes, eq. (71), the sum over p and ¢ may be carried

out immediately to give
VP = —4ng™ )" / Cr it (FPro(F x 7)ot (F) dop(FMane (7). (145)
M
After some Dirac algebra, this yields

VP = —4ng™ ; / dr <){ ant(ﬂ|2(FX‘7)z+2(Fxé'mx(F))z ¢;x(r*)}un'(r‘)-
(146)

If the gluon fields are now expanded in terms of vector spherical harmonics and Bessel
functions, the sum over the gluon spins in eq. (146) can be evaluated. After some

tedious algebra we arrive at

R
VaF =~ [ a2 [£0)e() + 00V fr) s, (47)
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where A, is the angular integral defined by eq. (116), g.(r) and f.(r) are the upper

and lower components of the quark wave function, and ®,,3(r) is given by

Bns(r) = (204 )N2ss%(Qr) (148)
Bpc(r) = 2Ji£1 (J+ 1)y, (@) — Tjy_,(@0)] (149)
®pm(r) = 0 (150)
B.e(r) = J(J+1)2J + 1)NZ, (ng:T)Y. (151)

Equation (147) can readily be evaluated numerically after choosing the quantum
numbers mY of the intermediate gluon, and the n and n’ of the initial and final

quarks.

In a similar fashion, sum rules can be derived for the contribution of the vertex

correction to other operators. For the axial vector coupling constant, we obtain

R
1707 ) QrF Gro @ = Auw | drr? [{mrm(r) + n(r)gw (1) } Oz (7)

paM
+25{ Fulr) (1) = 9n (g} s (152)
where ®,,5(r) is defined above, and ©,,5(r) is given by

Oms(r) = (27 + 1)N2s5%(r)

1l

Ormc(r) 2J+1[JJJ (@) + 47T + 1), (), (0r) = (T +1) 72, (9r)]

Onm(r) = (27 + N2 0i%(2r)

2J+1

Ome(r)

(J+ D72 () = 4J(J + 1)j,_, ()i, (Qr) - J]'}H(Qr)].

The sum of vertex integrals for the axial vector charge radius obeys a similar sum
rule to that above, with the only difference being the that r? is replaced with r*.

Finally, a sum rule for the electromagnetic charge radius is

R
mg™ 3 Q5 P @ == [ dre? ) ) + (g ()] Toslr), (159)

M
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where the function Y,,z(r) is given by

Tns(r) = (27 +1)N2s73(Qr) (154)
Tme(r) = —N,",’,,;[(J+1) (@) +J52 1(nr)] (155)
Tmm(r) = (2J+1)N2M]J(Qr) (156)
Tne(r) = —N2e[J32,(@r) + (J+ D32 (@r)]. s

D.2 Sum rule for the self-energy inserts

The vertex diagrams with a self-energy insert on one of the external legs yield similar
sum rules to the vertex correction diagrams. In fact, the sum rule for the electromag-

netic charge radius is the same for both diagrams. For the magnetic moment, one

obtains
. R
54 S Q% Q Mo =~ e [ drr® (1) (1) 4 90(r) )] Y ),
paM 0
(158)
while the result for the axial vector coupling constant i$
4ng™ Y QnF Qp Gow = . (159)

M
R
== [ e [(xo4 8 = Dan(dgw () = (54 1 4 D)) T,

where the T,z (r) were defined in egs. (154) to (157).

D.3 One-gluon exchange sum rules

In a similar way, sum rules for the diagrams involving gluon exchange between quarks
may be derived. Unfortunately, these sum rules tend to be rather lengthy, since they

depend on the the quantum numbers of two initial and two final state quarks.

Consider the expression for the one-gluon exchange correction to the electromagnetic

charge radius. The part which contains the sum over the vertex integrals is defined
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— AmE )
Wasnansn, = 476" 3 Qu%, Qu Pong- (160)
pmEI
Both of the intermediate particles may be summed over using the quark and gluon

completeness relations, egs. (71) and (89), yielding

Wannanns = —47 / 1 (7T B (7)ot (7) iy ()7t (). (161)

After multiplying out the spinors, we arrive at

Whayngngne = /d" ' [_ (gru frz + 9y fm) (.‘Ina Sog + 9n, fns)Anx—szxs—n (162)

+ {29n1fnzfnsgm + 2fn,9na9ns frg — (93 Gny + fry Fr2)(Gnagny + fnsfm)}BstKan] ’

where Ay «;x3x, and By «;x;x, are the angular integrals, i.e.

