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Abstract 

The relative efficiency of the photocathode of a photomultiplier tube may not be unifonn 
over its entire diameter. A special kind of concentrator should be designed in order to send 
more light onto the area of the photocathode that has a higher efficiency. A design method 
for obtaining such a concentrator is described and the two new concentrators obtained are 
analyzed by ray-tracing. The capacity of the classic compound parabolic concentrator to 
direct more light on the areas of higher efficiency is also analyzed and the results are 
compared to those of the two new concentrators proposed. The total efficiency of light 
conversion is evaluated for the new designs proposed and the classic epe in the case of a 
Hamamatsu R-7056 photomultiplier tube proposed to be used by the VERIT AS project. 

Ke~rds: light concentrators, photomultiplier tubes 

1. Introduction 
j 

An optical concentrating system is designed to concentrate a beam of light of a 
certain divergence angle and a given cross-sectional area into the minimum possible area 
without loss of throughput. The optical concentrating system can be characterized by the 
geometrical concentration ratio and by the maximum concentration rat io. The geometrical 
concentration rat io is defined as the area of the entrance aperture over the area of the exit 
aperture. In a 3-D geometry the maximum concentration ratio (the thennodynamical limit) 
fo r an optical system with a conical angular fie ld of view of half-acceptance angle ±8 is 
given by [ I] : 

2 n 
Cmax = 2 ~ 2 (1) 

n2 'Sin 8 
where ll , and ll2 are the refractive indices of the media in 'which the entrance and the exit 
apertures are immersed. If the optical system contains only reflective surfaces: 

1 =--2- (2)Cmax 
sin 8 

It is also known that the concentration of ~e simplest conventional optical systems (e.g. 
lenses, mirrors, etc.) are far below these two limits. To overcome this inefficiency, the field 
of nonimaging optics started to develop since mid-1960s, by designing optical systems that 
approached the theoretical limit of light co llection (1, 2), but dispensing with the 
image-forming requirements. 

A non imaging concentrator is essentially a funnel for light. Different designs of 
such concentrators (e.g. the compound parabolic concentrators, the straight-walled 
concentrators, etc.) have been studied and used over the years in the fields of solar energy 
concentrating systems and Cherenkov light detectors for high-energy physics and 
astronomy. 

1~ ,-----------------------------------------------, 

100 I ... 

~ 80 I 7--•• •• ••• • • V 
5 
IL 

§ ~tl~-----------------------------------+--~ 
w 
:> 
~ 

~ ~ tIT:------------------------------------~~~ 
a:: 

20 II 'a 

0 ••-------.-------.--------,-------,-------.-------+ 
10 15 20 25 , 30 

POSmONI~ 

Fig. 1 The spatial dependence of response for the Hamamatsu-R7056 photomultiplier 
tube 
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Sometimes, the relative efficiency of the photocahtode of the photomultiplier 
tube used as a light detector and placed behind the concentrating system, is not uniform 
over its entire diameter (see Hamamatsu R-7056 tube, fig. 1 (2]). The exterior region of the 
active area of the photocathode shows a maximum of relative efficiency whereas the inner 
area shows a minimum. 
A special kind of cQncentrator can be designed so that all the light that interacts with the 
wall of the concentrator will be reflected to the exterior area of the photocathode. Even if a 
certain amount of the incident light will go directly to the central region of the 
photocathode, the rest will be directed to the area of higher efficiency. The general design 
method and the results of the ray-tracing simulations will be described in the following 
sections. 

2. The general design method for the concentrator profile 

Let us consider that the active area of the photocathode has a smaller relative 
efficiency in the region Y'Y (fig.2). A'A is the diameter of the entire active area of the 
photocathode and the highest relative efficiency is in the ring bordered by A'Y' and YA. 
We shall assume that the exit aperture of the concentrator fits exactly the diameter AA' and 
that A is the first point on the side profile of the concentrator. 

