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Anyon superfluid with suppressed parity violation 1
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ANYON SUPERFLUID WITH SUPPRESSED PARITY VIOLATION -—_-
In two spatial dimensions there exist the possibility of having elemen-
/ tary excitations whose statistics is neither of the Bose-Einstein nor of the
2z ) Fermi-Dirac type [1,2]. The wave function of an N-particle system may
J.L. Goity [ acquire unremovable arbitrary phases under the interchange of identical
‘ particles. This is a consequence of the multiple connectivity of the config-
Continuous Electron Beam Accelerator Facility 1 uration space in 2 dimensions [3], in contrast with its double connectivity
\

1200 Jefferson Ave., Newport News, Virginia 28606, USA in higher dimensions which restricts the statistics to be either bosonic or
fermionic. On the other hand, the rotation group in 2 dimensions is abelian,
thus allowing for arbitrary (non quantized) spin. The connection between

J. Soto spin and statistics for anyons has been discussed in ref. [4].
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The study of excitations possessing fractional statistics is relevant in
the description of the Fractional Quantum Hall effect [5,6], and it may also
be of interest in connection with high T, superconductivity [7].

The properties of a system of free anyons (no interaction beyond the
statistics) are much harder to determine than in the case of free bosons or
fermions. The reason for this is that the wave function of N free anyons
Abstract cannot be obtained by suitable direct products of one-anyon wave functions,
as it is the case for bosons and fermions. In particular, the deterinination of
the thermodynamic properties of a free anyon gas is a difficult problem. At
We analyze an anyon superfluid of the standard kind. The model is com- low densities, the system can be studied by means of the virial expansion,

posed of <’q1{al'nlxn'1ber' dGIJSlt?' of FWU types.of anyons carrying comple- where the second virial coefficient is known exactly [8] and partial results
mentary statistics and interacting via a repulsive hard-core potential. This : ; :
. st ISR P = : exist for the third coefficient [9].

system shows a suppression of parity violation. The analysis is carried out
in the limit of quasi-bosonic statistics, where we show that the interactions
induced by the statistics tend to suppress the condensatc. In ref. [10] it was found, within the random phase approximation,
that in a system composed of a single type of free anyous at vanishing
ternperature the current-current correlators have a pole at zero nicuentun
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for suitable values of the parameter determining the statistics [11]. The
system is then a superfluid and shows the Meissner effect if the anyons
carry electric charge, becoming a superconductor. Although the persistency
of the zero momentum pole at finite temperature is controversial [12], this
mechanism of superfluidity might be relevant in the description of layer high
T. superconductors [7]. A signal of this kind of anyonic superconductivity
is parity violation. However, no experimental indication of parity violation

in current layer superconductors has been found so far.

Motivated by this last observation, we consider here a system where
parity violation is a subleading effect [13]. The system considered consists
of two types of anyons with complementary statistics. When the chemical
potentials for each type of anyon are equal, the Hamiltonian possesses a
discrete symmetry, which we shall call charge conjugation, involving the
exchange of both types of anyons. This symmetry leads to the suppression
of parity violation. We study one such system with a hard core repul-
sive interaction between anyons in a standard superfluid phase. For quasi-
bosonic statistics we can show that the long range interactions induced by
the statistics tend to destabilize this phase, leading to a suppression of
the condensate. As the repulsive interaction decreases, a phase transition

should occur.

Anyon superfluid with suppressed parity violation 3

2. The model

We consider a system composed of two types of anyons of equal mass
and complementary statistics in the sense made manifest below. The statis-
tics is introduced in the usual way [14] by adding to a Lagrangian which
describes bosons an auxiliary gauge field (which has no Maxwell term, and
thus does not add degrees of freedom to the system) with a Chern-Simons
term which accounts for the deviation of the statistics from the bosonic
limit. In second quantization the Lagrangian density reads as follows:

1
L =i ¥iDy¥, — — (D;¥,)' D; ¥,
2m
4iT} Doy — 5 (Dilz)! Di¥s (2.1)

1 r
g U0y 4y TR, + T ¢?a,8,a, — V(¥1,¥s)

where U, and U, are bosonic fields corresponding to the two types of
anyons, a, is the auxiliary gauge field, and the indices 1, v, ... refer to time
p =0 and to the two spatial dimensions p = 1,2. The covariant derivatives
are given by:

Du‘Ill = (au — ia#)\lll D”‘I"z = (6“ + iau)\llg (22}

where the difference in sign between the coupling of a, to ¥y and ¥,
implements the complementary statistics we alluded to before, characterized

Ly the real parameter 8. gy and gy are chemical potential s and V' iz a
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repulsive interaction which is needed to stabilize the system in the approach
followed in this work.

