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ABSTRACT 
We give a review of the generalised formalism of QCD multipole expansion includ­

ing constituent quark field quantilation and its applications to heavy-quarkonium 

decays such aa hadronic transitions in the cc and bii'systems and radiative decays 

of IN. 


I. QeD Multipole Expansion 

There are a lot of physically interesting hadronic processes containing soft-gluon 
emissions to which perturbative QCD is not applicable. For heavy-quarkonium sys­
tems, due to the smallness of their sizes, QCD multipole expansion can be a useful 
tool for treating the soft-gluon emission problem. Let a be the size of a heavy­
quarkonium, k be the typical momentum of the emitted gluons. The expansion 
parameter in QCD multi pole expansion is ka, therefore the expansion is good if ka 
is small even the QCD coupling constant g. is large. For instance, in the hadronic 
transition process 1" -+ l' ?r + 11", the pions are converted from at least two gluons 
emitted by b or b and the total gluon-energy is roughly My' - My 560MeV, 
so that the gluons are soft. The- size of l' is a ~ O.2/m1, therefore the expan­
sion paremeter is roughly ka ..... 0.3 which shows that QCD multipole expansion is 
powerful in calculating hadronic transition rates. Actually from the experience in 
nuclear physics and the formula in classical electrodynamics2 we expect that the 
expansion may work well even when ka ..... 1 due to the rapid convergence of the 
coefficients in the expansion. Applications of QCD multi pole expansipi'!. ..t'O'-1t,a..cirQQjs; __ 
transitions in heavy-quarkonium systems has been studied by many!authors3-7.r~I~U-;':T::E:-::-:::-----"'\ 
systematical gauge invariant formalism of QCD multipole expansipn-i:ft...tern:w .•J>(..... 
consitituent quark field is given by Yan6 • This is generalized to incl de constitp.~I\t,~ _.. -1"' ,,-, 
quark field quantization and to incorparate electroweak interactions n Ref.8, wb.i-c!h:t 
can be applied to study soft-gluon emission processes of heavy- quar ~iiiums,ne~~.·~__.a, 
with quark flavor changing or quark pair annihilation. In the follow we will give 
a brief review of the formalism given in Ref.8. 1 ·"- ....~-_II 

Let us consider a system consisting of a heavy quark Q and ~ijg,,!~k Q. 
(Generalization to a system with different quarks is trival.) The fundamentaJ.La.:.'·-· 
grangian of QCD is !"-.............-......... _,~. .i .... ~.' ..--'I--! 
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where t/J is the field of Q , A:(a = 1, ...• 8) is the gluon field, ,\. is the Gell-Mann 
matrix. £"/' and lpp are the gauge fixing term and the gauge conpensation term, 
respectively. Following Yan6 , we can obtain from (1) the gauge invariant effective 
Lagrangian for the heavy quark system suitable for studying soft-gluon emissions 

LQ = f d3xqj ["I"'(ia", -,. '\0 A:') m] 'Ill - ~ f fi'xd3y tqjCx,tbO~'\o\}l(x,t)
2 0=0 2 

-+ -+ -+ -+ --+ 1 -+ 

x [6.oV1(lx YI) + (1- Oao)V2(lx - YI)Jq,(x,tbOi'\oq,(x,t) , (2) 

in which po 1, VI and V2 are static potentials related to the interactions between 
Q and Q in color singlet and color octet states, q,(x,t) and A:'(x,t) are related to 
the original t/J(x) and A:(x) by 

\}I(x,t) = U-I(x,t)t/J(x) , (3) 

1 0'(-)-'\oA", x,t
2 

= -1 - ) 1 O() (-)U (x,t -'\aA", x U x,t
2 

i -1(-) (-)-U x,t all,U x,t, 
~ 

( ) 4 

with U(x, t) defined by 

U(x, t) 
fl: _, _0_' 

P exp ig. J-; d x ''\0 A (x, t) (5) 

where Xis the coordinate of the center-of-mass of Q and Q, P is the path order­
ing operation and the line integral is along the straight line segment connecting 
two ends. In most soft-gluon emission processes, the emitted gluon energy is much 
smaller than the quarkonium masses. We shall neglect the small recoil of the quarko­
nium due to the emission and regard Xas a constant. We see from (2) that it is 
the field W , not t/J , that represents Q and Q interacting via the static potential. 
Therefore W is regarded as the constituent quark field in the potential model of 
heavy quarkoia. 

