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Abstract The problem of quantization of systems possessing only second-class constraints is
considered in the framework of the BRST formalism based on path integral. In this paper it
will be shown that extending the phase-space of the original system by adding some
extravariabes, the quantization of the original second-class sytem is equivalent to the BRST
quantization of a one-parameter family of first-class systems in a new phase-space. The
general construction is exemplified on the gauge noninvariant chiral Schwinger model in the
case a > |. The family of first-class systems contains the gauge invariant chiral Schwinger
model. The equality between the Lagrangian path integrals associated to the gauge
noninvariant model and its family of first-class systems is not obtained for the gauge
invariant formulation of the chiral Schwinger model.
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The problem of quantization of both first-class and second-class constrained systems
in the framework of the path integral BRST formalism became of great interest during the
past few years. The second-class constraints (SCC) can be eliminated in principle by passing
to the Dirac bracket [1] as the theory based on the Dirac bracket and possesing only
first-class constraints (FCC) is equivalent to the original theory. A different approach with no
drop-out of the SCC is given in [2], the results derived there being phisically equivalent with
the ones obtained in [3-5] . The path integral given in [2] is (for a certain class of
gauge-fixing fermions) the same with the one obtained by canonical methods in [6,7] .

The theories with second-class constraints only (SCCO) need a special treatment. In
this case the theory based on the Poisson bracket is no longer gauge invariant because the
SCC do not generate gauge transformations. In order to apply the BRST formalism to this
situation it is necessary to associate to the SCCO system an equivalent first-class system to
whom one can apply further apply the BRST formalism making use of a certain gauge-fixing
fermion.

The above mechanism was applied in [8] to a class of SCCO systems with the SCC -

%o =0 such that the functions xa =(Ga,Ca) satisfy  the relations
[Ga, Gb]zCabCGc and the matrix Aab =[Ca, Gb} do not depend on the canonical
variables. In the above mentioned reference, both the SCCO system and the equivalent
first-class system have the same phase-space described by the original local coordinates

(qi, pi> , l.e. there were not introduced supplementary degrees of freedom. The path integral

derived in [8] coincides with the one derived in [2,6,7] .
The method described in [8] can be extended as follows. We associate to the original
SCCO system a one-parameter family of first-class systems (OPFFCS), but in a phase-space

with the local coordinates (qi,pi,za,ﬁa> and apply the BRST formalism to the OPFFCS

making use of a particular gauge-fixing fermion. The extravariables z? and pa are bosonic
and canonically conjugated. The number of these canonical pairs is taken to be equal to half
of the number of functions xq .

This method agrees with the idea of Fadeev and Shatashvili [9] to modify the
canonical quantization and introduce new degrees of freedom through a Wess-Zumino action
in the context of the chiral Schwinger model (CSM) . The quantization of the CSM is treated
in [10] , but the quantization of the gauge noninvariant chiral Schwinger model (GNCSM) is
not very clear.

In this work we shall expose in brief a new method of quantization for SCCO
systems by adding extravariables in the context of the BRST formalism based on path
integral. The method will be exemplified on the GNCSM [11] . Thus, we shall derive a
OPFFCS associated to the GNCSM such that when the parameter takes the value -e we
reobtain the gauge invariant formulation of the CSM [9,12] . It will also be shown in the
sequel that the Hamiltonian path integrals at the level of independent variables associated to
the original SCCO system and to the OPFFCS (to these ones after the BRST quantization)
coincide for the GNSCM ,as well as in general. In the same time, it will be shown that there
exists a special value of the parameter such that the Lagrangian path integrals (LP1) of the
GNSCM and of the associated OPFFCS coincide. Related to the BRST quantization, it will
be applied the antibracket-antifield formalism following the same lines as in [13]



2. The chiral Schwinger model

The Lagrangian actions corresponding to the gauge noninvariant, respectively the
gauge invariant formulations of the CSM are given by

sgNAL 0l = Idzx(—z‘l-Fqu“V + %ap,(pautp reAy(mHY —eMV)apuo + %ezaAuA“> ()

st'A,0.01=s5N[A, 01 +sEWEA 0] @
where
sSLWZ(a 0] = fdzx(%(a— 1)0u60H8 — eAy((a- DnHY +eH)5,8) 3)

We use the conventions nHY =diag(1,-1) and £9'=1 _ In the action (2) appears an
additional Wess-Zumino field , 6 , such that (2) is invariant under the following gauge
transformations: dgAp =-0pe,de¢ =eg,0g6=-ec .

