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We reinvestigate perturbative light cone ~4-theory, concentrating on the zero 


mode sector with longitudinal momentum p+ =0. We show that an appro

priate quanti sation progranl, taking the constraints of the theory carefully into 

account, necessarily yields a nonvanishing zero mode of the scalar field. This 

zero mode operator enters the hamiltonian and induces additional nonlocal in

teractions. We explicity calculate the second order mass correction stemming 

from a nontrivial zero mode sector. We show that these corrections manifest 

themselves as finite size effects and tend to zero in a continuum version of the 

theory. As long as there is no evidence that the zero mode corrections may 

be neglected a priori, light cone pertu~bation theory has tQ be regarded more 

involved than previously believed. 
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1. Introduction 

Light cone qnantisation h.as heen regarded as a powerful tool for theperturbative treatment 

of field theories [1]. The ,requirement that th~ spectruIn of the Poincare generators pP should be 

contained in the fOrWard light cone implies that for mNlsive particles the longitudinal momentum 

p+ must be positive. This ensures that the exact ground state of·the system is· the bare Fock 

space vacuum of the canonical quanta. The, triviality of the light cone. ground state is much 

preferred for the calculation of deep inelastic structure functions,' form faetorsand many other 

subjects of particle physics in the perturbative domain. A trivial vacuum state, however, seems 

to exdude nonperturbative phenomena, due to the common knowledge that'tlonperturbative 

physics is intrinsically related to a. nontrivi,u ground sta.te. 

In the last few years attempts have been made to extend light cone qua.ntisation to the 

nonperturbative domain of field theories. This has been done within the discretisation me~hod 

of Brodsky, Pa.uli et. al.[2], later followed by light cone Tamm~Dancoff techniques[3]. In a recent 

series of publications the light cone vacuum puzzle has been resolved for the Schwinger model[4,5] 

and for self-interacting scalar field theories[6,7].This-su~cess is closely related to the obserVation 

that the study of nonperturbatlve light cone physics requires a careful .reinvestigation of the 

quantisation procedure: nesting light cone field' theories as constrained ~ystems and carefully' 

taking the zero mode structure~t p+ = 0 int<? account, permits to discuss quantu;m induced 

vacuum expectation values, effective potentials1 phase transitions etc.[7].. In contrast to 'the 

conventional a.pproach, nonperturbati'Ve -phenomena. an the light cone are no longer related to 

a complicated structure of the vacuum state vector, but are determined bya highly nontrivial 

operator structure of the theory's zero mode sect9r[7]. 

The appearence of zero mode operators, however ,is not restricted to the, nonperturbative 

domain. These operators are also present in perturba.tion theory, which we are going to show in 

this paper. In section 2, we properly regulate the characteristic light cone infrared singularities[8] 

by enclosing the system in. a spatial box of length2L:- Furthermore, we derive the c(>mplete set 

of constraints ~d review the Dirac brackets. In section 3, we present the perturbative ~tructure 

of the zero mode sector and show, that quantising via a,·correspondence principle is plagued by 

an operator ordering problem. In the last secti(>ll,we discuss the consequences of a nontrivial 

zero mode sectorJor the hamiltonian and, calculate the second order mass corrections stemming 

from a nontrivial zero mode of '.p. We illustrate, that these correctiQns are finite sizeeff'ects, 

which tend to zero after performing the infinite volume limit,L -+ 00. We finally conclude, that 

light cone perturbation theory _. 'within a. consistent quantisation procedure - is technically 

more difficult than usually believed [1 ,9]. 



2. Dirac 'quantisation 

In this section, we briefly review the' Dirac quantisation program of light cone tP4.;.theory in 

, 1+1 d.imensions". For a more detailed discussion the reader is referred to ref.f6,1]. 

The lagrangian density reads 

(2.1) 

where 8+ = ¥(80 + a1 ) is the time derivative and a_ = ~(ao - a1) is the spatial derivative in 

light cone coordinates. Note that (2.1) is linear in the velocity, a+l/J, i.e. maximally singular[10]. 

Therefore, other than in the conventional approach, light cone tP4-theo;ry is a constrained system. 

