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Abstract 

Geometrical Scaling in Two -Body and Quasi-Two -Body 

Hadronic Processes*) 

Yasutsugu KOHSAKA 

Department of Physics, Tohoku University 

Through a survey of data on forward differential cross sec-

tion of various two-body and quasi-two-body hadronic processes 

it is pointed out that there exists a kind of geometrical scaling, 

which is refered to a regularity of the impact parameter ampli­

tude g~A(s, h) , where h is the impact parameter, Ji is the magni-

tude of the s -channel total helici ty flip and a refers to a cer-

tain reaction. The geometrical scaling which we mean has three 

for the component which 

consists of .s>-channel background or equi val en tly Pomeron exchange; 

for the component which con sts 

of s-channel resonances and is dual to the same ordinary 11Regge" 

exchange; (iii) h~ / h1 = h1:/h~. Here, quantities hd and h.,. are 

characteristic radii of the Pomeron exchange and of the ordinary 

"Re 11 exchange, respectively. In particular, the forward di ff er-

en al, elastic and total cross sections of pp, pp and ~P elas­

NN/ KN tic processes are systematically understood by the scaling hd. hd 

h':.~/ h~ = 1. 23. r 

*) In _parb 21 ful fillrnen t of the re qui rem en ts for the Ph.D. 
degree. 
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§1. Introduction 

Several phenomenological model )~ 4 ) based on a geometrical 

picture of two-component duality5) for two-body and qu ~two-

body scattering of hadrons have yielded good results on a simple 

systematic description of forward phenomena, such as dip-bump 

structure of elastic and inelastic differenti cross section 

(DCS) and el c pol za on. Fun dam en tal assumptions of these 

models are the lo wings. (i) A zero structure of the imaginary 

p of the ef ctive resonance2 ) amplitude with s-channel total 

heli ty fli-~J JJ which is dual to ordinary 11Regge 1H 1·) exchange is 

given DY a s ~like function "J11J..(h,.,,/-t) " in accordance with 

e assumption that this amplitude is dominated by the most pe 

pheral parti 1Haves with t-;::::;kh,. ·,vhere k is the c.m. momentum 

and h,. is the impact parar:1eter of the peripheral effective reso-

nance. ( ) The real p0rt t above tu de is related to 

its ary :Jart by a R -like (rot ) phase which is ex-

p ec t~ed from resonance-Heg,~ e duality. * ~t) (iii) There sts S' -

channel background ·which is du to Pomeron exc ge, of which 

amplitu is dominated by low partial waves with h <hr • In 

*) In general, a t-chann exchange dual to the peripheral 

resonance may be a combina on of Re pole an.d other pos-

sible associ er'1 singularities like Regge cuts. For i_nstance, 

the Re~geized absorption mo l5) the peri1herality of 

the sc tering amplitude is mainly o to a combined ef-

fect of ordinary Regge pole and Regge cut associated by 

Pomeron exchange. 

·!HE·) Howevsr, reel part of the ordinary 11 Regge 11 exchan;;e 

tude w:Lth JJ = 0 is not given explici yin Harari' s 

dual ab.so tion model. 1 ) 



addition, .s amplitude is predominantly imaginary and ap::iro -

ximat ely conserves s-channel h city. 6) Al though the dip-bump 

structure of DCS and the oscill ry pattern of polarization 

in the forward direction are rly well unde od by the above 

three features with es sen y one parameter h.,. , 1) - 4) it is 

necessary for a scription of detailed t en ce of these 

forwerd phenomena to have a knovvledge about a more precise form 

of the impact pare.meter ampli (Fourier transform of 

the scatt g amplitude). 

The purpose of this p er is to inves e a ~egularity of 

the geomet rue ture of the impact par am er ar:1pli tu de for 

various two-body and quasi-two-body processes through a survey 

of data on forward DCS. As a result, it is ed out that 

there i.s a d of geome c scaling.*) 

A content of our geome csl scaling is mentioned in §2 

the exp evidences are enumerated §3. Concluding re-

marks arc in §4. 