We then generalize (2) to include electroweak interactions and 'Ill field quantiza­
tion. We add the electromagnetic interaction 

le...... -efj)"I"'QA",t/J, (6) 

and weak interactions 

lw - ~fj)"I",I'~"I5(t+W: + LW;)t/J­

__g_fj) '" (~ . 2 )cos(Jw "I 2 ts - sm OwQ Z",t/J (7) 

to (1) . Here e is the electromagnetic coupling constant, Q is the electric charge 
operator of the quark (Q 2/3 for c-quark, Q = -1/3 for b-quark), A", is the 

2 

I~-'- .-...~~-.:~.~=) 
i ....."",,- ...-.~ -. ""-" _..__._....../ 
~ ~..-~ ..._..., 

http:fundamentaJ.La


photon field, g is the SU(2) coupling constant, 8w is the Weinberg angle, W;, Z/A 
are the intermediate vector boson fields and t:l;.t ts are SU(2) generators. The total 
Lagrangian is then 

l lOCD + lun. + lw . (8) 

Since the electroweak sector is independent of the QeD sector, the .p's in (6) and (7) 
can be transormed directly into 'li's by (3) , and thus the total effective Lagrangian 
is 

(0) (1) L
Lo LOCD + LOCD + Lun. + w , (9) 

where 
(0) JdS -(- ) ( • ) -) 1 J 3 ..,LOCD = x'lix,t liJ-m'li(X,t - dX14-X2 

. 2 

~-( ...... ) ").,, (-)[ (1- ­;;0 'li Xl! t "I '2 'li x 11 t 8aaVI x I - x 21) + 

+ (1 8aO)V2(lxl X21) l~(X2,thO~" 'li(X21t) , (10) 

(1) J~ -(...... ) /A)." 4'(- ) - )LOCD -g, ax'li x,t "I '2A/A x,t 'li(X,t 

Lun. -eJd3xW'(x, th/AQA/A(x)'li(x, t) , (12) 

[g - - 1 - "15 ( ) -Lw d x t+W:(X) + LW;(x) 'li(X,t)+J S v'2'li(x,tb /A-2­

+ -a-'li x,t "I/A 8wQg -(-) (1--t- "Is s sm• 2) Z/A(X)'li(X,-]t). (13) 
cos w 2 

Expanding A:'(x,t) in powers of (x - X) via the procedure given in Ref.6 , we get 
the multipole expansion 

I ...... -+ -+...... -+tI -+ 
A~ (x,t) = A~(x,t) - (x - X), E (X,t) + ... , 

(14)
A"

I 

(x,t) = -Hx - x)x B4 (X,t) + ... , 

where i/ and B" are the color electric and magnetic fields. In (9)-(13) we have 
separated LOCD into two parts. The part L~bD gives the bound state properties of 

the QQ system, while LSbD gives multipole gluon emissions. 
In non-relativistic approximation, the Hamiltonian of the system can be written 

as 
(0) H(I) H HH HOCD + OCD + un.. + w, (15) 

where 
H (O) f ~xld3X2 'lit (Xl! t)'li(XlI t)H'lit (%2, t) 'li(X2, t) OCD 

(16) 
H (l) (1) 

OCD -LOCD' Hun. = -Le.m ., Hw -Lw, 
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and 

A 1 2 2 _...... 8).a Xa ...... ­
H =: -(a1 + a2 ) + VI(lXl X21) + L ~-V2(IXI X,l) + 2m , (17)

2m ,,=1 2 2 

is just the quantum mechanical Hamiltonian of the QQ system. 
The canonical momentum 7r(x,t) conjugate to 'li(x,t) is now 

c ,,(0) ...... 
8l ~ = i'lit(x,t) (18)?!'(x,t) 8q,(x,t) 8q,(x,t) 

Therefore the canonical quantization of the 'li field is given by 

{'li(x,t),'lit(i,t)} 8S (% i) (19)
others anticommute . 

With this equal-time communication relation, we can evaluate the S -matrix ele­
ments for soft-gluon emission processes. 