The theory is shown in [11] to be unitary and Lorentz invariant for a> | with a

massive (mz = ezazl(a— l)) . For a=1 one obtains a free field theory. The case a=1 is
not interesting from our point of view and will be not treated here.

For a>1 the Hamiltonian analysis of (1) gives the primary constraint G = 29=0
and the canonical Hamiltonian

—lagl(] 1.2 1
Hsc—]‘dx (EK]K1+ZKQ*A081R —C(Tt(p'*'al(p)(Ao—A])-f-
2 2 L2
1 e e“a
+3010010+ (AO—AI) —== Ap,A“j . 4

Here, no,nl and ng are the canonical momenta respectively conjugated to A, A} and

¢ ,and 0 =_aT . The consistency condition on the primary constraint implies the
ox

secondary constraint C=0, ! +e(7tq) +010te(a-1)Ag+ eAl) =0 . There are no
further constraints, the two ones obtained above being SCC.

It is easy to see that [C,G]=e2(a-1),[C,C]=0, and [G,G]=0 , where [ , |
denotes the Poisson bracket. We observe that C can be put in the fom& c=cO®ic ,
where C(® = a]nl +enp and c) = e(51(9+e(a— DAy +eA]) . It follows simply that
[c©,cO]= [c©@,c]=[c®,G]=0 and [c(),G|=e2@a-1) .Itis then simple
to check that [G,[G, H]] =—e2(a— 1)#0 and [G]G,...,[G;H]...]]=0 for more than
two G's. Wealso have | C(©), [C(O),Hﬂ %0 and [, [c©, [ u]..]]=0

for more than two C(9)'s, We mention that the above vanishing Poisson brackets hold
strongly.

3. The family of first-class systems

Our starting point is a system with the canonical Hamiltonian H , described by N
bosonic canonical pairs (q‘,pi) and subject to the SCC yg =0 . We assume that the

constraint functions ¥o =(Ga,Ca) are such that the Ga's are first-class among
themselves. Because for the GNCSM we have [G,G] =0 we will consider only the case

[Ga,GbJ=0 strongly. In addition we shall make the assumption that Ga =0 are primary
constraints, while Ca =0 are secondary ones. We shall also presume that

Ca=cO4clV  such  tha [cf,o),cgo)] - [cgo), Gb} -0 swongly and
{Cgl),Gb} =A,p, don't depend on the canonical variables. As o =0 are SCC, it follows

that det ([xq,xpD = det (Cap) = (det (Aab)) 2 #0 . The path integral correspondent to
the above SCCO system takes the form [13]

Z= IDquDu(detAab) exp (igo) , ()
where

Sola. p,u]=fdt(qip; ~H—u°‘m) : (6)

The functions pg represent the Lagrange multipliers corresponding to the SCC .
In the case of the GNSCM the correspondences are

at o (Ap0) = (AO’AW) ’ ™
pio (o) =(x0 7 ng) ®)
%a=(Ga,Ca) > (x0,0,7! +e(mp+0 0 +ea-DAg+er,)) )
HoHge - (10)

Next, we shall associate to the SCCO system a OPFFCS in a phase-space with the
local coordinates (q’, Pi> z8, 53) . This construction will be accomplished in two steps. The
first step consists in associating to the original SCCO system a first-class one in the original
phase-space, having Ga =0 as primary and the only ones constraints and the first-class
Hamiltonian H such that [ﬁ,Ga] =V aGp , with £ a's some functions of q's and p's
The general form of H is given in [8] . In the case of the GNCSM it is enough to find H
such that [I—{,Ga] =0 strongly. Because Hgc is quadratic in ¢ the first-class
Hamiltonian for the GNSCM reads

G | 1[1 M2, c© (1)] ,
T ax [ L(c cOc¢ , (1
sC sc*(:z(a_])I X 2( )"+ )




Thus, the first step is implemented.
With the aid of the first-class system constructed above we shall build in the second
step a OPFFCS with the constraints Ga=0 ,ya=0 and the first-class Hamiltonian H*

such that [Ga,H*]=V, byb and [ya,H*]=0 , where V, b are some functions of q's
and p's. In order to build the Hamiltonian H* we introduce a number of additional
canonical pairs (z ,Pa) equal with the number of functions Ga . The new variables are
bosonic and fulfill [za, Eb] =52 p - Then, H* takes the form

