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ABSTRACT

Lov energy effective action for mesons |s derived from the fundamental

theory of QCD In different approaches. The obtained effective actlon is of

the form of that In the chiralG'-wodel vith vector and axlal-vector mesons

Included but vith fever free parameters. Some of Its consequences are

discussed.
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I.  INTRODUCTION

)

Quantum chromodynamics (QCD) has been well studied at high energies where

perturbatlion calculation Is applicable and has proved to be successful.

However, there are a lot of physically Interesting lov energy hadronic

processes v¥hich are nonperturbative and remain unsoived in QCD. Usually low

energy processes of mesons are studied by constructing effectlve model
field theories from the consideration of symsetry requirements and

phenorenological constraints , such as the linear and nonlinear (™-models.

Although these models do reflect some essential properties of QCD and can

lead to some successful resuits,the situation is still not satisfactory

since It Is not known how they are related to the first principle of QCD.

In this talk,ve vlll give tvo different vays of deriving the lov energy

effective action for mesons from the first principle of QCD. Our starting

point Is the QCD generating functlonal
: z-SzBa?Z)tT)Dw-'Du? explSd"x{ Ly (B,w, @) P rﬂ--.—g,%‘*s’“)q: } (n

vhere ¢ ( @),Bﬁ and W (@) are the quark field,gluon field and the ghost
rlcld.respeclIvely.}E(B,unEh Is the part of the QCD Lagrangian Including the
pure giuonic term,the gauge fixing ters and the gauge compensatlion tera, and
mo IS the current quark mass matrix. in Sec.]l we shall give tvo different
approximatlions at low energles In which after Integrating out the gluon and
ghost

flelds, the effective Interactlons betvcen quarks are four-fermion

interactions. As has been pointed out by several aulhors?]“lhe four-ferelon



interactions will lecad to the g<model type effective action for mesons
through the introduction of auxilliary fields for the quark-anti-quark
composite opcralors and the auxiliary flelds are just the uwmeson fields.In
our effective action,there is one more free paramecter than the set of free
parameters in the fundamental theory of QCD due to the iIgnorance of the
complicated loop contributions and nonperturbative effects in the gluon
sector. The form of our effective action looks |ike that in the chiral o-
sodel with vector and axlal-vector mesons included, but vwith fever free

paramcters. Some of Its qualitative consequences are discussed In Sec. J[ .

IL . DERIVATION OF THE LOW ENERGY EFFECTIVE ACTION FOR MESONS

1.1/8¢ Expansion.
We are interested in lov energy probless In vhich gg Is large. So we take
1/85 as an expansion paraseter to derive the lov energy effective action. It

Is well-known that if ve rescale the fields Q;,uJand w by
[ ] a - —
Bu>B./8s , w -»W/ge , w - w/ge ,

the generating functional (1) can be written as
Z-S-‘DB,‘.‘Z)‘P@SWeme a‘*us'—,;t:, (Bw, @)+ ( W-no-%“x“) } (2)
S

LetA be an energy scale belov which 8s Is large.In principle A is related

to the QCD scale parameter Apg through the formula of the runnig of gg.
Unfortunately,the running of g¢ at lovw encrgles Is not known explicitly.So
¥e simply take A as the free parameter instead of Ams vlithout considering
the expliclt relation betveen them (We expect that Agz Is nol sensitive to
the varlation of A since at low energles g5 runs fast.). We know that
physics at lov energies should not be influenced much by the physics vell
above A.Thus, as the first approximation, ve take into account only the
contributions at energles below A.ln thls case we can |mplement /g

expansion in (2) and to lovwest order
= 3 x & F-n, - 28 (3)
2 = (opoyegexni (atx T(¥-a,- 252

Here we have ignored the %.ﬁ’tern. One may think that this is questlionable
s
since the tera -#G},Gwlncludes jmportant physics.Actually the physics of
3
—%G,:,G""Is not lost In (3) because after integrating over the quark fields

In (3) we get

Z=exp!Tr In(i¥-u,- 25%)

-expl(—%loﬁﬁuﬁw%éﬂm; BE ~ITr" In(1¥-2,-2%%) ) (4)