A gauge invariant color singlet QQ bound state with momentum k (momentum 
of the c.o.m.), a set of spatial quantum number). and spin quantum number u , 
can be expressed as 

- v'31 d xldsX2fl. (- - )- (......) (-) i -; x I0>,I )',u,k> J s Xl X2 'lia Xht r.,.'lia X2,t e' (20) 

where a(a = 1,2,3) is the color index of the qua~k, h(i; X';) is the spatial wave 
function of the bound state and r.,. is the matrix determing the addition of spins of 
Q and Q. This state is normalized as 

~k - ­f'['b¥I).,u,k><).,u,kl= 1, 
(21)

d,lIk - ­L,l...,. f '(kJl' I ).,u, k>< ).,u, kl = 1 . 

In the following calculations, we shall take H~06D as the zeroth order Hamilto­

nian and regard Hg6D + Hun. + Hw as a perturbation. This is different from the 

conventional pertuabation in quantum field theory since H~06D is not the free quark 
Hamiltonian. We shall use the following shortened natations: 

H (O) H - H(I) H HHo OCD, int = OCD + 'un. + w, (22) 

and 
(1) HHOCD HI + 2, 


HI =: QaA~(X, t) , (23) 


H2 - ~ . :E" (X,t)- rn". BII (X,t) + ... , 
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where 
Qo. == g"ld3x'lit(x,t)~'li(x,t) , 
.... - 3 (.... .... t - .\ (-)do. = g,,1 d x x - X)'li (x,t)~'li x,t , (24) 
- I .r.I - - t ........ .\ ­rna 2g.1 a-x(x X) x'li (x,t) i ~'li(x,t) 

are the color charge, color electric dipole moment, and color magnetic dipole mo­
ment of the QQ system, respectively. Here we have separated HgbD into HI + H2. 
In soft-gluon emission processes, HI is not small, so that we should treat HI to aU 
orders. ' 

Let Ii> and If> be the initial and final states. To n-th order, the S-matrix 
element is 

. j+oo jtl - j'''-l< f I S(rl) Ii> =< f I -00 dtl -00 dt2 • •• -00 dtn 

Hin,(tl)Hint(t2) ... Hirl,(t2) Ii> (25) 

Taking into account HI contributions to all orders and (H2 + HUrl. + H"..) to 
n-th order, for color singlet Ii> and If> the S -matrix element can be written 
as 

< f I S Ii> -i2'1f"o(E, +w,- E i ) < f I (H2 + He."... + Hw) Pi Ho + 
1 

i8 HI 
0 

X ••• X 1 (26)'j _ Ho + i8 _ HI (H2 + H•.m. + Hw) Ii> ,
0 

where E, and E, are energies of the QQ systems in the initial and final states, 
respectively, and w, is the energy emitted gauge fields in the final sta.tes. In (26) , 
it is understood that the resolvent (Ei - Ho + i8o}-1 is the shortened notation of 
(Ei - Ho + i80 + if)-I with f -+ +0. This is our general formula for the S-matrix 
element. It can be evaluated by using the equa.l-time commutation relation (19). 

Eq.(26) can be further generalized to include coupled-channel effects. Suppose 
HQPC is a Hamiltonian which creats light quark pair from the vacuum. Let 

Hpo.ir HQPC + Hkpc • (27) 

It can be shown that the generalized S -matrix element including coupled-channel 
effects is9 

< f I S Ii> -i2'1f"o(E, +w, Ei ) < f I (H2 + He."... + Hw + Hpair } X 

1 1 
X ... X 

Ei - Ho + i80 - HI E. - Ho + i80 HI 

X (H2 + He.m . + Hw + Hpair ) Ii> . (28) 
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ll. Application to Hadronic Transitions in Heavy-quarkonium Systems 

Consider hadrinic transition processes 

~i -+ ~, + h , (29) 

where h denotes light hadrons, ~i and ~, h::3.~~s are the initial- and final-state quarkonia, re­
spectively. The diagram for (29) is shown in 
Fig.1. It contains two steps: (a)multipole 
gluon-emissions from the heavy- quarks, 
(b) conversion of the emitted gluons into h­
hadronization. Different transition pro­
cesses may be dominated by different multi­ ~ ¢II 

pole gluon-emissions. From the general for­
Fig.!. Amplitude for hadronic transi­mula (26) , we can derive the formula for 
tion between heavy quarkonium statestransition amplitudes8 , e.g. the El E1 
~i and ~/