Auvsions = 47 [ & (1) 329) - (x22') 8 x(9)

AAAAAAAA

JL
(jl o J )( Jja jaJ )(fn & L)(fa £ L)
—#1 p2 2 —H3 B4 P2 0 00 0 00
o PY (& s}
& o2 3 b ja § ¢, (163)
L J 1 L J 1
where the shorthand 7 = /27 + I has been used, and
By ransny = 4”/df‘ Xl (7) 2 (F) X (7) x () (164)

= (=147t 0G0y (2T +1)
7

( o J )( j3 jaJ )(J’1 Ja J)(ja Ja J)
—H1 P2 2 “H3 K4 P2~ % —% 0 % "% 0

The sum rule for the magnetic moment can be derived in the same way. It is given

by

1+(_1)(l+12+~, 1+(_1)lg+(4+1
2 2

L AmEL m
47rg Z Q"lﬂz ﬂ;ﬁ MP"« = (165)

pmE

1 |
/dr s [(gn}fn; + gngfm) (gnggm + fn.fna) (§Cn3~.~1~; - 5051—"2"3—&4 + D"J"I"l""i)
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+ {2.‘]"1 Jra s fre + 2fn19n29n39ng = (9n1 Gy + Fry fr)(Gns fa +.‘In¢fn:)}Dn1~2~3-m]'

In this case, the angular integrals are

Crinanany = 4T / dr X::'(’:) gz Xﬁ:(") xt:*(F)xﬁ:(r') = }1 .;2 53.;4 él éz Z (—I)LW'HJ L
mL

( 6 1 h)( 6} h)( A L A )
bi—m m —y p2—m m —l2 m-—fy fy— g2 p2—m

( ja L g ) (ja L ja )(l’l 4 L) 1 4 (—1)stith (166)
—H3 M2 — M1 M4 % 0 —';- 0 0 O 2 ’

The other integral needed here is given by
= A A ~ - - - ~ 1 T T T
Daveams =471 [ € OIS XN % D)xts(7) = (-1 o

> (e a6 b AY (6 b
m — m —

mm'LL! F1—m

( £ 3 Ja 2 : jq)(ll 2 L)
Ha+m' —m' —pug Ha—m' m' —pq 0 00

( 4 L 123 ) ( ly L' N )
M= pg—p3 p2—m —p3—m' p3—pg+2m' pg—m

€ ¢ L' L' 1 L L 1 L non o
( A )( )( , )eleﬂa&,. (167)
0 0 O 0 00 pa—p3—2m" 2m' pz — py

Finally, the sum rule for the axial vector coupling constant is

LE Am mL
4”9 Z szr:nz nap GPYN = '/d"r2 [gﬂlfﬂz (fn:gﬂaEM“Nz—KaKc "ﬁgﬂsmeM*Mﬁa—M)

pmE

- (ymgnz + fm f"l) (gnagm Crsry simz + fas fm C»n;—x.mn;)

+ fn19n; (gﬂsfn. E_ g xans=ne = fraGn, E—mm—mm)] . (168)
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The angular integral Ey, «,x,«, is defined by

I —— / dF XN (7) & x22(F) - X2 H(F) Gou X4t (F) = 271 J2 73 7a by b2 €3 €y

iy 4 n £, L
-1 pa—p3—m+1/2 2L+1 ( ) ( 2
Z( ) ( ) # —t p2t+m —m —p

mL

4] I s £y : Ja (51 2 L)(fs ” L)
pz+m —-m —p3 Ha—T M —y 0 0 0 0 0 0

( 4 12 & )( 12 I L )
m—py m+py pyp— pa —2m m4 gz m— g g — p3—2m

+ C“l KoK3Rg " (169)

|
3
3 o=

Note that the cbmpleteness relation for the gluon modes, eq. (89), includes the zero-
energy scalar mode, which has the quantum numbers m¥ = myS, where mg = {N =
0,J =0, M = 0}. The contribution of this term to the left-hand side of the one-gluon
exchange sum rules above may be calculated separately, and added to the numerical

sum. One finds that

47’955 Z Q:ﬁi Qrfps Mpm = "36n1ﬂ7Mﬂsvu' (170)
P
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E Colour and ﬂa/vour matrix elements
E.1 One-body terms

The matrix elements of the external operator and quark creation/annihilation oper-
ators between proton and neutron states will be derived here. There are two distinct

types of these matrix elements, corresponding to the one- and two-body interactions.

The colour and flavour matrix elements for the one-body interaction to be evaluated

A 3 ) ( 3 ) :

t

Qe pim Q Gcfn
! ( 2 c'd 2 dc !

where |p) is the wave function for spin-up protons, given in second quantized form

by

are given by

NC ) (1)

cc'df f'n

0>. (172)

vt t t t
’ P> = \/ﬁ (aa,u.lsI ab,d,l:l - aa,u,lsl ab,d,ls‘l)ac,u,ht
The operator &l,u,m creates a spin-up quark with colour a and flavour u in the 1s
state, and € is the completely anti-symmetric tensor of rank 3. The charge matrix

Q for u and d quarks may be written in terms of the unit and isospin matrices as
Q=31(I+3m). (173)

The action of the diagonal matrices I and 3 can be represented by é-functions which

restrict the flavour f of the quark to either u or d.