If the point A with the coordinates (XA, 0) is determined, then the next point 
C[Xc, h] on the side profile of the concentrator will be connected to A by a straight line 
(segment [AC] in fig. 2) with such a slope that all the light rays incident within the design 
collecting angle 8li m will be reflected anywhere inside either region VA or A'V'. The rays 
incident on point C at 0° in respect with the optical axis will be reflected closer to the point 
A than to the point Y, whereas the rays incident on point C at Slim will be reflected closer to 
V than to A. All the rays incident within the acceptance angle Slim on the segment rAC] will 
be reflected in the area V A closer to A than those incident on point C. If the coordinate X p 

of the point of impact P between the reflected ray and the photocathode, obey the 
conditions: 

-1 

Xv ~ Xp ~ XA (3) 

A' V' Bo T 

Fig. 2 Tbe first point C [Xc, h) on the side profile of the new concentrator. i is the 
angle of incidence, 3 is the angle between the optical axis and the normal at t he 

segment lAC), 9 is the acceptance angle (the limit angle), P is the point of impact 
between the reflected ray and the photocathode. 

or , , 
XA ~ XP ::; XV (4) 

then all the light incident within the acceptance angle on the segment [AC] will be reflected 
inside the region of higher efficiency. lfthe angle CPB is denoted by Yl and CBP by Y2 and 
because the angle FCP (the angle of incidence i) is an exterior angle for ~CPB, then 

i = Yl + Y2 (5) 
Assuming that 8 is the angle between the optical axis and the normal at the segment [AC], 

Y2 + 8 = 900 (6) 
in ..iFOB and Y2 +(CAB) = 90° in ~ACB, it follows that (CAB) = 8. On the other hand one 
can easi ly notice that 0 = i + 8 , where 0 ~ S ~ Slim' From fi g. 2 

x 



h
X c = X T = X A +[AT]=XA +-  (7)

tan 8 
h 

where [AT] = -- in M e T. Then in M>CT: 
tan 8 

: h h h h 
tany} = [PT] = [PA ] + [AT] = (XA - X p) + tan8 (8) 

From equations (5), (6) and (8) : 

i = arctanl h ] + (1t I 2 - 8) (9)
(X A -Xp) 

As i = 8 - e2 0 it follows that 8 ~ 8 and 8 ~ 8lim . Therefore we may say that: 

~ 8 ~ nl2 10)81im 

If 8 ~ 81im or 8 ~ n / 2 the rays will be reflected back to the entrance aperture. 

From equation (9) it follows that: 

h h(l +cot8cot i) 
X p = X A +--- (11) 

tan 8 tani - cot 8 
We will replace i in the above formula by 8 - 8 . For the two extreme cases: e= 0 and 8 = 
8lim, a given value of h and the smallest value of 8 in the angular range (10), two values will 
be obtained fo r Xp. If both of them satisfy the conditions (3,4), the coordinate of the second 
point on the side profile of the concentrator will be calculated as 

h
Xc =XA +-- (12)

tan 8 
If at least one of the two values of Xp do -not~atisfy conditions (3,4), then the value of b 
should be incremented by one unit and the procedure repeated unti l both values of Xp fulfill 
the conditions (3,4). For that value of 8 and the given h the coordinate Xc will be computed 
according to (12). Then we can go to the next point on the side profile. 

The procedure for the next point (E(XE, YE) in fig. 3) is simi lar to that for the 
prev ious one if we assume that the coordinates of the first point are already known. Let us 
suppose that the point E(XE, YE) in fig. 3 is in fact the k-th point on the side profile of the 
concentrator and that the point C(Xc,Y c) whose coordinates are known is the k-l point. 