amplitude is 

- .g~ '" < ~,I Xli: I KL >< KL I Xl I ~i > hi EO. EO. I0.MEl-El -, LEE < Ii: I >, (30) 
6 KL i - KL 

where IKL > and EKL are the state-vector and energy eigenvalue of the interme­
diate state with principal quantum number K and angular momentum quantum 
number L , respectively. Note that (2) is an effective Lagrangian. Considering that 
the heave-quark may have an anomalous magnetic moment, we distinguish here the 
electric coupling constant gE and the magnetic coupling constant gM in the effective 
Lagrangian instead of taking simply a single g". The first factor related to ~i' ~, 
in (30) represents the multipole gluon-emission which can be calculated by taking 
a certain potential model for the quarkonium. The intermediate state contains a 
soft gluon and a QQ pair in color octet. Such a three-body bound state is difficult 
to study from the first principles of QeD. We can take a proper model to imitate 
this state, for example, the vibrational state of the quark-confining-string modettO 

or the hybrid state in the bag modeill . They all give similar results7,12. The second 
factor related to h in (30) represents the hadronization (conversion of gluons into 
h ) which needs further considerations. 

1. ~(n~SI) -+ ~(n}Stl + 1r + 'If" Transitions. 

This is dominated by EI - EI multipole gluon-emission. The evaluat,ion of the 
multi pole gluon-emission factor in (30) is straightforward. The hadronization factor 
is considered as follows. 

From PCAC and soft-pion approach, we can write 

Qg: < 1r (QI), 1r1J(q,) IE:Ei 10> = (2wl~2)1/2CIOli:IQrQ2j'S + ... , (31) 
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With (28) we can further take into account the coupled-channel corrections to 
(30)9. In TABLE I we list the predicted rates for T' - T1r1r, Til _ T'1r+1r:­
and Til _ T1r+1("- in the coupled-channel theory9 together with the corresponding 
experimental data. The phase i' of C1 is taken to be the bounds cos(J = -1 and 
cos(J = -0.676 determined from the data of dr(",' - J/"'1r1r)/dMn . We see that 
they are in good agreement. The comparison of the predicted Mrf( distributions in 
the coupled-channel theory with the experiments is shown in Fig.2 and Fig.3. We 
see that for T' - T1r1r the agreement is excellent. For Til - T1r+1r- the CLEO 
datalS shows a two-peak structure while the coupled-channel theory cannot account 
for this. The extra peak in the low Mrr region might be related to certain undis­
covered state, so it is interesting. Voloshin16 and TruonglT suggested a four-quark 
state having nearly the same mass as Til and coupling strongly to T"1(" and T1r . 
However, quantitative calculation shows that the low M..-; peak is not at the right 
position18 , and so far there is no positive report of possible evidence for the exis­
tence Tor the four-quark state. At present, this discrepency is still an interesting 
open question requiring furtrer investigation. 

TABLE I. Comparison of the calculated rates in the coupled-channel theory 
with the experiments. The phase of C1 is taken to be the bounds cos 9 = 
-0.676, cos9 = -1 determined from the data of df(,p' -+ J/VI1(f(J/dM.",. The 
experimental values are obtained from the data of total widths and branching 
rauos m nel.l;). 

Theoretical rates{ KeVJ Experimental rates 
(KeV)cos (I = -0.676 cos(J -1 

T -T 1("1r 13 14 12.0 ± 3.3 
T - T 1("+1("­ 1.0 1.1 0.9±0.3 
T" ­ T1r+1("­ 0.3 0.1 0.6 ±0.3 

2. "'"(3770) - J /'" + 1("+ + 1("­

"'''(3770) is understood as mainly the 13 Dl state of cC lying above the charm 
threshold. This transition is also dominated by El - EI multipole gluon- emission. 
For hadronic transition of D-state quarkonium, a second rank tensor term should 
also be considered in (31), i.e? 

g: < ?"ct(ql), 1("P(q2) IE:E/IJ 10> = [(2W1 \~~w..\11/2 [ C1c5k/qfq211+ 

2 ..... .....]+ C2(quq21 + ququ - 3'c5k1 q1 • q2) + .... (34) 

There is no experimental input to determine C2 yet. Theoretically, the two-gluon 
approximation gives7 

I C, I~ 31 C1 1 . 	 (35) 

8 

where WI and W2 are, respectively, the energies of the two pions, and C1 is an un­
known constant. We can take the well measured rate rn:pt.("" - J /"'1r1r) as input to 
determine C1 • Then (30) can be used to predict other 9i(n:St}- 9/(n~SI)+1r+1r 
transition rates. 