Vhere

& & —m2)P+ md

l.: =21 SW tri (P,_m3)4 | . (5a)
P
Su= -1 Sﬂ’— r—zt e (5b)
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-iTr’intiy —n;—?B‘) scans the part in -ITrIn(tF-m,—éﬁr“) having lover powers
of A ,and tr in (5) seans the trace over the [lavour degree of frecdom.VWe
see that an effective -E}I,G;LG“” term emerges in (4), so that our
approximation Is Just lot /8= 1o . There Is a gluon mass tlere
—%-Spﬁ B: B** In (4) which is not gauge invariant.This is not surprising
since the Introduction of a cut-off parameter A does not preserve gauge
invariance and ve have not imposed the requirment of gauge invarlance in our
calculation. To make the final result consistent with gauge invariance, ve
should add a counter ters -1 §u' BJ B in (3)"".Here 8 is In general
not equal to the §uf given in (5b) since -1 5By B™ Is the counter term
required by the complete theory including gluon loop contributions and
nonperturbative effects.At present we cannot deterzine 5)9 theoretically so
that we take it as an extra free paraseter In our approach. Thus eq.(3)

should be writtten as
Z zg:a B D¢DP expi {*xi ¥-no-28%) + L3284 8% )

The gluon fleld integration can be carried out and ve obtain
Zzgmz)q‘»expigd‘x@ (-1 LGP R0 TP M
AL

¥e can apply Flerz reordering to the four-fermion interaction tere to make
the billiner operators colour singlet.Let 1y (I-l,--',Nf) be the generator of

the flavour group norsaiized as

iy te)= e (8)

After Flerz reordering, eq. (7) reads

z 5D4®$bprSd‘xW(rK-n.)lP J—;—(W) ’-L(qs.rsqn -(' 2P
-—t(ws‘c"ﬂln Py +t¢-1:t,~l:)’-l(q»7“h1’) -~(¢fs"‘t|¢ %1 )
(9)
The colour singlet quark-ant{i-quark billnear operators ¢q: , Iv'y , etc
have the quantum numbers of mesons.

Introduce  auxillary flelds $°,S%,P® P! vS Vi A2 A% which are
scalars, pseudoscalars,vectors and axlal-vectors,respectively.The follovwing
Gaussian Integral

SZ)s’ﬁs’Z)P“.‘c‘)p’Dv;Dv,’.z)A;m}.exp|Su‘x(—6;1’(s j’_‘ps ) - 8iRs!- q;g"t 3

N L A T SRR A L LY ez IR

( +
24N 52 e # 2
(Ps J " W~ We " 28u
2 S}B(V:i —:’éﬁ; P 2 8}{ (A’. 'V"Sfﬂq’z 2 25}“‘ . wr;‘g;:ﬂv 2 )

(19)
can be Inserted into (9) to eliminate the four-fermion Interactions and so

the Integration over Y and § can be carrled out.¥e then obtain
2= Ds°Ds'DPDPD OV oA expi lof (an
¥here

IQﬁ 'S.IS'IP.IP'CV‘:UV;CA;IA;" = -iTrin{ 13 -l.*—fVZ(S'HTSP"*I‘Vz* r‘T‘ A;]’

Lo (S™+ 1 VsPT+ VAL 15740 I-S)Fjd‘x 1S s PR + (PP -
‘f%f_v’”w‘“f- At ava vt Aty (12)
2
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The auxillary flelds s°,8' ,P°, PR, vS,VE AS, AL are just the effective local
ficlds for scalar, pseudoscalar, vector and axial-vector mesons and | ﬁf is
the low energy effective action for the meson fields.

The functional integration over V} In (10) needs speclal consideration.The
integral Is Gaussian (convergent) in Euclidean space-time nrovided:1§—1]:—>0
I.e. N¢>2Ng which Is not reallstic.Thus for the Isospin slnglé?u v:;lor
meson seclor,the present lowest order approximation vworks only in an
unrealistic case ( Nc>2N§) and one should go beyond the lowest order to
study the V, sector in the real vorld.This problem does mot happen to other
Besons.

In the chiral lisit m,—0,the QCD Lagranglan respects a chiral sysmetry
SU(N, N tSU(Nj Jr (An extra Up(1) sysmetry Is broken by the axlal-vector

current anonaly'3’

vhich Is not considered here.).A direct consequence of the
effective actlon (12) Is that SU(N§)#SU(Ng)p Is spontaneously broken into a
diagonal SU(Nf).ThIs can be seen as follows.Since vector and axlal-vector
meson flelds cannot develop a nonvanishing vacuum expectatlon value (VEY)
due to Lorentz invariance,the effective potential can be seen as a function

of S°,5S%P® and P?.Take Nsy=2 as an exasple.The effective potentlal obtalned

froe (12) is

Ne
3217

+POPt_ [T, St 11 (q? +n2 -J_n.s°+J-(S’0P’)) (~Et;k S PR 455" +popt- Fuost? )