Quantising such a system is kriown[11] to be'a nontrivial task: To obtain the phy.,ical subspace 
, ' 

.of the (classi~al) phase space, the complete set of constraints has to be deduced. Since these 

constraints reduce the number of independent degrees of freedom, the Poisson brackets no 

longer represent the canonical brackets of the physical phase space, but have to be replaced by 

the so-called Dirac brackets[10]. The corresponding quantum theory is finally obtained via a 

correspondence principle[10]. 

The light cone infrared singularity at longitudinal momentum p+ =0 requires a careful 

t'reatment of the system's zero mod.e sector[4-7,12]. To this end, we enclose the system in a 

spatial box extending from x- = -L to x- = L and impose periodic boundary conditions for all 

the phase space variables in x- =x. In a finite spatial box the longit.udinal momenta become 

discrete and a clear cut separation of the zero mode (p+ = 0) and the nonzero mode sector 

(p+ > 0) is possible. This prescription permits to properly regulate the infrared singularity and 

simultaneously takes the zero mode contributations into account. At the phase space level, this is 

technically achieved by decomposing the scalar field variable tP into two o,rthogonal components, 

a zero mode part 

L 

1 J ' w = 2£ dx tP( x) , (2.2) 

-L 
and a nonzero mode part 

cp(x) = tP( x) - w . (2.3) 

The conjugate canonical momenta trw and 7rcp do not depend on the velocity and yield two 

primary constraints: 

(2.4) 
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By applying the Dirac~Bergmann algorithm[lO}, we obtain a secondary constraint: 

(2.5) 

The existence of 93 1}'88 first been recognised by Maskawa and Yamawaki[13Jand later by Witt 

man[14J. This constraint is the zero mode of the equation of motion, 

(2.6) 

and permits to express thezer() made w of the· scalar field varia.ble in terms of the fluctuating 

fieid 'P. -Due to ,93 the light cone ~~-zero mode sector is no longer stuck at the classical level once 

and forever, but Will be influenced by looP corrections[7J. Note, that integrating the equation of . 

motion provides an alternative apptoach to 63 and to calculate w. Fat light cone Yumwa theory: 

this has been done by McCaitot and Robertson(12} to determine the system's bosonic zero mode. 

In the framework of the Ditae-S-ergfua.n:n algorithm 93 completes the set of eonstraints[6,7} and 

the Dirac brackets may now be evaluated. The field algebra of the nonzero mode sector is_ 

{tp(x),tp(yW -~ [i$gn(X-1I)-x2~Y]' 

{tp(x), "'op("ll' = ~ [8(X,y) - 2i}, (2.7) 

{7I"'I'(x), 7I"op(Y)}" = ~ i1- [~(x, y) - ;L ] 
In the zero-mode sector, we obtain an abelian field algebra: 

(2.8) 

In addjtion, we get a nontrivial Dirac bracket 

L _ 

{w, tp(x)}· . /r M2(~, tp) f dlJ{tp(x), ",(y)}" if [2w tp(y) + tp2(y) 1 (2.9) 

-L 

with the abbreviation 

(2.10) 
( 
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The complicated Dirac bracket in (2.9) is due to a coupling of the zero mode and the nonzero 

mode sector, which. is causedhy 63 • Since the quantisation of the system is performed by 

applying the correspondence principle, 

[A,B]=i{A-;B}*, , (2.11) 

for any two operators A, B, this highly nontrivial coupling is preserved. at' the quantum level. 

fu. the nonperturbativeapproach of ref.[7] the infinite volume limit, L --i> 00, has to be perfor

med at the very end of any calculation, in order to determine the quantum· induced vacuum 

contributions, correctly. Since in this paper we study the corresponding perturbative domain, 

the box descripti~n has also to be retained for the quantum ¢4-theory. The prize one has to 

pay for this consistent regularisation is an operator ordering problem for [,w, ~(x)]: Applying 

the correspondence principle to the Dirac bracket in (2.9), the R.H.S of this formula becomes 

operator-valued and an appropriate·operator ordering'is by no·means clear. 

In the following section, we solve 93 for wwithin perturbation theory. Provided with an 

explicit solution for W, we calculate the correct quantum commutator [w, ~(x)] to 0{.\2). The
• 

result is compared to the quantum analogue of (2.9), illustrati~g that the correct operator 

ordering can not be obtained from the correspondence principle. 