*) In gen 

from 

of the 

j the geome cal scaling ed here is fferent 

of Ref. 7, which is refered 

ope parameter of DCS and 

to the proportionality 

total cross sec n of 

the c processes, In this connection, see Eq.( 

the o hanci, F. has recen y discussed a.no 

of geometric&l sc ch he c211 "the geomet 

ing of e first .kind 11 in connection vri th a generali 

geometric duelity. 1 8) He c,si.11 ed e geometric 

di 

second 

in this p er 0 the geome c scaling of 

d n . 
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§2. Geome cal scaling 

Let the impact parame amplitude with heli ty flip AJ be 

g JA (.s, b) , which is ated to the relevant scattering amplitude 

Consider two reactions a and ft. e geome c scaling we mean 

three different contents. The rst is re red to s-

chann background or Pomeron term and is represented by: 

( 2) 

where ha is defined by: 

( 3) 

and K~P is a. pro ';o onali ty con ant which do es not end on h 

can denend on s in eral. the way, (2) hol identi-

cally if g4 i (s, h) is happened to be the Gaussian stribution 

neaked b :::: 0. c second is refered the impact parameter 

tudes of reactions a and ft which are 

d(J 1C ~ ' If (s t) I 3. di= q Jl Jl ' 

where ki i the c.m. momentum in the ini state. e 

argument t' in the Bessel 

Throughout this paper the difference b 

neglected. 
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( 4) 

where hr is the quantity which specifies a oscillatory structure 

of the scattering amplitude through a ssel -like function 

1,1 JJA(hr../=t)" as is already mentionec1, before, and K~fl is a pro­

rtionali ty constant. '11he last one is a relation which con-

nects the quanti es ht1, and hr : 

( 5) 

The above Eqs.(2) and (4) imply so the scaling between 

the relevant sc tering amplitudes with respect to t-dependence. 

Substituting Eqs. (2) and (4) into Eq. (1), we obtein 

( 6) 

where e (h~/h~)2 for the Pomeron exc'1ange (.r~channel background) 

r the ordinary 11 Regge 11 exchange (the 

2) effective resonance ) amplitude. Therefore, the hypothesis of 

the geornetr1c scaling mentioned above can be directly compared 

with the experimen data. In particular~ whe11 the reactions 

a and /1 a.re dominated by the same quantum number exchange and 

the same .JA , DCSs of a and fi should satisfy the relation: 

(7) 

where 

ri (J 

D(.r, t)= rit (.r, t). (8) 

It should be noted here that, throughout s paper, we con der 
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the trical scaling between Da and ofl (or equi val en tly g~i 

and g :i ) for a common :1 for convenience. It may be rather an 

open que on what is the best energy variable to be fixed. 

However, at such high energies considered in this p er, the 

f ces arised from the choice of energy variables would 

give se to a minor effect. 

the next section some evidences for the geometrical 

sc g represented by Eqs.(2), (4) and (5) are enumerated. 

§3 .. Experimental evidences 

(a) Compa.rison of tCp and pp elastic DCS 

We assume that the Pomeron exchan amplitude is predomi­

nantly imaginary and the ordinary "Re 11 exchange (or equi va­

len y the effective resonance) amplitude is almost real in this 

case because K+p and pp channels are exo c. Then, DCS of these 

processes may be approximately given by Pomeron exchange alone 

for atively small It I region. Thus, these processes may pro-

vi a good test for the geometrical 

(7) following relation is derived: 

The 

8. 

erimental 

1 by taking 

DPP(s, ( h~N/hlf,N) ~t) 

D"(s, 0) 

values of both sides 

(hNN /hKN)a 
cl;' d = (1.23) 2 • 

The nice fits of these DCSs for t 

verify directly the geometric 

Fig. 1 
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g Eq.(2). From Eq. 

(9) 

of • ( 9) are plotted in 

are taken from Ref. 

~ (GeV/c) 2 seem to 

g for the Pomeron exchange. 



(b) du(s,t=O), ue 1 (s) and utot(s) ofK+pand PP astic processes 
dt 

With the same approximation as is done (a), the follow-

ing relations for the DCS at t=O·(~~(.r, t=O)=D(s, 0)), the 

elastic cross section. ( ue 1 ( s) ) , and the total cross sec on 

( ~ot(s)) of these processes are easily derived from Eq.(2) or 

s.(6) and (7): 

and 
(10) 

From Eq. (10) the value h1f,/h1i_N can be estimated by two ways: 

Hf KN pp pp K1> K+p .}-
h d '/ h d = (.1 D (s, O)/uet (s)I/{ D (.r, 0)/ue! (s)!J 2 ( 

and 

(12) 

It is found using the data 

is almost energy in endent and is about 1. from Eq. (11) and 

1.21 from Eq. (12). These values of hd rE,tio arc con stent with 

the value obtained in (a). The proportionality Coilstant Kd is 

given in term of ue 1 (s) and utot(s) by: 

(13) 

Substituting e experimental data8 ) into the right hand si 

of • (13), we found that Kd is about 1. 51 and is almost energy 

independent. 
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( c) The scaling of ha. and hr 