2c?,pl_
V,jj(S,P) Su'(S7+P)

(13)

Where I=1,2,3 and S%P? stands for (S®)?+(S) +(P°)?+(P®)® The stabllity of

p .
qu q?In{ 1(q?+n? rn..s°+—(s ) - (&gt sipkagost

Vgﬁ leads to
7 %,
E2cs®+ N (I <s°>)S dq? (142)
K™ i (4280 Tt L zmo—eo)?
P> acPlyacsty=0 1=1,2,3. (14b)
¥hen g—0, (l4a) reads
o
SO B8 - qu ‘-(S’f (15)
¥hich has two solutions
<S%=0 (16a)
n g?
51;__3 L S, (16b)
L R o

It Is easy to check that the <S°>=0 solution (16b) glives the true mininum
of V.sf and hence SU(2).sSU(2)r Is spontaneously broken Into the dlagoﬁal
SU(2) and the pseudoscalar mesons are Goldstone bosons.

Shifting the S® fleld by its YEY <S% In eq.(12), we obtaln the final form

of leﬁ

Tefg ==ITr In{ F-u+ v S'OIIsP"*T'V,';*TsT"A;)ﬂ:(S’HTSP'*I“V}A s T ) -
-&\’Sd‘xi 1s®? +(sT? + (%) + (PYY ‘4%51”‘ Vo -aaR A% -avd v -l g,
‘ an
Where

=D, - 45 (18)

g

Is the constituent quark mass.Eq.(17) Is similar to the effective action In



Ref.12) but with fewer free parasclers.

To see the relation between our effective action (17) and the convent lonal
g-wodel, we expand the logarithm in (17) In powers of the meson fields and
their derivallvesmm .For slaplicity,ve keep,In the coefllicients,only the
terms containing InA® and positive powers of A .Using the method of

Rer.[4), we obtain, up to dimension-four operators,

[ 2
I eff =§a‘x( lo tr( lak-l()#’vﬁ n,v,'.).}%;s‘n.s'm,--L+|—J}7?r,an, A,..mpM.P‘b,)

1 [] [ WU Lo ) V-

+lotr( (&-ltﬁvﬁ*uvﬂ).mt 41y P 1--|ﬂ_,—152mA,.,ms +1, S%m,-mly )

- Llo (FOFPEL F¥6.5 676,06 %)-( SH-219) ((S°+dme-m) T +(STF -

-t&?—zlzumllg)((p")’o(P’)’)o(—E— Iy -0 Iy WAV + (28K 12 02 1 V!

_ oM 173 Aco, S'+ -n, %4gP L -

+280 14307 1 ) (AR eafa )4 ”1_15 1S 4o 1—,55 Il L, '
- Oty Stamp-nT -ut + kPPt PO —4 (7S04 1y St 4mo-w) -87) (P 4+ P1IT) )4
“,TA%S +1yStemo-nt -o* ”TP . J?LJ; eS'+m, ﬁP’

F o sson (19)

Vhere I, is given in (Sa),

1, 5 SA. (20)
25 o) T K’fn

F;VE D).V:— BpV,'; G;;E b,.A;-&;A; 2D

. . _ s Ju¥_ul 4K

F,ﬁ,za,,.vf}- aw,‘loc.,-kuy.vz —A}.A‘b). G;.'i-'-‘bk - AA*&;HA}-VV"’,“»')

in which Cy* is the structure constant of the flavour group.
After rescaling the meson flelds by
—b,! T s, sty ' S'. P—»J P, P’-?,J o,

I (22)

V—aJ— ,V—»J; V,.,A;Aﬂ il AL, A,.“’J; A,.;n

the scalar and pseudoscalar mesons In (19) bchave like the fields in the
lincar G -model and the vector and axial-vector lesoné in (19) llke massive
gauge flelds.

Since A should not be very large, the terms omitted In the coefficients in
(19) (terms independent of A and teres contalning negatlve powers of A )
pay not be completely neglligible. Therefore (19) can shov the qualitatlive

feature of leﬁ but may not be suffliclent for making quantlitative predictions.

2. 1/N Expansion.

The effective actlon (19) can also be derived from a different
approximabt lons—1/N expanslion.To do this,vec fIrst state here a theorem
about functional integratlons which ls proved In Ref.|5].