3. 'Perturbative structure of the zero mode sector 

In a recent paper[7] we have shown that the nonperturbative regime of light cone ¢4-theory 

is 'dominated by the zero mode sector of the system~· The key role is played by t-he quantum 

version of 83, 

L 

83 = m2w + ;,w3+; 2~! dx [.p3(x)+ .p2(x)W +.p(x)w .p(x) +w,;2(x)] = 0 . (3.1) 
-L 

Formula (3.1) is again the zero mode of the equation of motion and therefore also present in 
perturbation theory. To solve it for wexplicity, we define this operator as a series in A: 

00 

,. "'"'" \ n ,.
W := L....J 1\ W n · (3.2) 

n=l 

The unknown operators, wn , are determin~d recursively, by inserting (3.2) into the identity 

(3.1). A straightforward calculation. leads to 
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L 

.... 1 1 Jd' ... S( )
WI = - 6m2 2L.·. x«) x , 

-L 
L 

= - 6!Z 2~ I dx (i{l2(X)WI +cP(X) WI !fo(x) +WI !fo2(x)],Wz (3.3) 

-L 
L 

(. = (~6~2] 2 (2~)2 / d:t dy [!fo2(X) !fo3(y) +!fo(X)!fo3(y) !fo(X) + !fo3(y) cp2(X)] • 
-L , 

All higher order contriblltions to wmay be ~valu8.ted in the same way. It is easy to see that the 

operator structure of tAl excludes a nonvanishing vacu:um expectation value, i.e. 

(3.4) 

This is physically expected within a pert~bative treatment of the zero mode sector and coincides 

with ref.[7]. Nevertheless, the ope~atot structure of wis highly nontrivi~ and modifies light cone 

cfJ"-theory. This will be explicitly demonstra.ted in the next section. 

In the remaining part of t~i8 section,. we study the derivation of the commutator that 

couples the zero mode and the ~onzero mode sector. We calcula.tethe correct commuta~or 

to 0(.;\2) using the knowledge of wfrom (3.3) and thtm compare this result with, [w, <fo(x)}, 
obtained from the corresponding Dirac bracket. (3.3) yields 

[w, fj3{x)] =.;\[Wl ;<fo(x)] + .;\2(W2' <fo(x)] + 0(.;\3), 
L 

=2~2 2~ Jdy [!fo(x), !fo(y) I!fo2(y) 
-L 

L-1:~4 (2~)2 I dy dz [!fo(x), !fo(y)] [!fo3(Z) !fo(y) + !fo(y}~3(z)1- (3.5) 
-L 

2 L 

-1:m4 (21)2 /dydZ [",(x), ",(11) I [",2(z) ",2(1/)+ "'(Z) ",2(y) ",(z)+ 
-L 

+<,32(Yl<,32(z)] • 

Alterna.tively, the commutator, [w, cp(x)], is obtained from the Dirac bracket in (2.9). Since 

the R.H.S of (2.9) becomes operator~va.1ued, an operator ordering has to be defined. 1'0 ensure 
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herinicity a Weyl prescription. seems to be the only appropriate operator ordering.. We finally 

get 

[w,cp(x)] = 4~ [M2(~,.p)B(X)+MI(~,cp)B(X)] , (3.6) 

with the abbreviation 

L 

B(x):= ~ Jdy [cp(x) ,cp(y)] (cp2(y) +w cp(y)+ cp(y)w ) (3.7) 

-L 

Expanding in· the coupling constant, A, we have 

[w, cp(x)J =2~2 2~ JL 

dy [cp(x) , cp(y)] cp2(y)_ 

-L 


-1:~4 (2~)2 JL 

dydz [cp(x) , cp(y) 1[cp3(z)cp(y)+cp(y)cp3(z)]_ (3.8) 
-L 
L-8:4 (2i)2 jdydz [cp(x) ,cp(y)] [cp2(Z) cp2(y)+ cp2(y) cp2(Z)] . 

-L 

Comparing (3.5) with (3.8), one immediately sees that both commutators do not coincide. 