We can try another simple approximation. From the behavior of the kinematics, 
we can approximately take < 1r(ql)' 1r(q2) I EkEi I0 > to be proportional to the 
two-gluon emission matrix, i.e. 

< 1r(qd, 1r(q2) IE:Ei 10> ~ const. < g(ql), g(q2) I E:Ei 10>. (32) 

The matrix element on the right-hand-side can be evaluated straightforwardly, and 
the constant factor can be absorbed into the redefinition of gE which is to be deter­
mined by imposing rn:pt.("" - J/"'1("1r) as input. Taking the Cornell Coulomb plus 
linear potential model', the determined CtE =- g~/(41(") is 

CtE = 0.54 

As far as the energy dependence of the am­
plitude is concerned (but not angular distri­
butions), the approxmation (32) is reason­
able provided the phase-space in the tran­
sition process is large enough so that the 
mr t- 0 effect is negligible. Numerical calcu­
latuon shows that for transitions with large 
enough phase-space, the rates obtained from 
(31) and (32) are very close to each other7 • 

For transitions with small phase-space, cer­
tain mr t- 0 correction should be taken into 
account. 

2,5 

2,0 

1.5 

_It.. 1.0 

05 


0 .. 

0 0.2 0.4 0.6. O.B 1.0 

MT",-2rnT 

My,'-My,-2mT 

Fig.2. Comparison of the predicted curve of 
dr(T' ..... Tn)/dMu with the ARGUS dataH

. The 
solid and dash-dotted lines stand for cos 9 = -1 and 
cose = -0.676, respectively. The dashed line is the 
naive single-channel result for comparison. 
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Fig.S. Comparison of the predicted 
curves of df(TIt -+ T7r+7r-)/dM"" and 
df(T" -+ T' f(+1f-)/dMu with the 
CLEO data16• The solid and dash-dotted 
lines stand for cos 9 -1 and cos e 
-0.676, respectively. The dashed line is 
the naive single-channel result for com­
parison. (a)T" -+ T7r+7r-, (b)T" ..... 
T'f(+7r-. 



We expect that IC, I is of the same order of magnitude as ICl I . 
From the examination of the leptonic widths of t/J"(3770) and t/J1 (3686) and 

from the point of view of the coupled-channel theory, these two states may be 
seen as mixtures of the l sD l and 2SSl states of ee, i.e. t/J' = t/J(2S) coslJ + 
t/J(lD) sinlJ ,t/J" = -t/J(2S) sin 1J+t/J(lD) coslJ . Taking the data of leptonic widths as 
input, the determined mixing angle is IJ = -100 in the Cornell Coulomb plus linear 
potential model12 • The theoretically predicted rate for t/J" (3770) --+ J /t/J + 11"+ + 11"­
is lll 

" + _ {107KeV (IC21=3ICli) if IJ -100 (36)•r(t/J 	 --+ J/t/J1I" 11" ) = 20KeV (I C, 1=1 CI 1 ) 

This is to be compared with the recent MARK III data20 

37 ± 17 ± 8 KeV from the directly 
d 21r " + -	 measure u." , (37)(t/J --+ J/t/J1I" 11" ) 55 ± 23 ± 11 KeV from the m~asure~{ 

u(e+e- --+ t/J --+ DD) '2 

The theory gives the right order of magnitude of the rate. We expect similar ex­
periment at BEPC to improve the statistics. 

3. Seareh for I Pl State of Heavy Quarkonia 

The mass of I Pl states of heavy quarkonia may give important information about 
the spin-spin interaction between heavy quarks. Therefore the search for I PI states 
of ec and bb are of great interest. There can be several ways of reaching the I PI 
states, namely 

(a) 	direct t/J(l Pd production in pp annihilation's, and the rate is measured by 
r(t/J(IPI) --+ pp)B(t/J(lP.) --+ J/t/J1I"1I")B(J/t/J --+ e+e-), 

(b) 	indirect t/J(l Pt) production in e+e- collision" and the crucial rate is r(t/JI --+ 

t/Je Pt) 11"0) , 
(c) 	indirect T(l P.) producton in e+e- collision1•15 and the crucial rate is r (T" --+ 

T(lP1)1I"1I"). 