Applying the same methodology as for the first point we obtain for the new angle of 
incidence and the coordinate of the new point of impact: 

K·h 
+ (nI2-o K ) (13)lk =arctan 

h 

(XK - 1 - XPJ< ) + tan8
 

K 

-X h K· riO+ cot8K . tan iK )XPI( - K -l +--- (14) 
tan a tan iK - cot 8K 

If both values of X 11< obtained for the extreme situations 8K = 0 and 8K = 81im satisfy 

conditions (3,4) we will compute the coordinates of the k-th point according to the below 
recursion relations and then go to the next point: 

h
= X K - 1 +-- (15)X K tan 8k 

= K· h (16) YK 
where Yo= 0 and Xo= XA . Otherwise we must increase 0 with one more unit and repeat the 
procedure. Ifthe conditions (3 ,4) are not satisfied for any 8 in the angular range (10), then 
the procedure stops and no farther point will be determined. The last point considered will 
be the k- l point. 

2.1 Choosing the height h 

One of the most important problems is how large h should be in order to have an 
accurate evaluation of the point's coordinates. 
Two design options are possible: 

a) h has the largest possible value for which the conditions (3,4) are sti ll satisfied . 
when 8 = 89° (the largest possible slope) . Only one point is obtained in addition to A. 
The concentrator is a simple straight-walled, fru stum collector having the radius of the 
entrance aperture given by Xc and the length h. 

b) h is as small as possible. The smaller h, the larger the number of points 
obtained the smaller the total height of the concentrator and the larger the radius of the 



-~¥:~-::.;\. 

entrance aperture. Its radius of the entrance aperture is, for small and medium acceptance 
angles much larger than the radius of the entrance aperture of the concentrator described at 
point a). A larger radius of the entrance aperture will also mean a larger amount of light 
interacting with the wall and going to the area of highest efficiency on the photocathode. 
However h cannot be smaller than a certain value which makes the time necessary to 
compute the coordinates, prohibitive. The radius of the entrance aperture will be given by 
the X coordinate of Hle highest point. 

J 

A' V' o v P A F G 

Fig. 3 The next (K-th) point E[X[, YE] on the side profile of the new concentrator. I is 
tbe angle of incidence, 0 is tbe angle betw~ the optical axis and tbe normal at the 
segment [eEl, a is the acceptance angle (t"be limit angle), P is tbe point of impact 

between tbe reflected ray and the photocathode. 

Computer programs have been developed to generate the side profile curves 
numerically. These were written in ASAP (Advanced System Analysis Program) [3] an 
optical programming language. The programs require as inputs the coordinates of the 
extreme point A on the photocathode, the coordinates of the point V (the extreme point of 

the small efficiency area), the acceptance angle Slim and the height h. The selection of the 

890
best value of the height h in the case a) assumes 0 = and considers a trial value at 
the beginning. Then, this value is gradually changed until is found the largest value of the 
height h for which the conditions (3,4) are still fulfilled. In the case b) a trial height ofh:;! 
was chosen at the beginning, a set of points was obtained and then the total primary height 
of the concentrator was divided by 100 to get the final value of h. This was a convenient 
value of h so that the time used by our Pentium II computer was acceptable. However, on 
faster computers the height h can be much smaller and the result will be a concentrator 
having a shorter length and a considerably larAr entrance aperture. 

The 2-D case is solved at the beginliing to obtain a number of points on the side 
profile of the concentrator. They are then fitted to obtain a 2-D curve. The 3~D concentrator 
is obtained by rotating the 2-D profile about its symmetry axis. 

In order to manufacture the concentrator on a numerical "milling" machine, the 
coordinates of the points of 2-D side profile are introduced in the machine's memory, which 
interpolates them and then cuts the shape accordingly. 

