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ABSTRACT

We consider a non-relativistic string with uniform energy density and tension
and with a number of masses attached at time independent interdistances. We
evaluate the effective interaction forces induced by the quantum fluctuations of the
string on the extra masses. In the limit where interdistances are small compared to
the total string length L, but large compared to the string thickness A~!, we find
universal forces, independent of L and A, dominated by two-body effects. We find
an attractive two-body force falling off, for large distances as 1/r* and for small

distances as 1/r.
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1. Motivation

In standard string models, it is customarily assumed that the mass density p
and the string tension & are uniformly distributed along the string, so that p = &
and both are constant. These assumptions are made in the original Nambu-Goto
[1] and Polyakov models [2], which are models for fundamental strings. Also the
Polyakov model which includes extrinsic curvature or bending dynamics [3], and
the model discussed in [4] have this characteristic.

However, if string theory arises as an effective theory abstracted from the
dynamics of flux tubes, there are underlying mechanisms for producing fluctuations
in both the mass or energy density or in the string tension. Taking the example
of QCD-type flux tubes, we may concentrate on the following effects. To leading
approximation, a QCD flux tube is a long straight tube with constant cross section,
spanned between two quark sources. However, within the flux tube, a virtual quark
anti-quark pair may be produced, which locally screens the color electric flux and
is responsible for locally lowering the string tension. On the other hand, locally
the size of the flux tube cross section may be reduced by quantum fluctuations in
the color fields resulting in an increase in energy density.

If we wish to build a good effective theory of flux tubes, along the lines of a
string theory, we see that there are additional degrees of freedom in the original
dynamics of the flux tubes, that have been ignored when we abstracted a string
model with constant energy density and string tension. Whether these degrees of
freedom are relevant in the sense of renormalization theory is a difficult dynamical
question, which must be addressed within specific models. However, the fact that
none of the string models proposed so far have produced good agreement with the
observed hadron spectrum is reason to believe that perhaps not all relevant degrees
of freedom have been taken into account.

One simple extension of standard string theory is to assume that in addition to
the position coordinate z#(£) of the string there is a general distribution of mass
p(€) and tension x(¢) along the string worldsheet. As the mass density depends
on time, it is natural to also introduce a velocity field u™({) on the worldsheet
that describes the displacement of the mass. The simplest classical dynamics of
these degrees of freedom is given by relativistic fluid dynamics on the worldsheet,
formulated in terms of the two-dimensional stress tensor [5]

tmn = (P - K)Umun + Khmn

where hp,, is the metric induced on the worldsheet by the ambiant space-time.
The space-time stress tensor is then

T+ (z) = / eV —ht™ 0 X 0, X¥ 6@ (z* — X*(£))

The equations of motion are simply that 7 is conserved, supplemented by an



equation of state giving & in terms of p. In this model however, no action principle
is available, and its quantization is unclear. Also, one has to supplement the system
with some extra equation of state. The underlying reason is that the fluid dynamics
description is already an effective model, and that quantization should rather be
performed on the underlying atomistic degrees of freedom.

In the present lecture, we examine a simple quantum mechanical model with
non-uniform energy density and tension distribution along the string. We evaluate
the effect of quantum fluctuations of the string on perturbations away from constant
energy density along the string. Localized perturbations in energy density on
the string will alter the oscillation frequency spectrum due to the presence of
extra kinematical masses and a Casimir type force is expected between them. In
this lecture, we evaluate these forces when the energy density perturbations are
pointlike on the string. We shall especially be interested in the universal nature of
these forces and we shall show that in the limit of interdistances between the mass
perturbations small compared to the string length L, but large compared to the
thickness A=1, the induced forces are independent of L and A.

The induced forces we find turn out to be all attractive, and as a result, there
is an instability that arises, analogous to the instability in gravity. Perturbations
of additional mass density tend to aggregate on the string and form larger lumps.

This lecture is based on a recent paper by the same authors [6].

II. Possible Applications

We have already discussed, as part of the motivation for this work, how in an
effective theory of flux tubes, non-uniform density and tension may arise. This
applied to QCD, where useful descriptions of instabilities and hadronization may
perhaps be constructed.

However, flux tube models also arise in other contexts, ranging from supercon-
ductors and superfluid vortices to the physics of cosmic gauge strings.