Let 4> (x) be an érbltrary ficld,vhere x stands for a set of Indices
including the space-tlee coordinates and Internal symmetry Indices, andO'(i()
be an operator vhich can be¢(x) or a composite operator composcd of
¢(x).Consider nov a vertex of the type V(x)U’(x),where Y(x) is an arbitrary
function of x indepedent of ®.Let us cut the vertex in the way that the two
O(x)'s are separated as Is shown in Fig.l.

A vertex VU’In a vacuur diagram Is said
to be reducible (R) if, by cutting this

vertex, the vacuum diagrae is divided into

tvo disconnected parts. If a vertex Vo in
a vacuum diagram Is not reducible , it Is Flg.1 Cutting the vertex V

sald to be Irreducible (1). VO vertices in by the dashed ]lIne.



a vacuum diagram can be cither reducible or
irreducible. As an example, vc take ¢ (x) 1o
be a fermion field {ywith an internal Index

a, O(x) be the composite operator $ada ,and

Vi) 0 = g2 (Tad (Podh) . The vertex Is
depicted In Fig.2 with a bar Indicating the Fig.2 The vertex

voregt (Bda) (Bl

should be made along the bar . An example of a vacuum diagrar having

pairing of the Indices.The cut of the vertex

reducible and irreducible vertices Is shovn In Fig.3 and the reducible and

irreducible vertices are labled by R and |,respectively.

1 R I

Fig.3. A vacuum diagram in which reducible and irreducible
vertices are labled by R and |,respectively.

The theorem proved In Ref.[5) states that

expl{ |(q>)+3dx-V(x)--(A’(x)-zmx)mx)) )
= explt 1($+fax vox): U'(x)l.l (23a)

= expil 1()+fax ( V0 G-V T0] ) ) (23b)

¥here l(¢ ) Is an arbitrary action of the ¢ field, & (x) is the VEV of the

operator O (x),¥(x) 07 (x) g and V(x)(f(x)h arc reducible and irreducible
vertices,respectively.¥e shall express the cquivalence of 1t1he vertex

contributions In (23) by the shortened notation

(ox v (oo 28 0T 0 = fax v doly (242)

A Voo doo - Voo ool (24b)

Now we apply (24) to QCD.Let us conslder a fixed giuon fleld configuration

BA(X) and take Op (x) = -g¢ BLJVM¢ . Taking  Vox)- in (24a), ve

I
20
have

- o - - -
-85 $URY =- ;—A'rq;gsxﬂg;%lo’lkdz-zsaz-v,‘.ﬁ (B) (GT3¢) @Bty (25

The effective gluon-field dependent vertex Vﬁh (B) defined 1In (25) can

alvays be written In the form ©?

Ve (B)= V(B) &g g+ Vi (B) (26)

¥here V(B) is gauge Invarlant.Then using (24b) ve have

VS8 {FPN ARy = VB TR VB GYBPT], v B) I @V,

(27)
and our generating functional (1) can be written as
1= S:DB 24D Diexp) (a4x1 2518w+ F (1F-8019 -V (B GV
B TR v (B) (PR P2y, +§g; (28)

The integrations over the gliuon and ghost flelds are difficult to carry



out, so that we have lo make approximations. As has been argucd by Villenrel

that when vwe calculate the VEV of a gauge Invariant operator composed of
gluon fields in the Ne—o limit,the gluonic functional integration can be
represented by the contribution of an effective classical configuration of
the gluon field B;:I .¥e apply this idea to (28).0f course,when N, Is
finite,this Is a mean field approximation. The term 1%4'?£Kb Iin (28) s
independet of the quark rleldvand is thus irrelevant in the derivation of
the effective action for mesons . In the terss -V(B) (%P and
V(B)($1h%5¢f|] ,the effective vertex V(B) Is gauge Invariant and thus the
above idea can be applied,i.e. V(B) is taken to be V(B¢ ) without dolng the
gluonic Integration.The term -V'm (B)(@U’%‘\P)(\Pt’#%]g is conplicated since
Vﬂﬂb (B) Is not gauge Invariant . However the steps (25)-(26) for treating
the gauge dependent vertex 833: can nov be applied to this term.After the
steps (25)-(26),ve obtain three terms containing operators with elght
fermion flelds (dimension-12 operators) two of which are gauge invariant and
the other one Is gauge dependent.This process can be carried on further to
the remaining gauge dependent term and we get operators of even higher
dimensions.Assuelng colour confinesent,ve conclude that eventually only the
gauge Invarlant terms with colour singlet operators will contribute to the
effective action.For these terms,ve can apply the above ldea and take only
the contribution of B:d instead of doing the gluonic Integration.¥e can also
introduce auxiliary fields for the higher dimensional operators and they

correspond to higher-quark meson states.Since these higher-quark mesons are

not Goldstone hosons in the chiral limit 8,0 , the typical mass K of these
mesons wmust he characterized mainly by the cul-off parameter A which s
larger than the wasses of the lov iying mesons.The gauge invariant effective

vertex of a dimension-6n operator must be proportional to (H)*"n

. From
dimensjonal analysis, for a low energy meson process characterized by an
energy scale Js < M,the heavy mesons contribute only through Internal Iines
and thus their contributions must be suppressed by positive povers of{s / M.