3. Tbe optical properties of tbe new designed concentrators 

The optical properties of the concentrators were evaluated using ray-tracing 
software codes written in ASAP. 2000 rays were unifonnly generated over the entrance 
aperture of each of the designs analyzed. The flux of light was counted at the exit of the 
concentrator on two detectors. The first one was a circular detector with a radius equal to 
the radius of the inner, low efficiency area The second detector was an annular one with an 
area equal to the exterior, high efficiency area on the photocathode. The inner radii 
considered were 15, 20 and 25 mm, while the exterior radius equaJ to the radius of the 
entire active area of the photocathode was 30 mm. Nonimaging concentrators were 
designed as was described above so that all the incident rays on the wall of the 
concentrators, within acceptance angles of 10°, 20°, 30° and 40° respectively, will be 
reflected towards the annular area of highest relative efficiency. The two possible 
geometries of the new concentrators described above at subsections a) and b) were 
considered for ray-tracing. The new straight~walled concentrator is refered to as SWC, 
while the new concentrator having a larger entrance aperture and a much larger number of 
points detennined on its side profile, win be refered to as LEAC.' For the LEAC 
concentrators the coordinates of 40 points were determined on their side profile. These 
points were fitted by ASAP in a least squares sense with a third order polinomial curve to 
obtain a 2-D profile. The optical properties of these new concentrators were compared to 
those of a classic compound parabolic concentrators (CPC) [1] designed for the above 



mentioned acceptance angles and a radius of the exit aperture of 30 mm. Their radii of the 
entrance aperture are in compliance with the thennodynamic limit (2). 

The geometrical properties of all the above described designs are presented in 
table I and 2. 

Table 1 _ 
The height in milirneteh of the nonimaging concentrators analyzed 

swc LEACCPC 
I 10' I 20' I 30' I 40' 10· I 20· I 30· I 40'10" I 20' I 30· I 40· 

15mm I 1140 .8 I 322.7 I 155. 9 I 90.2 62 .0 I 29.9 I 18.7 12.4 770 I 39.0 I 24 .0 I 17.0 
20mm I 1140.8 I 3227 I 155. 9 I 90.2 51.0 I 26.0 I 18.0 I 11.0 41.2 I 19.9 I 12.5 I 8.2 
25 mm I 1140.8 I 322.7 I 155.9 I 90.2 20.7 I 10.0 I 6.2 l 4.1 26.0 I 13 .0 I 8.0 I 5.0 

Table 2 
The radius in millimeters of the entrance aperture for the non imaging concentrators analyzed 

I 10' 
CPC 

20· 30· I 40· 10· 
swc 

20· 30· 40· 10· I 
LEAC 

20' I 30· I 40· 
15mm I 172.7 I 87.7 I 60.0 I 46.6 31.3 I 307 I 30.4 I 30.3 50.9 I 40.2 I 35 .8 I 33.3 
20 mm I 172 .7 87 .7 60.0 46.6 30.9 I 30.4 I 30.3 30.2 43 .9 36.8 I 33 .9 I 32 .2 
25mm I 172.7 I 87.7 I 60.0 I 46.6 30.4 I 302 I 30.1 I 30.1 37.0 I 33.4 I 31.9 I 3Ll 

The 2-D profiles of the LEAC concentrators designed for an acceptance angle of 
10° and the radii of the low efficiency area of 15, 20 and 25 mrn, are shown in fig. 4. In 
table 3 it is shown the average ratio of the amount of light collected in the annular region of 
high efficiency over the total amount of light collected within the desired acceptance angles 
(10°,20°, 30°,40°) and for the three radii of the low efficiency area (15, 20, 25 mm). The 
reflectivity of the wall of the concentrators was considered 85% as this value describes 
pretty well the aging behavior of a coated aluminum surface over a couple of years of 
exploitation. The variation of the reflectivity of the wall with the angle of incidence was 
considered unimportant for the present evaluation (see [2]). 

i? 

!11ght goes in 

I 

I 

I light goes out 

d 
Fig. 4 2-D profiles ofthe LEAC concentrators designed for an acceptance angle of 100 

and the radii of the low efficiency area of 15, 20 and 25 mm. The radius of the exit 
aperture is 30 mm and the radii of the entrance aperture are given in table 2 

Table 3 
The average ratio of the amount of light collected in the annular region of high efficiency over the total 
amount of light collected within the desired acceptance angles (10°, 20°, 30°, 40~ and for the three 
radii of the low efficiency area (IS, 20, 2S mm), in %. 