When a particle of type 1 revolves around another particle of type 1
the wave function acquires a phase 6. Exactly the same happens when
a particle of type 2 revolves around another particle of type 2. When a
particle of type 1 revolves around a particle of type 2 the wave function
acquires a phase —6.

Besides the gauge invariance inherent to this formulation, when p;, =
p2 the system possesses a discrete symmetry under the following operation,
which we will call charge conjugation:

U, — ¥y
‘1’2 — \Ifl (23)

Gy — —a,

It turns out that with this symmetry parity violation will be a non-
leading effect for those systems composed by the same number of anyons of
type 1 and 2. In what follows we set yu; = po = p. A model consisting of
only one type of anyon, obtained for instance by setting U5 = 0 was studied
in [15].

(2.1) is the Lagrangian written in first order formalism. The resulting
Hamiltonian density and the only constraint are respectively given by:

H = L\I/i(ié_)-;-m?qr} + L\I.I(,jg_ a)2 v,
o ’ 2m * (2.4)
V(0. 0p) = (U] Ty + U] 0y)

Anyon superfluid with suppressed parity violation 5

and !
G=ulw, - vlu, + 5% €7 0;a; =0 (2.5)

The last equation is analogous to the Gauss law in electromagnetism.
(2.5) implies that e; is not a dynamical field since its transverse (gauge
invariant) part is determined by ¥, and ¥,. Choosing the transverse gauge
(8:a; = 0), one obtains:

818

@) =2 [y EZW @l - o

Qe

This equation contains the essential difference between the model (2.1)
and the models containing a single type of anyon. Suppose we set ¥, = 0.
Then a finite density necessarily implies a finite fictitious magnetic field
b = € 9;a;. Consequently, perturbation theory must be developed on Lan-
dau wave functions [11,12] in which parity violation is a leading effect. In
(2.6) however, if we insist that the symmetry (2.3) be respected by the
ground state, we must take (0] ¥1®; | 0) = (0| LI, | 0) and hence, the
average magnetic field vanishes. Consequently perturbation theory must
be developed on plane waves which leads to qualitatively different features.
In particular, parity violation is not a leading effect and will appear only
through the interactions. This is the type of configuration we will study in
this letter.

As it will be shown later on, the Hamiltonian (2.4) will present sta-
bility problems if one neglects the repulsive potential term and insists in
analyzing the system within the Landau-Ginzburg approximation which we
shall adopt Lere. In this case, stability is provided by such a repulsive inter-
action between anyons. One can, for instance, choose a hard core two body
potential consistent with all the symmetries of the model of the following

form:
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=k (Ui 0, + UI0,)? (2.7)

where k > 0 is a constant with dimension mass™*.
In the following we consider 6 to be a small parameter, i.e., the anyons

are quasi-bosons, set T=0, and assume that charge conjugation symmetry

is a symmetry of the ground state. We can write:

= /oo + ¥ (2.8)

where pg 1s the number density of each type of anyon populating the
Bose -Einstein condensate. The fluctuation fields ¥! are supposed to be
small such that a perturbation theory can be developed, as in the description
of superfluids in 3 space dimensions [16]. At finite temperature the analysis
must be modified due to the phase fluctuations which prevent long range
diagonal order in two dimensions {17]. From (2.4), (2.6) and (2.8) we obtain

the following effective Hamiltonian:

Anyon superfluid with suppressed parity violation 7

H =/d25:(—290 1 — p\/8 po Rex(Z)

X (@) (5 Y+ WX(E) - B @GV + W)
_QLm; i (x'V;® + @'V ,x](2)

(2.9)
< [ 5 e E — I (10 + 8+ B RelD
1

0 5

2
X{/dzﬂ €ij E-_ D [+ @y + SpOReé}(g)] +v>

where we have defined

1
x=y/5 @ w

- (2.10)
Lo
¢ = \/5 (T) = T3)
Under a charge conjugation transformation (2.3) we have:
it (2.11)
o — -9

whicl er:sures that the modes x¥ and ® will not be mixed by the inter-

actions.
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It is very important to notice that in (2.9) long range interactions
induced by the statistics are present. In particular, the term bilinear in
@) and proportional to (/7)? gives rise to a self energy which diverges
at vanishing wave number k, which is physically unacceptable. In fact, the
presence of long range interactions points to the need to carry the analysis
beyond tree level. The singularities at vanishing wave number are lifted if
one performs a non-perturbative resumation, as described in next section,
which leads to the screening of the interactions.