Formula (~.8) differs from the exact result in (3.5) by a term proportional to 

L 

(2~)2 Idydz [cp( x) , cp(y)] cp(z) cp2(y) cp(z) .. (3.9) 
-L 

This discussion explicitly demonstrates the shortcoming of the Dirac-Bergmann algorithp! for 

theories with nonlinear interactions: The zero mode of the (nonlinear) equation of motion 

appears.as a constr~nt, and yields a field dependent Dirac bracket, which couples the zero 

mode and the nonzero mode sector (c.f. (2.9)). Transforming this bracket into a commutator 

via the correspondence principle results in an operator ordering, however, which is far from 

being the correct one. Since we believe that the quantum description is more fundamental than 

the classical one, this ordering problem can only be resolved by first quantising the theory and 

then imposing and solving the (operator) constraints of the system. This has been done in a 

few cases for theories with a finite number of degrees of freedom[15]. For field theories, however, 

this is a very ambitious program, which has hardly been considered in the literature[16]. 

fortunately, this operator ordering problem does not really impede an extensive <J.iscussion 

of tP4-theory in the perturbative as, well as in the nonperturbative domain, as we can obtain 

[w, cp(x) J, by solving 83 = Oforw. 
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4 •. Second order mass correction . 

A nonvanishing operator w, as obtt.#led ill the previolls section, definitely modifies the 

hamiltonian: 

(4.1) 


with the a.bbreviation 

L .. 

Pc-.rr :;: Idi [~m2w2 -I: ~ (¢w,,02 +w,,03 +w' rp2 +",2 w"o + "ow' tP+ wrpw rp) ] .. (4.2) 
-L . . 

The additional term Pc-;rr is derived making rise of the opera.tor identity 93 = O. Note that in 

the lowest order of the coupling constant, A, a pure cp4-hamiltonilUl is reprodu~d, since wis at 

least of order A.The second order.,however,~ is altered by a zero mode correction: 

Pc-.;:) = -1~~2 2~ Jd.xdy [rp(X) .p~(II)¢2(X) + rp2(z) rp*(II)"o(X)] • • (4.3) 

. -L '. 

Due to a nontrivial w, all orders of the couplingco~stant are involved in, the hamiltonian and 

induce additional nonlocalinteractions as. in (4.3). Front this observation, we conclude that a 

discretised version of light eone(perturbation theory is .no longer equivalent· to the conventional . 

4>4-theory as previously believed[1,9}. 

To illustrate the cons~quences stem1lling from a nontrivial zero mode, we calculate the· ' 

corresponding second order mass correction. To this end, we consider the full one-particle 

propagator in the framework of 'old-fashioned'perturbation theory. Since the zer~ mode ofthe 

scalar field operator has no vacuum expectation value, the full propagator reads 

i ~F(X, y)= (01 T+ [~(x) ~(y) ]10) = (Ol T+, [cp(x) ~(y)] 10} . (4.4) 

In terms of Foek operators the scalar field cp{x) is 

rp(x) == f: .. 1. [line-lkt:02 +at eik!~-/21 . (4.5) 
n=l v'47rn 

Here, at (an) creates (annihi1~tes) a particle with discrete longitudina:lmo~entum k;!" =21rn/L, 
and 

(4.6) . 
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With (4.5) the Fourier representation of the propagator is 

00 ' 

itiF(x,y) =2.: _1_" i.jdk-[e~ikn'X +eikn 'X](nl : .' In) (4.7) 
n=1 41rn21r , k- - p.- +t f, 

where we have used the abbreviations kn := (k-, k;t), and In) := at(k;t)IO). We also introduced 

a subtracted hamiltonian, 1'; := 1'- -' E, with E being the vacuum expectation value of the 

hamiltonian: 

1'-10) = EIO) . (4.8) 

To proceed, we define the free one-particle propagatot 

,.. 1 
Go := , ....., (4.9)

k- - P~ +tf 
WIth 

L L , 

po-. := ~ m2 j dx [r,02 - (Olr,0210) 1= ~ m2 j dx : r,02 •. ( 4.10) 

'-L -L 

The one-particle Fock space amplitude in (4.7) finally rea~ 

1 A A A A " " " A- A 

(nl " . In) = (nlGoIn) ,+ (nlGoVs Go In) + (nlGov. Go v. Go In) + . .. . ( 4.11) 
k- - P-.+tf ' 

, 

In formula (4.11) we have introduced a subtracted interaction hainiltonian, V. := 1'; - 1'0-.' 
Note that iii a properly, regularised version of light cone quantisation, a single point, p+= 0, is 

excluded from the longitudinal momentum spectrum of the free one-particle amplitude" Go(kn ), 

.... 1 
Go(kn } :, (nIGoln) = k- _ k- + if ( 4.12) 

n 

This fact is preserVed, even after performing the infinite volume limit, L -:-+ 00. The reader, 

,who is interested in more technical details, is referred to ref. [4]. The free one-particle light 

rone propagator therefore differs from the corresponding conventional propagator in contrast to 

common knowledge[1,9]. 