10· 
CPC 

I 20' I 30' I .0· 10· I 
swc 

20' JO· I 40' 10' I 
LEAC 

20· I 30· I 40' 

15 nun 
20 mm 
H mm 

I 

I 

67.6 
49.3 
25 6 

I 
I 

71.9 
' 1.2 
27.7 

I 
76.9 
58.0 
30.2 

I 
77.5 
59.2 
33 .2 

75 .5 1 
57 .5 I 
J V 1 

75 .7 
56 .5 
31.3 

I 
75. 3 
56.2 
30.9 

I 
I 
I 

75 . 1 
55.7 
30.8 

90.5 
77.6 
51.8 

I 
I 
I 

852 
67.7 
42. 5 

I 
81.8 1 
63 .9 I 
378 1 

79.2 
60 .9 
34 .9 

As it can be seen from the tab le 3 the amount of light collected in the region of 
high efficiency increases from small angles to large angles for the CPC, slightly decreases 
for SWC and decre~es for LEAC. As it was expected the amount of light col lected in the 



annular area decreases as this area shrinks for the all three designs. Up to 20° (small 
angles) both the straight-walled concentrator (SWC) and the LEAC are superior to the CPC 
but as the angles increase the perfonnance of the CPC becomes closer to the SWC and even 
exceeds its perfonnance. At 40° the LEAC's performance is still the best but the 
differences between it and the CPC are very small (- 1%). According to the 
aforementioned observations the old design of the CPC has performances well below the 
new proposed concentrators up to 20° acceptance angles. However, the new concentrators 
designed to reflect all the rays incident within a certain acceptance angle on the outer 
region of the photocathodes have in fact much larger acceptance angles. Therefore, in order 
to be used with good results, an additional baffling system should be added so that only the 
light within the initial acceptance angle is allowed. If no additional batlling system is to be 
used then the classic CPC remains the best option as its batlling ability is very good. If an 
additional baffling system can be used and the outer region is very small (see case 25 mm 
of 30 mm) the new designs are a better solution even at angles around 30°. The straight
walled concentrator (SWC) has a poorer performance but it is expected to be easier to 
manufacture than LEAC. At 40° the performances are very much the same and the classic 
CPC looks like the best solution. 

However, under real conditions only the requirement of having all the light 
incident on the walls of the concentrator sent to the region of the photocathode ' where the 
efficiency is higher may not suffice. If the difference between the values of efficiency 
across the photocathode is not large (less than 10% in average) and the reflectivity of the 
wall is poor (- 80%) the improvements of these new designs may not be significant. 

4. The optical properties of the new designed concentrators used with the 
Hamammatsu R-70S6 tube 

In order to have an evaluation of the performances of these new concentrators 
under real conditions, SWC and LEAC concentrators were designed and ray-traced 
assuming they would be placed in front of th.f Hamamatsu R-7056 tube. This tube was 
proposed to be used by the VERIT AS proj~ct ~J . As inputs for the geometry building and 
ray-tracing codes written in ASAP were considered the following parameters: the 
transmisivity of the photomultiplier's window - 96%, the width of the window - 1 mm, the 
acceptance angle imposed by the VERITAS design - 26°, the reflectivity of the wall - 85%, 
the radius of the exit aperture 11 mm (the diameter of interest ranges from 4 to 26 mni, see 
fig. 1), the radius of the central area of low efficiency - S mm (the diameter of the area of 
low efficiency ranges from 10 to 20 mm, see fig. 1). The programs took into account the 
Fresnel variation of the transmisivity ano reflectivity of the photomultiplier's window. The 
relative efficiency of the photocathode of the R-70S6 tube was considered to be 80% in the 

central region (10 to 20 mm, fig. 1), whereas for the region between 4 to 10 mrn and 20 to 
26 mm (fig. 1), the average relative efficiency was evaluated at 89%. In addition to the 
SWC and LEAC designs, two compound parabolic concentrators were ray-traced. The first 
one (CPC1) was designed to have an acceptance angle of 26° (required by VERITAS) and 
the other one (CPC2) was designed to have the same acceptance angle as the real 
acceptance angle of the SWC 65.9°. The geometrical characteristics of these four 
concentrators are summarized in table 4. 