3. Non perturbative resumation and screening

In order to proceed with the analysis, we first define the propagators
in the usual manner [16]:

zGa( t)= (0| Ta'(z,t)(0,0) |0)
7.t)= (0] Ta(z,t)(0,0) |0) ’ (3.1)
zF*(z t)= (0| Ta'(z,t)a'(0,0) |0) a=®,x

where F,, refers to anomalous propagators, which in an homogeneous
systen are self conjugated [16]. Choosing pg such that:

(0] %10 =0 (3.2)

the density of excitations above the Bose-Einstein condensate is given
by:

Anyon superfluid with suppressed parity violation 9
-

P == %E;—d:) i Go(k,w) exp (twe) e—0F (3.3)
T

(o = @, x) and the total density turns out to be:

p=2po+po+ Px (3.4)

Following standard procedures, the propagators in momentum repre-

sentation can be written in terms of the self energies £¢; , I, as follows:

= 1 L2
Galk,w) = D. [w+ — — p+ I3 —w)]
- 1 &
Fo(k,w) = N e (kyw)
DO:EOQZQ(]—Caw
= k2 . 2
= [Bh (k) —wt m —p—i€] [BN(k,—w) +w+ o p—ie]

where ©2, is defined as the self energy with one ingoing and one out-
going excitation whereas £, is the anomalous self energy with two ingo-
ing or two outgoing excitations. Since F*(k,w) = Fo(k,—w), we have
8, (k,w) = £ (k,—w). Such a property is not necessarily shared by Xf;.
As observed before, the symmetry transformation (2.11) implies that the

self energies will be diagonal in the (x;®) space.
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In the present model we have explicitly checked in a diagrammatic
expansion that the Hugenholtz-Pines relation [18]:

£¥(0,0) — p = £F,(0,0) (3.6)

is satisfied. No such relation is satisfied by the mode ®. Thus, for
¢ small enough the system is a superfluid and the mode y describes the
phonon excitations. There is however an important remark: superfluidity
in this model is not a result of the interactions induced by the statistics. It
is rather a consequence of the repulsive interaction one needs to add in order
to stabilize the system. It is however remarkable that (3.6), which holds
for 6 = 0 (i.e. for bosons), continues to hold when the statistics becomes
exotic. Thus, at small enough 6 the system should retain its superfluidity.

Qualitatively, the spectrum of the model at small wave number cousists
of phonons associated with the excitations x which propagate with velocity
¢ = 1/Z3,(0,0)/m and the excitations ® will in general show a gap A and an
effective mass m*. For 6 sufficiently small all the quantities characterizing
the spectrum will be determined by the repulsive interactions, and can be
calculated in the standard manner. For 6§ = 0 the hard core repulsion gives
4, = it = 4 po k. The gap and £2, vanish at order x. The first contribution
to A is positive and is of order k2: A = 2 pym~?/m, while TF, still vanishes
at this order, implying that m* = m.

Determining the corrections to the self energies due to the interactions
induced by the statistics demands certain care. Due to their long range,
a non-perturbative resumation is required. This is similar to the RPA
for the Counlomb gas [19], and it consists in adding a chain of loops in
the channel which shows the most singular behaviour as the corresponding

momentum {ends to zero. Fig. 1 shows an example of the construction of

Anyon superfluid with suppressed parity violation 11

a three- and a four-leg effective vertex following this procedure. We have
constructed all three- and four-leg effective vertices which are relevant in
the present analysis. For reasons of length we postpone the details to a
forthcoming publication [20]. The resumation leads to a screening of the
interactions induced by the statistics. In momentum representation, the
factors 1/k? characteristic of the long range interactions are replaced in a

first approximation by:

1
—_— 3.7
k2422 (3.7)
The screening length A can be expressed as follows:
m d m
S e . S [ — 3.8
g \/8p002I(0,0) 0\/8[(0,0) (3.8)

where d is the average distance between anyons of the same type and

1(0,0) is the following loop integral:
27! 1 _ _
Ik w) s =i /M Ak, wi ') (3.9)

PEIE

where:

.