— 12 _ _ 0
H* = H+%Aabpapb - (lpa +c§ )WAabcf)l) +8@p2) . (12)

with g(q, p, z) such that [Xpa +C;(, ),H +g} =0 .In(12) A% is the inverse of the matrix

Aup and A is the parameter of the OPFFCS. It is easy to see from (12) that
©
C

ya=Apa+Ca ~ . Itis clear that [Ga,yb] =0 strongly, so that the above constraints are
first-class. The consistency conditions on ya =0 don't imply further constraints due to the
construction of g(q,p,z) . Thus, the second step is also implemented.

In the case of the GNCSM, in agreement with the previous general discussion, we
introduce a single canonical pair (z,p), so that

_ L2, a2 o A S _ -
HSC fdx! n]nl 2n¢+2e2(a_l)p c(“1__1)p<61q)+e(a 1)A0+eA1)
2,2
1_ a1 e“a® ,2 , _a
~Apo ™ en(p(AO Ay xalz)+2(a_1)A1+2(a_1)61(p6]cp+
(e ), ¢k )
vead| (0124 0y 1)0l(p)+ 612612J : (13)
and also
y:lp+61n +enp =0 (14)

From (13) and (14) one checks expllcltly that [1( HSC] vy and |:y, HEC] =0.
In this way we associate to the original SCCO system described by the action (6) a

OPFFCS in a phase-space with the local coordinates (qi, p-l,za,f)a) , the last system being
described by the extended action

SEfq,p,zpv.ul=/di(aip; +£%a ~H* ~v3Ga -utva) | (s)
with v2 and u? the Lagrange multipliers associated to the FCC. The action (15) is invariant
under the following gauge transformations

. . : 0
5£ql=[ql,ca]51+[ql,c§)]e; ,(163) 8¢z? = A, (16c) 8ev@=¢F ,  (16e)

0 _ A
Sspi:[pi,Ga]e?+|:pi,Cg ):ls; ,(16b) 8¢Pa = 0,(16d) Sgu? =¢5 + VA e t2’+sl , (160)

where \-/ab = _Aac[cgo)’ Cgl)]

4. The BRST quantization of the first-class family

Now, we pass to the quantization of the OPFFCS described by the action (15) in the
framework of the BRST antibracket-antifield formalism. We assume the constraints Ga =0
and 72 =0 to be irreducible (as they actually are in the case of the investigated model). In
agreement with the general formalism [13] we associate to every variable in the theory its
antifield, denoted by ql " za, a,v; and u; . As the variables appearing in (15) are all

bosonic, it follows that the Grassmann parities and ghost numbers of every antifield are
respectively equal to one and minus one. The constraints being irreducible and abelian, the

minimal ghost spectrum contains only the ghosts n? and ng associated to the gauge
parameters a? and sg . The Grassmann parities and ghost numbers of the two ghosts are
equal to one, respectively one. With the non-minimal sector of the form
(B?,Bla,Bz,B;a,ﬁ?,ﬁ;a,ﬁg,ﬁ;a) , the non-minimal solution of the master equation
reads

) ©)
oG aC oG aCy
SE-gE ailo*|%Ca,a, Xa’” a|_ +i0Ga a
o+l [ [Ep ", nz] P [6q e aq! J+

+kzan2+van1+ua(n2+v b“g“]l) +n1aB +n2a 2) (17)
In order to compare the path integral correspondent to the gauge-fixed action deriving
from (17) with the path integral (5) we choose the gauge-fixing fermion implementing the
canonical gauge conditions Ca =0 and z% =0 of the form

‘P:—Idt(ﬁ?ca+lﬁ3Aabzb) : (18)
P
Eliminating the antifields from (17) with the relations QR L 4 , where
ob
oA = (q p;.z% pa, B, Bz,ﬁ‘; ﬁg) and @), their antifields, we obtain the gauge-fixed
action S% SE[Q‘)A <D 6 \y of the form
_ = b,,2-a b a a b
sq, =S, —Idt(r\lAabnl +A“T5A,pM, +B]Ca+AB5A 2 ) . (19)
The action (19) is invariant under the following gauge-fixed BRST transformations
sq' = [q Ga]n +[ i c( )] ,(20a) sn;‘ =0 ,(20e) sB? =0 ,(20i)
_ a © . a a_ 2 B2 =0 0i
sp;=[pj.Ga Ind +[p;.Ca” [n3 .(20b) sn3=0 ,@0n  sB}=0 ,(20))
sz =4n , (200 sv3 =71, (20g) si =-BY, (20k)
- ; et b -
spa=0 ,(20d) sud =75 +V? nj +n],(20h) sii3 = -B3.(200)
The path integral correspondent to the OPFFCS is then given by
- a2 .-E
28 - [DqDpDZDFDVDUDA D Dfi, D, DB DByexp (is) . @1)