Table 4 . _ 
The radius of the entrance aperture and the heighCitor the four designs ray-traced in the case of the 
VERITAS project 

In fig. 5 it is shown the variation of the ratio 11 I (8) of the amount of light 
collected in the annular region of high efficiency (S to 11 rrun) over the total amount of 
light collected within the desired acceptance angle (26°) for the four designs considered. 
Fig. 6 shows the variation of the total efficiency of light conversion in photoelectrons at the 
photocathode 11(8) within the desired acceptance angle (26°) for the four designs 
considered. The total efficiency of light conversion in photoelectrons at the photocathode is 
defined by: 

1'](9) = A· E2 (9) + E3 (9)· D 
(17)

100 
where A = 89% is relative efficiency of the photocathode in the high efficiency area, B = 

80% is relative efficiency of the photocathode in the low efficiency area, E2(8) is the ratio 
of the amount of light collected in the higb efficiency area over the incident amount of light 
and E3(8) is the ratio of the amount of light collected in the low efficiency area over the 
incident amount of light. 
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Fig. 5 The variation ofthe ratio Th(a) of the amount of light collected in the annular 
region of high efficiency (5 to 11 mm) over the total amount of light collected within 

the desired acceptance angle (26°) for the designs considered 

Table 5 
The average ratio 111 (8) of the amount of light collected in the annular region of high efficiency 

(5 to 11 mm) over the totaJ amount of light collected and the average variation li(8) of the total 

efficiency of light conversion in photoelectrons at the photocathode within the desired acceptance 
angle (26°) for the four designs considered in the case of the VERIT AS project 

T CPCl S\lU CPC2 
7'~ 82.3;;1(8) [%J T 80.1 

;;(8) [%J T 66.7 81.2 81.0 

The average value of 111 (8) and Ti(8) within the design acceptance angle are 

given in the table 5. As it can be seen from table 5 the best performance in terms of light 
collected in the region of higher efficiency belongs to the LEAC. However this does not 
necessary result in the best performance of the total efficiency of light convers ion in 
photoelectrons at the photocathode, too. This is offered by the straight wall concentrator 
(SWC) which also has the simplest design to manufacture. If one would like to have a 
slightly larger entrance aperture and a very good total efficiency will have to consider the 
classic CPC2 with an acceptance angle equal to those of the SWC (see table 5). However 
the largest entrance aperture, small length and pretty good overall performance is given by 
the LEAC design. The last three designs in table 5, offer a very good total efficiency of 
light conversion in photoelectrons at the photocathode within the proposed acceptance 
angle, have small lengths (therefore are cheap to manufacture) but have real acceptance 
angles much larger than desired. If an extra baffling system is not available for the camera, 
the classic CPC 1 design seems to remain the only option even if its performances are 
14% lower than in the case of the new proposed designs. 
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Fig. 6 The variation of the total efficiency of light conversion in photoelectrons at the 
photocathode 11(9) within the desired acceptance angle (26j for the designs considered 

5. Conclusions 

A photomultiplier tube having a nonuniform relative efficiency across the active 
area of the photocathode requires a light co~~ntrator to reflect most of the incident light 
over the area with a higher efficiency. A . method to design a specialized nonimaging light 
concentrator for the above purpose was described. Two different designs were obtained and 
their optical performances were evaluated by ray-tracing for different acceptance angles 
and different dimensions of the high efficiency area. The smaller the acceptance angle and 
the area of high efficiency, the larger the amount of light reflected toward the high 
efficiency area by the two new 
des igns proposed in comparison with the classic epe. However the new designs have poor 
cut-off abil ity and therefore an additional baffling system is required whenever they are 
used. 

For the practical case of the VERITAS project, the two new designs placed in 
front of a Hamamatsu R-7056 tube showed to be valuable options in order to improve the 
total efficiency of light conversion in photoelectrons at the photocathode. A gain of 12.4% 
to 14.5% in comparison with the CPC design for the VERlTAS acceptance angle, resulted 
from simulations for the two new proposed designs . 
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