We shall discuss quantum fluctuations here, but one could analogously consider
thermal fluctuations of the string as well. As such, our calculation of Casimir forces
may be of use in the physics of polymers, where variations in mass density always
occur due to the occurrence of big molecules in the polymer chain.

From a somewhat different perspective, there is a connection with gravity. On
the string we attach inertial masses, say m; and mg2, and quantum fluctuations
are responsible for an effective force that is proportional to the two masses (in
the limit of small masses). The force law here will not exactly be 1/r as in four
dimensional gravity. Yet, the force is automatically proportional to the product
of internal masses (for small values of the masses), so that in a sense the “equiva-
lence principle” of inertial and gravitational masses arises naturally from quantum
mechanical effects!



ITI. The Model

Instead of treating the full problem of arbitrary energy density variations along
the string, we shall start with a simple mechanistic model, that captures all the
physics we want to describe in the non-relativistic approximation. (Open strings
with masses attached at their ends were considered in [7,8].) Our assumptions in
this model are as follows; we have

(1) a non-relativistic string

(2) length L and thickness 1/A

(3) string distances = space-time distances
(

4) only d — 1 small transverse oscillations in d dimensions of space

(6) N masses m,; attached to the string in fixed locations z;

)

)

(5) constant energy density p and constant tension

)

(7) distances = between masses obey A™! < z <« L
)

(8) no bending or extrinsic curvature effects.

The string dynamics is assumed to be governed by the action

Stz = [ dt{ / Cdo k(o — ) 4 L ém@z(z,-)} (1)

where ¢ stands for the d — 1 oscillation degrees of freedom.

We are dealing with a (free) quantum field theory problem, and various quan-
tities require regularization. This may be effected by a cutoff on the momenta
of the string. Depending on the application one has in mind, this cutoff may be
physical in nature. At momenta beyond this cutoff, one would be probing the
internal structure of string, which typically involves new physics, not summarized
by (1). In this case the ultraviolet cutoff should be of the order of the thickness of
the string, and so we take its value to be A. The cutoff we shall use must not be
thought of as tending to infinity in all applications.

We are interested in the effective action V[z1,-- -, z,] induced by string quan-
tum fluctuations on the masses in the problem. This quantity is given by

(AVIEd / DyeSleii

A natural approach to the evaluation of V would be to perform perturbation theory
in the masses m;. Each graph is however strongly ultraviolet divergent and there



are also some infrared problems. This expansion would only be valid for small
masses m;, and the expansion series is asymptotic. So to find the answer, one
would have to Borel resum this infinite series of Feynman diagrams. Instead, we
shall proceed to solve for the frequency eigenmodes of this system, and the effective
action is then just given by the sum over all the frequencies

Vgl = 5h 3 wne ll/A

Here, we have introduced an ultraviolet cutoff on the frequencies by the thickness
of the string.

IV. The General Equations

First, we derive a general equation for the frequencies of the oscillation eigen-
modes. To do so, we order the masses m; at points z;, ¢ = 1,---, N on the string
asfollows : 0 =z, <1 <22 <23<--<z2N <zN41 = L. The equation of a
mode with frequency w is derived from (1)

N
wpu(2) + polipu(a) =~ ) ) migu(@)b(z — ) (2
1=1

Within each interval between the masses, ¢ is just a sum of two exponentials:
T % T < ®; Yuw(T) = Ai(k)e*® + Bi(k)e™ k=
where pw? = kk2. Notice that the dispersion relation still continues to indicate

massless mode propagation on the string. Continuity of ¢, and the known discon-
tinuity of ¢!, lead to the following transfer equations for: =1,---, N

A; A; A A
+1) T 1) _ T N+1
Bit1 B;i By BN +1

Here we define the transmission matrices (with t; = 'kz—’;")

1 4 t; ti e—Zikz.‘ B eikL 0
Ti = —t,’ eZikI; 1— t,’ TO = 0 e—ik[;

The equation for the momenta k is the condition that this system admit non-zero



solutions:

det(1 — TNTN—y---TiTp) =0 (3)

We shall now proceed to solve equation (3) and to resum the corresponding oscil-
lation frequencies.