If one applies the previous results to the GNCSM one gets the path integral
corresponding to its OPFFCS as

Z}S{C = [DApDrHDeDnoDzDpDvDubf { D1y Dij,Dn, DB | DBjexp (is%sc) , (22)
where
S%SC = Idzx(Aun"l +Qngp +2p- ch ~vr0 —uy-

-—ez(a— l)(ﬁ]nl +k2r—]2n2) —BIC—lez(a— l)Bzz) . (23)
The BRST transformations leaving  the  action  (23) invariant  are:
sAg =1|,84 =—Bln2,s1r0 =sn! =sp=smgp =sn| =sNy =sB| =sB, =0,50=eny,
sz=An,,sv="1,su="y+n,sN) =-B|,sny=-B; .
Performing in (22) the integration over Ao,no,z,ﬁ,v,u,ﬁl,nl’ﬁzynz,Bl and B, we get

where
3 A . 1 a2 1 (5 _1)\2
See =[d%x| A ! +onp-=mymy — o — oyn' | -
sc =/ X( 1T FOTe =5 T 3G )6 2e2(a N\ )
2
e(a-l)"“’(al" redjp+elan;) - A 0,0-
2
_ | 1 - __a B 2
e(a—l)aln (eA1+01<p) 2(a_l)alcpalq, —Z(a—l)AlJ . (25)

Relation (24) expresses the path integral of the OPFFCS associated to the GNCSM in terms
of the independent variables. Due to (6) applied to our model it results

(617:1 +en(p+e61cp+e2A])]x

Zgc :IDA“Dn“Dq)DmpS(nO)B Ap+

ez(a—l)
xexp (ifdzx(Ap‘rr“ +Qmp - hSC) , (26)
where hg represents the Hamiltonian density of Hg( (given by (4)) . Integrating in (26)
over Ag, 70 we obtain
z8-=zgc . @7

The last equality shows clearly that the GNCSM and its OPFFCS are equivalent at the level
of the Hamiltonian path integrals over independent variables. The result given by (25) is
identical with the one derived in [10] .

Equation (27) also takes place in general. Within the hypotheses mentioned earlier, if

one takes Fi=H+1a2CEVC() 4 a2V introduces the last reation in (21) and
integrates over z ,pa,v u ,nl r|l n2 nz,B and B2 , one gets Zg Z (if one also
integrates in (6) over p®* ) The exponents of ZE; and Z differ by the term
Idzx%AabCaCb , but this fact doesn't affect the prevoius equality because of the factor
I;IS(Ca) , which is present in the measure of Zg after integration over BT . This

supplementary term helps us to make a simple switch from the Z{'*{; to its correspondent
LPI. We shall be concerned with this subject within the next section, which will be devoted
to obtaining the LPI forms of (22) and of the one deriving from the Lagrangian action of
the OPFFCS associated to the GNCSM.

5. The Lagrangian form of the path integral

e(a 1)

If one performs in (23) the transformation C - C—- ——=B , which doesn't affect

the BRST invariance of SFPSC , and introduces this new action in (22) , one gets after

integration over 7[“',7[@,[_), z, v,u,ﬁl,nl,ﬁz,nz,B] and 82 the LPI for the GNCSM of
the form

Zs, =jDAuD<p(e,/ﬁ)exp (is'(;N) . (28)

On the other hand we can evidence the LPI of the OPFFCS built earlier. In order to
infer its Lagrangian action we impose the gauge conditions u? =0 [13] . The action derived
from (15) with the aid of the previous conditions is called the total action and reads

Sg[q, p.Z,p,v] =[dt(qipi +2%a-H* —vaGa) . (29)
The gauge invariances of the action (29) result from (16 a-f) via the relations 8gu® =0 .
In the case of our model the correspondent total action is