AR, wi kK w') = — [Gy(k,w) Go(k',w') + Fy(k,w) Fo(K',w') + j : ::’
(3.10)
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I(0,0) is estimated by taking 23’2 =0, i.e.,, Fp =0, and neglecting any
dependence of the self-energies on the wave number. This is the appropriate
approximation as far as the corrections to the self-energies induced by the

statistics are small. We arrive at the following expression:

m

100,0) = =~ dz(\/%_n/(z-ux/ﬂ—ué— (3.11)
& = ~02

—27T1

This integral, which can be done explicitly, diverges logarithmically as
the gap A tends to zero. Physically, two anyon probes added to the system
will behave with respect to ea ch other as bosons if their separation is much
greater than A. It should be emphasized that in the determination of ) the
repulsive interactions due to the potential only played the role of fixing the
ratio A/%g, ~ ZE,

An analysis of I(k,w) shows that it diverges logarithmically as w —
wo(k), the cnergy of an excitation ® of wave number k. In general (3.7)

should rcad as follows:

1
k2 + 220 Ik, )

flhyw) =

(3.12)

1t turns out that this implies that phonons, as expected, in the limit of
vanishing wave number will decouple fromn the massive excitations described
by ®. This decoupling only occurs logarithmically, in contrast with the

linear decoupling observed in tliree spatial dimensions.

Anyon superfluid with suppressed parity violation 13

4. Corrections to the self-energies by the statistics

In this section we discuss the corrections to the self-energies induced

by the statistics. Since the details are lengthy, we will present them in [20].

Our purpose is to show that in our model the interactions induced
by the statistics tend to destabilize the superfluid phase. In particular,
this implies that a phase transition must occur as the coupling constant x
decreases at fixed 6 # 0.

It is sufficient to consider those corrections to the self-energies which
only involve the effective interaction vertices induced by the statistics. As
we show later, corrections which involve one of these vertices and a vertex
induced by the hard core repulsion turn out to be negligible. The corrections
are calculated in the usual manner [16] in terms of effective vertices and full

propagators. As illustration, Fig. II shows some of the diagrams involved.

A first interesting result is that the singularity at vanishing wave num-
ber present in the self-energies of ¢ at tree level (see terms quadratic in
@ in eq. (2.9)) is lifted by the one loop corrections. This is a screening
effect similar to that observed in the effective vertices, and agrees with the
fact that at long distances two anyon probes added to the system behave

as bosons with respect to each other.

As Tig. II shows, diagrams can be classified according to whether they
involve one or two propagators. The latter give contributions to the self-
energies which are of the general form (we set the momenta at which we

evaluate the corrections to the self-energies to zero):
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[ 8p062\? [ &?kd =
62~po( i ) [ 5 (st e

x ((Ga(k,w); Fa(k,w)) x (Gp(k, £w); Fy(k, +w)))

(4.1)

where for 5% we have o« = 8 = ® and n = 2,3, 4, while for §% we
have @ = x, f = ® and n = 2. The form (4.1) for 6% assumes that one
neglects corrections which vanish when evaluated at (k = 0,w = wg(0)).

We find that the contributions to the self-energies of the diagrams with
two propagators are all negative. The explicit evaluation of the integrals can
be done by rotating the integration path to imaginary w, approximating the
self-energies by the leading contributions given by the repulsive potential
(which imply £, = 0), and using f(k,w) as in (3.6). In this manner we
obtain the following estimate for the corrections to §£X:

6% pj

ESX A -~ O
7mAI1(0,0)

P

(4.2)

Within this approximation, the choice of the positive sign in the ar-
gument w of the propagator in (4.1) leads to a vanishing result. These
corrections 657 can also be explicitly calculated leading to complicated ex-
pressions iuvolving various scale s A, £, etc.. They are not very useful
for our purpose and therefore we shall only use the corrections to LY, in

our further considerations.

The fact that the corrections are negative is of general character: it
follows from the stability requirements that the gap and T, must be pos-
itive, and the property that the effective three-leg vertices have the same
sign.

Anyon superfluid with suppressed parity violation 15

The diagrams containing only one propagator involve the four-leg effec-
tive vertices. We have checked that these vertices correspond to repulsive
interactions, which, as observed before, vanish when the wave number of the
phonon modes tends to zero. This is because the effective vertices contain
factors of f(k,w), which in that limit are evaluated at w = wg(k), where
f vanishes. We focus on the corrections to £X at vanishing wave number.
The integrals involved are of the following form:

88 [ PRdw

-l R B0 [ f(k,w)]" Go(k,w) . (43)

63X

where n = 1,2. The prescription to calculate these integrals is the
same as for the Bose liquid [16], and consists in multiplying the integrand
by the factor e ¢, where e = 0%, and the integral becomes well defined by
closing the integration contour over the upper w plane. Since G¢(k,w) only
has a pole at w = wg (k), and f(k,w) has discontinuities on the real axis for
| w|> we(k), the integral reduces to an integral of the discontinuity of the
integrand on the negative real axis. From the discontinuity of f for w < 0
given by:

dy(k,w) = f(k,w—i€) — f(k,w + i€) = 2: Im(f(k,w — i€)) (4.4)

and the property that Im(f(k,w — i€)) < 0, as it can be dednced from
(3.9) and (3.12), one concludes that §ZX must be negative. It is possible to
give bounds on 6ZX by using the following inequality valid for w < —we (k):