They all concern the hadronic transition rates dominated by E1-M1gluon-emissions. 
For the single 11"0 transition (b) the hadronization matrix element can be evaluated 
by using the Gross-Treiman-Wilczek relation's. For the 11"11" transions (a) and (c) 
there is no proper input datum for determing the unknown constant in the soft-pion 
approach like (31), so that we use the two-gluon approach with phenomenological 
aE 91;/(411") and aM == 9.1,/(411") . There is no reliable determination of aM , so 
we estimate theoretically that the reasonable value of aM is aE :5 aM :5 (2 3)aE. 
With this we predict1 

r(t/Je Pt) --+ pp}B(t/Je Ptl --+ J /t/J11"11") B (J/t/J --+ e+ e-) ,...., O.leV , (38) 

B(t/J' --+ t/Je PI) 11"0) = 5(aM/aE} x 10-' , (39) 

9 

B(T" --+ T IP1)1I"+1I"-) 4(aM/aE) x 10-' . (40) 

The result (38) is of the same order of magnitude as the preliminary R704 Collab­
oration data at ISR's . The branching ratios (39),(40) are slightly lower than the 
Crystal Ball" and CLEO IS limits, so that the t/JePI) and Te p.) states are hopeful 
to be found at BEPC and CESR, respectively. 

4. Other hadron~c Transitions 

The 11"11" transition rates between T(2spJ) and T(lsPJ ) states and r(T' --+ 

T'1),r(T" --+ T'1) have also been predicted by the above theory. Further exper­
imental data of these transition rates will give more tests of the theory. 

III.Application to Radiative Decays 

Perturbative QCD does not give succesful predictions for the rate of J /t/J --+ 

'1 + '1 26 and the direct photon spectrum in J/t/J --+ '1 + hadrona21 • The reason is 
obvious. In these processes, the light hadron is converted by at least two gluons 
and the typical momentum of each gluon is roughly 

k ,...., 	 MJN/4 '" 770MeV , (41) 

which is too small for perturbative QCD to be good. 11 (1t 0 
)/ 

We know, from our experience of studying hadronic 
transitions, that QCD multipole expansion works well 
for calculating emission of gluons in the few handred 
Me V range. In the following, we shall show the results J/~obtained from QCD multipole expansion. 

Fig.4. Dominant diagram 
for JN -+ i + fl·1. J /t/J '1 + '1 

It is shown from the general formula (26) that J /t/J --+ '1 + '1 is dominated 
by the diagram shown in Fig.48 which describes that a virtual hadronic transition 
J/t/J --+ t/J(nSSl) + '1 first takes place and then the e and c in t/J(nSSl} annihilate 
into a photon. This picture is different from that in perturbative QCD in the sanse 
that the e and c in the intermediate states are all in bound states instead of being 
free quarks. The hadronic transition J /t/J --+ t/J(nsS.) + '1 is dominated by El M, 
multipole gluon emissions, eq.(34}. The evaluation of the present hadronization 
matrix element < '1 1 Ej V; Bi I 0 > needs more consideration. The operator can 
be written as 

Ej V; Bi = V;(Ej Bi) (V;Ej)Bi· (42) 

Voloshin and Zakhalovs argued that the second term on the right-hand-side is 
smaller than the first term and they suggested the approximation 

< '1 I E; V; Bi I0 > ~ < '1 IEjBi I0 > , (43) 
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which can be related to the Gross-Treiman-Wilczek formula25. With this approxi­
mation we obtainS 

r(J/t/J -+ "Y11) _1_ (~) (aE)2 M11-i - m~ .... 2 
121r aE a, u2 

e~ 41r hIll2 )2 ( 2 )21'\ 2 

. ( 3y'6m" 3y'6f.:m" n lOnG 

in which a, is the QCD coupling constant at the scale mIl , 

hllL " < R.u 1 r 1 R~L >< R~L I.r I Rnili 

n,linl L." (M E )(M E'·)
K JI.; n - w" JI.; - KL 

Iq"I' 

(44) 
, 

> r (-) (45)
Jnl 0 , 

where Rnili , Rnl , R~L are, respectively, the radial wave functions of the initial, final 

and intermediate states in the hadronic transition process, and fnl(O) is the wave 
function at the origin of the t/J(n'SI) state. The currently accepted value of a, is 

close to aE = 0.54. Thus we take a, ~ aE . The fno(O)'s can be determined by the 
data of leptonic widths. Our result isS 

r(J/1fJ -+ "Y11) = 0.020 (::) KeV , (46) 

and the corresponding branching ratio is 

2.9 x 10-4 
, aM = aE, (47)B(J/t/J-+"Y'1) { 8.6 x 10-4 , aM 3aE. 