The zero mode contribution to the second order mass shift is 

(4.13) 
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A . straightforward calculation leads to 

2 [ n-l· 00' ].6' .2 _ .,\ L 1 ~. 1 .. 4 '" 1 k+ 
mcorr - -.. 6m2 (411")3;;' ~ (n -- m)m + ~ (n + m)tn n 

(4.14) 
,.\2 L 2 ~', 

= - 6m2 (4*)3 n2 (.37 + \II(n) + 2\11(1 +.n)] k~ , 

where 7 is Euler's constant and \II the Digamma-function[17]. This example demonstrates that 

the zerO' .mode corrections are indeed nonvanishing and definitely alter the results of discretised 

perturbation theory. This results contradicts the common knowledge that light cone scalar 

field theory is equivalent to the conventional' approach[l,9]. There is, however, a loophole: It 

may be possible that the perturbative zero mode corrections only modify the box description 

of perturbation theory, i.e. these corrections are finite size effects. To check this argument,:, 

we studyihe continuum version of 8m~or,., To study the L-dependence of (4.14) explicitly, we 

rewrite t5m~orr in terms of the momenta kt: 

2' _ ,\2 ,1 1 [. + L. + L ]
6mcorr - - 3m2 1611"kt L 37 +\II(kn211") +2 \11(1 + kn 2;r) (4.15) 

Since in the infinite volume limit, L ---+ 00, the longitudinal momenta, kt, remain finite, the 

Digamma function, \II, is dominated by its asymptotic behaviour[17] 

1 1 1, 
W(z) ~ In(z) - -2 - -2'2 + 20 4 +... (z ---+ 00 in I arg(z) I < 11") . 

'z 1 z 1 z " 

To determine the infinite volume limit of 6m~orr' it is therefore. sufficient to insert (4.16) into 

( 4.15). A straightforward calculat~on yields 

1. ~ 2 ,.\ 
2 t l' 1 (4.17)L~ omcorr = - 3m2 1611"k;t L~ L 

, 

" 

• 

Note. that the same results can be obtained by replacing the sums in (4.14) by their corresponding \ 

momentum integrals~ 

Due to its L-dependerice the second order mass correction 8m~orr is identified as,a finite 

size effect and therefore, in a continuum version, the second order. mass shift is equivalent to 

the conventional result ~ However, light cone perturbation theory becomes technically more 

difficult than previously believed [1 ,9]: Since there' is no evidence that the perturbative zero 

mode structure of light cone <p4-theory may be neglected a pri~ri, all zero mode' correctioris 

have to be taken into account. Finally, at the very end of any calculation the infinite volume 

limit, L ---+ 00, has to be performed, to decide which of the zero mode corrections drop out -in a ' 

continuum version. 
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5. Conclusions 

To handle the infrared structure of light cone field theories carefully, it is necessary to 

regulate the theory. The discretisation method, discussed in this paper, is a convenient procedure 

to regularise the infrared singularity of light cone field theory and additionally does not omit 

the zero mode structure. This is an important feature, since the zero mode sector is known 

to dominate nonperturbative light cone physics[7] and cannot be excluded- in a perturbative 

approach a priori. The previous investigation has shown, that in a discretised version of light 

cone .<p4-theory, the zero mode sector is nontrivial. The corresponding contributions to the 

perturbative approach have been discussed for the second order mass shift. We have been able 

to identify the 2nd order zero mode ,mass corrections as finite size effects, but we have not 

been able ,to give a general proof, which permits to neglect zero mode ,corrections from the very 

beginning. As long as such a proof is missing, light cone perturbation theory is technically more 

difficult than previously believed[I,9]. 
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