As an approximation, ve neglect these contributions, i.e. we drop the

-V'ﬁ(ﬂ)(%%)@l‘%‘%lg teres In (28).Then (28) s approximately
Z-SD«}:.‘D@ explSd‘x(«P (1¥-5.)9 -v (B Gy +V(B,|)@&.Af?l'll (29)

It Is easy to see that the vacuum diagrams containing only Irreducible
vertices are at least smaller than the diagrams containing only reduclble
vertices by a factor of l/Ns . Thus from (24b) , to lowvest order of I/Nj

expansion , the term V(Bd)(¢!kéﬁ¢fjl In (29) does not contribute and so (29)

reduces to
- e | -
7= Sz;q,mcxplga"xupuf}-n,)q: -m(mg..—%‘q;)’ ) (30)
vhere
1
. (31
6" 3 FIRACTIR

Eq. (30) is exactly of the form of (7) except that the meaning of éhﬂ
(ef. (31)) is now different.Lacking of the knowledge about B:‘[.ve also take

5}? as a free parascter here. The form (38) (or (7)) leadfdirectly to the

14



effective actlon (17) through the steps (9)-(17).Thus,to lowest order,the
tvo different approximations lead to the same effective action (17),but

thelr higher order corrections are different.

DISCUSSIONS
Finaily we discuss some of the consequences of the effectlve actlon (17).

) hat arter gauging the

1. As has been pointed out by Yolkov and Ebert
effective action llke (17) to incorporate the mesons with photon,both quark-
loop effect and . vector-dominance are contained In the effective action
vhich are both successful In describing low energy hadronic processes.Since
they are derived from a single fundamental theory,there 1Is no doubie
counting in this kind of effective acllonlzl.

2. A specially interesting quark-loop effect is the axlal-vector current
anomaly.Volkov and Ebert calculated the amplitude of *°—» 27 from thelr
effective action and the result Is the same as the one obtained from the
triangle anomaly calculation'?) .The situation of our effective actlion (19)
Is exactly the same . On the other hand, in the nonlinear O-model,the erfgct

) The Wess-Zumino

of the triangle anomaly resides In the Wess-Zumino term

term has also other effects. For iInstance, It glves rise to the reaction
to- -

KtK»®n*% .To see the relation betveen the noniinear 0-model and our )inear
o-eodel type effective action (17), we can search for the Iinteraction

vhich gives rise to K* K—11*T in our effective action.¥e keep

calculating the unwritten dimension-5 operators In (19), and find that there

Is indeed a term causes K'K— T°n' ) Therefore the effects of the Wess-
Zumino term in the nonlinear o-wodel are equivalentiy contained in the
logar i thm lerﬁ In our effective action (17).

3. As a rough estimate,ve derive the relatlon betveen the meson masses from
the explicitly vritten terms in (19).From (19) and (22) ve see that ,except
for Vi, there Is a siaple mass relatlon for the mesons s°,s%,p°, P2 v!  Atand

AL, namely
CHER TR LT (32)

To compare this relation with experiments, wve Identify the isospin triplet
pseudoscalar seson P® with the plon,the Isospin triplet vector meson V; vith
the P -meson, the Isospin singlet scalar seson S® with fo(975),the Isospin
triplet scalar meson Sn vith a, (980), the Isospin singlet axial-vector
geson A; with h,(1170) , and the Isospin triplet axlal-vector meson Ai vith
b:(1235).1n (19) and (22), the masses of the Isospin singlet and Isospin
triplet states are degenerate In the scalar and axlal-vector meson

sectors.Thus I; and n} In (32) shouid be taken as the averaged values

®) =4 ug + 3, ) = 0.96 Gev

v ..}'_( "+ 3m;, ) = 1.48Gev

Cozparing the experimental data vlth the relation (32), we find that the
derivation Is only 20 % . The result is not bad. A systematlc study of the
quantitative predictions of the effective action (17) wiii be glven

elsevhere.
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