This is to be compared with the experimental value l :!! 

B{J /t/J -+ "Y11) (8.6 ± 0.8) x 10-4 (48) 

There are some uncertain in (46) ; namely, (aM/aE) is not well determined, 
(aE/a,) is not precisely known, and we do not know how good the approximation 
(43) is. To eliminate these uncertainties, let us consider another EI - M2 transition 
process t/J' -+ J /t/J + 11. It has been calculated in Ref.7 with the same uncertainties 
and the result is 

I 2 (aM) (aE)2 ( 1 )2r(t/J -+J/t/J'1) = - - - - . 
2431r aE a, 3m" 

2 )2.... I ,1r 2 111
'Iq,,(t/J -+J/t/J'1) 1 (yaf.:m"f2010 , (49) 

where 
PL < Rnl 1 r I R~L >< R~L I 'pi 1 -Rnili > 

(50)f~:t! 
K M.;,-E',cL 
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Now we take the ratio 
_ r(J/t/J -+ "Y'1) 

14, = r(t/J' -+ J /t/J '1) 

(4/81)(eQ)2[(MJ m~)/M!llq" (J/t/J -+ "Y'1) 121 Enh~~ 12 
(51) 

(2/243) Iq" (t/J' -+ J/t/J 11) 1'1 fUfo 12 
The uncertainties in the two processes cancel each other in R" , therefore 14, just 
test the soft-gluon emission dynamics in our approa<;h. Our theoretical result is 

R" ItMorll = 0.012 . (52) 

It is in agreement with the corresponding experimental value l
' 

14, Inpt. 0.009 ± 0.005 . (53) 

2. Direct Photon Spectrum in the Inclusive Radiative Decay J /t/J -+ "Y + hadrons. 

Conventional theoretical studies of inclusive radictive decays of J /t/J and T are 
based on perturbative QCD calculations2s • In Born approximation, the hadrons 
are represented by two free gluons. Let r tot and M be the total width and mass 
of J /t/J{T) , respectively, w., be the energy of the photon, x == 2w.,/M. The direct 
photon spectrum is expressed as 

1 dr(J/t/J{T) -+ "Y + hadrons) 
(54)

r tot dx 
For T, the perturbative QCD calculated direct photon spectrum is in good agree­
ment with experiment, while for J /t/J , perturbative QCD gives too hard distribution27 

(cf. the dashed curve in Fig.S). The disagreement between theory and experiment 
in the range x < 0.8 is expected since in this region there are a lot of resonances 
which have not be taken into account in the Born approximation. In the range 
x > 0.8 the disagreement does imply the shortcoming of the simple perturbative 
approach. This is understandable because, as is shown in (41), when x ~ 1 the 
typical gluon momentum is only k ..... MJI.;/4 ..... 770MeV. Similar to the case of 
J / t/J -+ "Y + '1, we can also calculate the direct photon spectrum in J / t/J -+ "Y +9 +9 
by using QCD multipole expansion. Now 
the c and c in the intermediate states 
are all in bound states, and in this sense 
the approach is nonperturbative. This 
bound- state contribution to the intermedi­
ate states significantly suppresses the large 
x distributionSO and the result is dipicted 
by the solid curve in Fig.S. In the x > 0.8 
region the theoretical curve is very close to 
the experiment. The x < 0.8 region is more 
complicated to study not only because of 
the resonances but also because of that the 
gluons are harder so that QCD multipole 
expansion is not so reliable in this region. 
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Fig.5. The direct photon spectrum in 
J N -+ ..., + 9 + g. The solid curve is the 
result of the present theory. The' dashed 
curve is the result ofleading-order pertur­
bative QCD(Ref.27). Tile experimental 
data is from Ref.27. 
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