Since the Pomeron exchange dominates astic processes, 

the value of h: can be estimat directly from the slope para-

meter of astic DCS. On the other hand, the value of hr is 

termined by e positions of the cross-over zero and the dip 

or tte change of slope of as In 'rabl e 1, the 

values of hJ and hr estimated in this way are shown, where the 

values of the slope parameter are taken from the summary given 

in Ref. 7 (t references of data are also .stec1 ere) and 

those of hr are taken from Ref. 4. The r a ti on between ha. and 

hr of these elastic processes seems to be consistent with the 

geometric scaling Eq. ( 5) • 

Table 1 

(d) l . K± e t"Jca~ing of p, pp and pp c DC.S 

1Ne consider the K p and pp as c scatterinB in addi-

t . . K+p ion ·ca and pp sc tering. In the former ( K-p and pp) re-

actions, the ordinary "Regge 11 exchange amplitudes is consi red 

to be complex in contrast to the case of (exotic) K+p and pp re­

actions. Therefore, the DCSs for these four processes may 

written as:9) 

DKp ( s, t ) ~ ( pKN ( s, t )) 2 , 

DK-P(s, t)~[pKN(s, t)J2+zpKN(s, t).RKN(s, t), 

(14) 

J 
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where R(~ t) is the i~aginary part of the ordinary Regge ex-

change amplitude with .d .<. O of K-p and PP c scattering. 

The geometrical scaling of Eqs.(2), (4), and (5) requires that 

..J(N )-1 NN -1 ) r- ( s, t) = ( Krt e P ( s, e t , 

KN -1 }'I( -1 ) R cs, t ) = c KT e) R c s. e t , 

(15) 
and 

where Krt is the same quantity as Krt (b). Finally, 

using eqs,. (14) and (15) as: 

(16) 

and 

(17) 

where 

(18) 

Using the best fit value obtained by the func onal 
~ 

form of eii+,at+rt for DPJt s, t) and DPP( s, t) in the ght hand 

sides of Eqs.(16) and (17), the experim 
+ 

data of DK P ( s, t) 

and ifl> ( s, t) arc well reproduced by taking A 0. , B= 0.166 

and ,,/Y = l. 23 as is shown in Fig, 2. The value of A is to be 

compared with o.192 which is cul a ted from Eq. (18) with ..rf = 

1.23 and Ki1. = 1.51 obtained in (b). Now, ratio of the total 
Jip PP K-p 

cross section difference is predicted to be {a 101(s)-a 101(s)l/f a 10 t(s)-

-9-



... ./A .. 
oKP(s)l=K e= tot T 

2.85, which is to be comp with the ex-

perimental of 3.0 ± 0.3 obtained Ref. 10. The consis-

tency of Eqs.(16) and (17) verifies scaling for the imagi -

nary part of the h city non amplitude of these processes. 

g. 2 

( ) - - + eKp-+r-1: 

Theze processes are ated to each other by s -u cross·-

ing ( e reversed cess). In Regge pole model witt exact 

ge deg en e K* and K- gge trajectory the DCSs of these 

processes d be equal to each other. eriment y this 

equali seems to be broken even at l~ GeV/c. plab,... _,, From the 

ew-point of etrical mo s breakin may be due to 

the difference of hr One way to estimate the value of ~ is 

to use the empiric ef ective trajectory as has been done in 

given in Ref. ci..re a eff ( t ) ::::::: 0. 3 + 0. 4 t o.6 + l.lt, res-

pee ve.ly. Identifying the t value aerr(t) = 0 to the first 

::::::: 8/11. According to the trical sc g of ~q.(4) this 

ratio should correspond to that of the ope par8meters of 

these DCSs. Exp 

ope paramet 

entally, the approximate 

2 ) are 8 an 9.6 (GeV/c)-2 

s of the 

p I ab lL~ GeV/c, re ec vely, 

and thus consi.stent with the n c on of the geometrical seal-



(f) Six charge exchan processes 

We con sider the following three pairs of charge ex ge 

processes. 