T - i . .
SOSC[A, 0,7, Mp,z,p,V] = Idzx(Apn“ +QnQ +2p - H;C - vno) , (30
and is invariant under the following gauge transformations(modulo the identification £ =€):

dgAp =-0pe,dep =ee,8ez=1Ag,8gv = —€,8gmH = Bgnq, =8gp=0 .If one eliminates
nH, me,p and v on their equations of motion because they are auxiliary [14] , we obtain the
Lagrangian action of the OPFFCS correspondent to the GNCSM

3 [A,¢,21=SIO‘N[A,(D]+N2 [e (a-1

So dpzoMz+
OPFFCS

2
+eTAV((a—- kY +Euv)5p2] . 3D

Strictly speaking, (31) should also contain the term %Idzxa“"apzav({) , but this term
doesn't contribute to the equations of motion. It is, in fact, an anomalous term and was
neglected vanishing the integral of the divergence. The last relation exhibits that at the
Lagrangian level there is a OPFFCS corresponding to the original GNCSM . For A =—e the
second term in the right side of (31) represents the Wess-Zumino action (3) modulo the
identification 8=z .

At this point we are able to clarify the problem of the equivalence at the level of path
integrals between the GNCSM and the OPFFCS . The action (31) is invariant under the
gauge transformations: 8g Ay = -Ope, 8e¢ = eg, 8gz = Ae . Applying the antibracket-antifield
BRST formalism to the action (31) we find the non-minimal solution of the master equation

L 2. (_a*H * X %
SOPFFCS SOOPFFCS+Id "( ATRounteo n+iz n+n B) ' (32)

where A*H 0, z* are the antifields of the fields Ay, 0,z and n represents the Lagrangian
ghost field, while (B,B * A ﬁ*) give the non-minimal sector.



In order to compare the path integral deriving from (32) with (28) it is natural to take
a gauge-fixing fermion implementing the canonical gauge condition z=0 . Thus, it has the

form ¥ =Id2x(ﬁz) . Eliminating as usually the antifields from (32) one infers the
gauge-fixed Lagrangian action associated to the OPFFCS of the form
L L 2=
S =8 +fd*x(\n+Bz) . 33
¥Loprrcs  COPFECS ( (33)
The action (33) is invariant under the following gauge-fixed BRST transformations:
SAp =-0um,sp =en,sz=An,sN=B,sn=sB=0 . After performing the integration over
1,n,B and z the path integral correspondent to the action (33) takes the form
z§ =[DALDOA exp (isldN) . (34)
Loprrcs o
Because (28) and (34) must coincide it follows that

A=eja-1 . (35)

It is then clear that from the entire OPFFCS only the one with the above value of the
parameter is equivalent at the level of the path integral with the GNCSM, but it does not
reveal the Wess-Zumino action. We can always modify the gauge-fixing fermion such that
Y = Bjdzx(ﬁz) without affecting (34) as B is present in every of the last two terms in (33).
It follows that for A = —e it is impossible to recover the factor ea— 1 from the measure of
(28), so that the path integral correspondent to the action (1) and (2) (after the BRST
quantization for this one) don't coincide in general.

In [10] Srivastava compares the gauge-fixed action resulting after the quantization of
the two formulations of the CSM at the level of independent variables. The corresponding
path integrals coincide because the factor in the measure is well-known to be equal to one at
this level. The equivalence between the path integrals mentioned before must be checked at
the Lagrangian level. As we notified earlier, the equivalence takes place only for A given by
(35).

6.Conclusion

If one extends the original phase-space by adding some extravariables, the BRST
quantization of the original SCCO system means, in fact, the BRST quantization of a
OPFFCS. The path integral of the OPFFCS (after the BRST quantization) coincides with the
one of the original SCCO system at the level of indepedent variables. At this level the path
integral of the OPFFCS does not depend on the parameter A . The LPI correspondent to the
original SCCO system and to the OPFFCS coincide for a unique value of the parameter A .
For the CSM this value is given by (35). For the previous value of A the contribution of the
extravariables to the Lagrangian action doesn't coincide with the Wess-Zumino action. The
Wess-Zumino action is recovered for A =-e . The method exposed in this paper can be
extended to the case of the canonical Hamiltonian of the original SCCO system more than
quadratic in the functions Ca. This case will reported elsewhere.
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