V. The Two Body Potential

When no masses are present (N = 0), the momenta are given by kXL = 27n
n=0,1,2,--- and yield a shift of the classical energy density of the string, which
amounts to a renormalization of the effective energy density p. When one mass is
present (N = 1), there is an analogous renormalization of the vacuum energy of

the string. When two masses are present (N = 2), k obeys the following equation
derived from (3)

mim

0=2—2coskL+mksinkL- 3

2,2 . .
ksinkzsink(L — z 4
5 . ( ) (@)

This equation cannot be solved exactly. We parametrize the solutions by expanding
about the modes of the free string

2 26%

" L L

We neglect 6, compared to 27n in the power factors. This is justified in the large
L limit, as we shall establish later on. Then é, only enters through cos 26, and
sin 26,,, and in terms of tgd, reduces to a quadratic equation. This can be solved
explicitly, and we find

mn(mi + ma)pL — m2n?mims sin 4rn 2

&Y + 6, = —Arctg

p* L% — n2n?mymy(1 — cos4rn )

As L tends to infinity, the first few levels are unimportant and may be neglected.
Furthermore, through careful analysis of the argument of the Arctg function, it
may be checked that 6§} + 6, remains bounded (by 27), so that our approximation
of neglecting é, is justified.



Now, we see that the sum over all frequencies admits a smooth limit as L tends
to infinity. The regularized interaction energy, now valid for any masses in the limit
L — oo is given by

W

k(& * —k 2k(my + m2)p — k*mymg sin 2kz
=Vp——|(= d /A
Vlz] =V 27 (p) /0 ke Arctg 4p% — k?mim2(1 — cos 2kz) (5)

This energy correction depends on the cutoff A only through z-independent terms.
It is easy to show this order by order in an expansion in small masses, and in fact
one can show this also more generally for all values of mass.

Thus, we have reached a very important conclusion that the interaction po-
tential (ignoring the z-independent constant) is independent of L and A. In other
words, this Casimir energy is independent of microscopic and macroscopic dynam-
ics of the string. Furthermore, by simple inspection, it is clear that the problem
only involves the ratios m,/p and not p alone. Using these facts, and simple di-
mensional analysis, we have

Vie] = Vo + V() V(e) = ~F(

mimz ﬂ)
z N p2x? 'my

(6)

There is a set of interesting limits that can be taken in this expression.

The effect of small masses m; < pz is easily evaluated by expanding (5) in a
power series. We find, in this regime, a universal two body interaction potential,
proportional to the two masses m; and m9 and falling off as the inverse cube of
the distance.

h mimo (K 3 1 Imi+mo 1 m?
V(o) = (5) 15 - 3t

T3 ot \p

The effects of one small mass m to first order in that mass are also interesting and
given by the following exact expression

V@) = 30 (Z) )+ 1))
f(u) = e "Ei(u) — e"Ei(u) u = %

In the limit of small M, we recover (7), and in the limit of large M, we get the



following corrections

hm ([« ¥ 1 m?
V®) = ~16x, (F) 2 T o)

In the limit where both masses are large m; > pz (and say equal for simplicity),
we have the following results

V(z)=-h (f);_[_’r__l_ 2 w1y oM

The 1/z part of this potential was derived originally in [9], where it was shown
to be universal. Here, we find systematic corrections to this leading behavior.
The qualitative behavior of the potential for all ranges of distance is schematically
mapped out in Fig.1.

> /\-‘1L wi/P WI/P

V =




VI. Multi-body Forces

The equation for a general number N of additional masses can also be readily
derived and reads:

p
My .
_p_ ) stc(L - :1:.'1,‘,) H sinkz;,_,,

a=2

o=2—2coskL—f: >, ) (f[

p=1 o a=1
a=1$"'1p

In fact, this equation can again be solved in the limit where L — oo, and one finds
for the phase shifts é,: :

bn = 6F 4 6, = arctg Jeos
— Qsin
where
N P P
=3 Z 11 (2’”"”“) ) 2en i T] singrn Zastie
sm _] i sin L i L

and the energy shift may be written down in analogy with (5).

Of special interest are for example the three body forces that result. These
forces can be seen already in the small mass approximation to third order in the
mass. Of course, to this order we also have the corrections to the two-body force
described in (22) with their characteristic mass dependence. Three body forces in
the limit of small masses are given by

1
3 k\2mimams 1

V(e o m) = gt (5 ) L

13

for three masses with ordering ;7 < z2 < z3. To the same order in the masses,
there are also two bofy force effects expressed in (7) which should be added to
obtain the total contribution. As one can see from this special case already, multi-
body forces are mostly negligible compared to two body forces.
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