(A) 7r p -+ n- on, 

(B) K.-p -+ K_o n ' 

(C) -
r:: p -+ 1J n, 

+ 
7r p -+ 1!:0 J++ 

K.+ t -+ 

,,..,,, 
K._0 J* 

+ 1JJ++ 7r p -+ 

( t> exchange) 

( p-A 2 exchange) 

( A2 exchange) 

It has been remarked that t -depen ce of forward DCS of each 

couples of reactions (A), (B), and ( C) arc very ar 

each other near Piab - 4 GeV/c. l3) s fact can be inte ret-

ed from the ewpoin t of the geometrical seal int that the 

ues of hr r each couples of reactions are approximat y 

equal to other. In fact e dips o f n-- p -+ n- 0 n and n-+ p -+ 

r. 0 J* DCS are found near t -0 • 5 5 ( Ge VI c ) 
2 

ar1 d e d.ips of r.: P 

-+1J n and + ++ 
n- p - 11 J ~CS are observed near t = -1. 5 GeV/c. 1 L1-) i *) 

§4. Concluding remarks 

We have discussed the uhenomeno Bic evi ce for the 

pos ble existence of the geometrical scoling of impact 

parameter arnpli tudes. In particular, tL.e forward DCSs of K.±p, 

pp and pp el c processes can be understood systematically 

by the SC 1. More precise 

----------······-·~ 

*) In our revious paper,4) the value of hr of pro-

cess was es ted to be 0.7- o.8 oy exa111in the 

UC is smaller than that of 

V!, th dip of 7r 
- (at p -+ 11n 

effective trajectory. This 

other inel stic processes.4) 

t ;::,: -1 • 5 ( Ge V/ c ) 2 ) · c an b e ained by g hr - 1.-1 fm, 
but the expl2.n 

a.s 2 rather c 

on 

c 

of the effective trajectory remains 

opcu qu.es 

l~ 



-

measurements of DCS and pol zation as well as quan ti tati ve 

anal s based on the hypothesis of the geometric scaling 

will provide 1,u1 extensive test of the empirical regularity of 

the geometric structure of the hadronic processes. For 

stance, precise measurements of {DPP(s, t)-DPP(s, t)I. {DK-P(s, t)-

oK+p ( s, t) I , and l D'..-P(s, t)-Dtt'P( s, t) I are useful to verify rec y 

the SC g of R(s, t) di in ( d). 

Although geometric SC g re ed by Eq.(4) 

refers to the act parameter ~nplitudes which are dual to 

e 11 same 11 nRegge 11 exchange, this d of sc ing may be ex-

tend to that between the vector and the tensor Regge ex-

changes th re ect to their imaginary p s for the case 

where the exchange degeneracy is expected to ld. 

e sc ing of hd h ratio may be quali ta ti 
T 

stood from the view-point of the strong absorp 

the addi on as tion of the geometrical s 

the Pomeron ge itude, ce in these mo 

peri?herali ty of Im g Jl ( s, t) dist but 

y under­

modelsl5) 

of 

s the 

is the 

re t of the strong absorption ef ct due to the Pomeron ex-

whicil the in terac on radius of 

. t l' b . t ' t -, z . 16) t t hd l 1as een poin ea ou oy armi has fferent 

values for rrN , KN and NN scattering while hr is aroun 1 fm 

commonly for the above three processes. ~rhis point of ew is 

different from that of the scaling of hd to hr o and pro-

bably tha.t of strong sorp on models. Of course, we be-

eve that e view-point of the et cal scaling discussed 

in s paper is more preferable to that of Zarmi, and it is 

necessary to t more pre se e ental data for a de sive 

-12-



-
test. 

The possible existence of the geometrical scaling pointed 

out in this paper suggests that the impact parameter plays an 

important role for a simple systematic description of hadronic 

processes at high energies. 

After this work was completed we received a preprint by 

S. Otsuki.l7) He pointed out and discussed the scaling of hd 

to ~ ratio on the basis of a composite model. Their value of 

hd ratio is similar to that obtained in this paper in the case 

of K+p and PP elastic scattering. 

The author would like to thank Dr. F. Takagi for stimu-

lating discussions and a careful reading of the manuscript. 
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e caption 

Table 1 - Approximate values of the slope paro:uneter a and h,.. 

For tails see (C). 

Figure c tions 

Fig. 1 ~ The left hand of Eq. (9) ( ! ) and the right hand 

of Eq. (9) with ( n1:f/h1i,N)~ = (1. ) 2 ( 2) Ftab = 

6. 8, 12. 8 and ll~. 8 GeV/ c. The erimental ta are 

taken from Ref.8. 
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Fig. 2 - The con stency of • (16) that of .(17). The 

eriment points ! and q are refered to DK+p(s, t) 

respectively. 8) The id curves are 

the ri hand sides of Eqs. (16) and ( ) calcul 

g the best fit value for DPP(s, t) and Djip(s, t) 

ob ed in Ref. 8, A= O. 

astic Process 

-
71: p 

pp 

pp 

Table 1 

e parame er 

[(GeV/c) 

7.8 

7,4 

7.0 

6.0 

6-

B= 0.166, and .../e 1. 23. 
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