1 1 -
—_— > —— = ) >
2w T w—wq(k) Gl 2

(N

(4.5)
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which implies that:

2B <6XX < B
8p0 6 [ &k ~wa(k) gy, (4.6)
B = =M 72(n-1) 2
! m (27r)3k [_w w dys(kyw) <0

While I(k,w) admits a representation in terms of an unsubtracted dis-
persion integral, [f(k,w)]™ requires a subtraction. This is done at w = oo,
where it has the value 1/k?. Using the property that d s« (k,w) = dgn(k,—w)
(here n refers to the n'* power of f), the integral over dw in (4.6) is readily
expressed in terms of [f(k,0)]" — [f(k, c0)]™:

d2 A
/ ﬁk”“‘”([f(kﬁ)l"—[f(k,oo)]") (4.7)

_ 8po 92
N m

B

The integration over k of the term proportional to f(k, oo) diverges
logarithmically at the origin. This problem is entirely related to the two
dimensionality of space. A proper treatment, where the fields are separated
into fast and slow variables [21], should resolve this problem. The cut-off
required here should then be related to the scale separating the two types
of variables.

The leading corrections due to the diagrams containing one propagator
are then approximately given by:

£o 02 AQ)\Z + 1
Tm log AZ)\2 )

§TX A — (4.8)

where A is the cut-off. Its precise choice is not very relevant for the
conclusions we will draw bellow.

Anyon superfluid with suppressed parity violation 17

Finally, diagrams containing a three-leg vertex induced by the hard
core potential (2.7), like the one depicted in Fig. II (b), give corrections of

the form:

02 p2 d?kd
6%~ i [ KOV (Go(k ) n=1,2
(4.9)

where in writing this expression we use the property that the hard core
three-leg vertices have one ingoing and one outgoing ¢ excitation, and that
Fy ~ 0. Within the same approximations which lead to (4.2), and by the
comment given thereafter, it turns out that (4.9) vanishes.

Comparing (4.2) with (4.8), using that £X ~ pg k, A = 2 py m ? /7 and
1(0,0) ~ mlog (=), we see that as k decreases the contributions depicted
in (4.2) become dominant over those in (4.8). This is a consequence of the
factor 1/A in (4.2) whose origin is traced back to the long wave length
contributions in the loop integrals with two propagators. These type of
contributions are absent in the case of (4.3). . From (4.2) we can draw
an estimate of the order of magnitude of the critical x below which the
superfluid phase becomes unstable:

1 62
)~

M Kerit T m3

Kerit 10g ( (4.10)

Below k.r;; the positivity conditions that XX should satisfy are not
fulfilled and the approach we used breaks down. A new phase is then
expected to emerge. Since in the determination of k..;; we only used XX,
the possibility is open for the inestability to occur at a larger value of &, for
instance, if A becomes negative.
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5. Final remarks

We have investigated a model consisting of two types of anyons carrying
complementary statistics. For equal number density of each type of anyon,
the model possesses a charge conjugation symmetry (2.3) which leads to
a suppression of parity violation. We considered one such a system in the
quasi-bosonic limit, and found that the standard superfluid phase tends to
be destabilized by the interactions induced by the statistics. This phase
can only exist if a hard core repulsion between anyons is present. If this
interaction is too weak (see eq. (4.10)), the system should choose a different
phase. The nature of this phase is not clear to us. One could conjecture
that it corresponds to pairing correlations between anyons of type 1 and
type 2, as in the mechanism suggested for semions [22]. Another possibility
is the spontaneous breaking of the charge conjugation symmetry by the
ground state. It is clearly not excluded that the new phase can still be a
superfluid. The problem of establishing the nature of this phase seems very
interesting to us. Finally, we conjecture that the results of this paper are

general, applying bevond the quasi-bosonic limit.
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Figure captions

Fig. I: Example of self-consistency equations for (a) three-leg, and (b)
four-leg effective vertices. The solid line corresponds to the mode ® and
the wavy line to x. The dashed line indicates the presence of a factor 75 in
the bare vertices.

Fig. II: Some diagrams contributing to the corrections to X induced
by the statistics. The second diagram in (b) contains a vertex, hc, induced
by the hard core repulsive potential (2.7).
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