~
|

Sput+ 854

T8 = bpu—bsa (174)

The operator @ does not change the colour or flavour of the quarks on either side
of its vertex, since it interacts only through the colourless electromagnetic field. In
other words, ¢ = ¢ and f’ = f on either side of the operator insert. Hence, after

noting the standard relation

X‘) (A") 4
— — = = b, 175
Xd: (2 ca\2 /4 3 (%)



the expression for the colour and flavour matrix elements becomes

5 (alabsu(3), (5), Q0ue|p) = 52 (5

cc'df f'n cfn
Using the anti-commutation relations for the creation and annihilation operators

,s>. (176)

t
ac]n Qac]n

{acs b} = 811 am)

the sum over colours and flavours may be carried out by anti-commuting the annihi-
lation operators to the right and the creation operators to the left, through the wave
function, until the vacuum state is reached. The operators vanish at this point since
aca|0) = 0 and (0a!, = 0. These sums and ordering operations can be carried out
on a computer using REDUCE 3.3, and can take a surprisingly long time on, although

the matrix elements of I and 73 turn out to be quite simple. The results are

> (p|alnTan|8) = @81+ bui)bnns (178)
cfn

N . 1
Z(P acfﬂT3adn P) = 5(46;1,1—6“,1)671,1.- (179)
cfn

The matrix elements of @) can immediately be found by using these expressions and

the definition of Q, eq. (173). The final expression is

X9 AB

A ~t »
i (5),(5), 05
S (a)ebn(3) (), Q0

cfn
The corresponding colour and flavour matrix elements taken between neutron states

: ,\n) (Aﬂ> :

t

Aoifn Qac n
d ( 2 c'd 2 dc 4

E.2 Two-body terms

. 4
p> = 56“,] 6,,,],. (180)

are

> (s

cfn

ﬁ> = _%(5“,,—5“,1)5,,1,. (181)

The two-body matrix elements arising from the one-gluon exchange diagrams are

e Ae

~t at N R

ac,j,mad,g,": (5) , <? d‘anCfﬂzadgm
c’c
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given by

> (s

colours
flavours

;:>. (182)

The gluon which is exchanged between the two quark lines ngn; and nynj carries
no flavour, and neither does the external operator attached to the line n4ngs, so the
flavour cannot change along either of these lines. Hence, f' = f and ¢’ = g. Using

the colour factor from the A matrices

Al Al 1 1
— — = = o 5c r — —55155 ‘ 3 183
(2)65(2)“ 2(54 ¥ 3 dd) (183)

the sum over all allowed colours, flavours and radial states of the matrix element for
1 is found to be

A A
L at « a .
Z <P Gt fny Adrgn, ( 2 ) ( 2 ) 1 Qe fny%dgny P>
e d'd

colours
2
= 3 (&um.I + 26,1 Szt + 28,1 6“3vr) LI

flavours

+ (6;41#3,1 - 6u1.! 6#:& - 6#1.1 5#3,1)6u:.u3 5#1 .m] 6“1'!2"3"4.181 (184)

where a shorthand notation for repeated é-functions having one argument in common

has been introduced

éab---c,z = 50,2 66,2 e 6c,z- . (185)

Similarly, the matrix element containing the operator 73 is found to be

> (p|aly,al N 1Y na 5 |
PG, Cargn, 2/, 9 d'd3 cfna Bdgng p

colours
2

avours
= 3 [2(6u1u3.1 + 26u:.1 st — 81 6#371)5;41»12 L

9

+ (Zsmua,l + 6#1.1 6u3.l ¥ 6#1.1 5;13,1)5#2,113 6u1 M«] 6"1"2"3'14.18' (186)

A considerable simplification results when these two matrix elements, in conjunction

matrix element of Q is

> (i

with the definition of @ in eq. (173), are added together. The final result for the
colours

bt (), (5), 00
c'f d’ 5 o> Qcfn, 84, p
ntdigna \ 9 s 2 o fna~dgng
favours

2
= 5(6111#:‘1 + 5#1»‘:,1)%3“,] 5nmznan4,lu § (187)
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In a similar manner, the matrix elements of the colour, flavour and charge operators

of a two-body state taken between neutron wave functions yield

A A
At st " &
Z <n @ gy Bty (7)( (?)d’anC!mad‘m n>

colours
1

flavours
= § [(46u1.T 6;43,1 - 2'5;11,1 6#3,1 - 6u1usyl)6m.uz 6#3#1 (188)

- (26;41,1 6#3.1 + 2’5u1.1 6;43.1 4 6ums'T)6m,ua 6#:»«] 5n1nznsm,la-
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Figure Captions

Figure 1: Feynman diagrams contributing to the anomalous magnetic moment of a
quark. The cross and dashed line denote the external electromagnetic source, and

the gluons are indicated by the wavy lines.

Figure 2: Feynman diagrams contributing to the baryon magnetic moments. The

intermediate quarks are labelled by p and ¢, and the gluon by m, X.

Figure 3: The vertex correction for the magnetic moment y?)(y) (solid line) and the

free-space divergence us(y) (dashed line).

Figure 4: The two contributions to the diagram with a self-energy insert on an

external leg. The dashed line shows the free-space divergence.
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