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Abstract 

Analytical estimation of the transverse emittance growth due to a point-like perturbation 

is performed for a proton synchrotron machine. This emittance growth is caused by the 

tune spread within the bunch. However, the emittance growth suffers a saturation effect 

caused by the same tune spread. Computer simulations on the emittance growth due to 

resistive wall instabilities and feedback systems verify qualitatively this emittance growth 

saturation effect. These simulations were accomplished in the Medium Energy Booster of 

the Superconducting Super Collider using the TADIMMI computer code. 

I. INTRODUCTION 

Future high-luminosity synchrotron machines such as the Large Hadron Collider 

(LHC) [1], the Superconducting Super Collider (SSC) [2], B-factories, and a new genera

tion of synchrotron light sources are required to store a large quantity of particle bunches 

for a long time. As a result, multibunch instabilities due to resistive wall impedance of 

the rf cavities are likely to appear in the beam. To control the coherent oscillations of 

these instabilities, a feedback system may be required. However, even if these oscillations 

are controlled, external noises [3] such as ground vibrations, power supply ripples, running 

fluid inside the magnets, and feedback noise [4] may cause emittance growth in the beam. 

This represents a threat mainly to the ability of proton synchrotron collider machines 

to make new discoveries, because the decrease of luminosity in the machine lessens the 

likelihood of collision. For electron synchrotron machines, the radiation damping helps 

to stabilize the emittance of the beam [5]. Initial estimations of the emittance growth 

in proton machines [3,4] make use of some type of approximation in the random process 

(noise). In this paper, those approximations will be avoided, and the approach given in 

Reference 4 will be followed. In addition, the synchrotron radiation damping effect will be 

neglected, since the emittance growth on the proton machines is our main interest here. 
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II. ANALYTICAL ESTIMATION 

Assume an ideal linear synchrotron machine having M bunches, and each bunch hav

ing N B charged particles. These bunches are guided and shaped by the electromagnetic 

field of the devices in the machine (magnets, rf system, etc.). Assume also that these 

bunches suffer additional perturbations described by the function F(s), and that different 

particles in the bunch have different tunes. The equation of motion of the centroid of the 

bunch and that of one specific particle within the bunch are given by [6] 

d2'fJc 2 
d¢2 + vo'fJc = I(¢) 

and 

where 'fJ and ¢ are new variables defined as 

and 

'fJ(s) = X(s)hl{3(s) 

I {s (7 

¢(s) = -;; Jo {3((7) , 

(Ia) 

(Ib) 

(2) 

(3) 

f is the function f(¢) = v2{33/2(s(¢))F(s(¢)), X is the amplitude of oscillation of the 

particle, s is the longitudinal variable, {3 is a Courant-Snyder variable, Vo is the centroid 

tune of the bunch, and v is the particle tune. Using the relative variable q, 

the system of Eqs. (Ia) and (Ib) is transformed to (Ia), and 

d2 

-4 + v2q = (v; - v2)'fJc(¢) . 
d¢ 

The solution of Eq. (Ia) is well-known [7]: 

'fJc( ¢) = 'fJch( ¢) + ..!.. j¢ f( ¢') sin vo( ¢ - ¢')d¢' , 
Vo 

2 

(4) 

(5) 

(6) 



where "Ich is the homogeneous solution of Eq. (la). Using Eq. (6) in Eq. (5), the solution 

of Eq. (5) can be written as 

(7) 

where qh is the homogeneous solution of Eq. (5). The conjugated variable of q, P = dq/dtjJ, 

is given by the following expression: 

(8) 

where Ph is given as Ph = dqh/dtjJ. The emittance function, €, defined as 

(9) 

is expressed using Eqs. (7) and (8) in the following way: 

(lOa) 

where €h = qK + (Ph/V? and the function 9 depends on the homogeneous solution in the 

form 

g( tjJ, tjJ') = qh( tjJ) sin v( tjJ - tjJ') + Ph( tjJ) cos v( tjJ ~ tjJ') . (lOb) 
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Assume now that the perturbation 1 corresponds to a random process with zero average 

value and non-zero correlation, K( a-a') =< l(a)/(a') >r. In addition, if the average were 

taken with respect to the tune distribution, the second term on the right of Eq. (lOa) would 

vanish. Then, the following expression can be taken for the estimation of the emittance 

growth variation: 

(11) 

where fr =< f >r and ~fr = fr - fh. Consider the initial conditions of the beam given 

by 7]ch(O) = 7]0 and (d7]ch/d</J)(O) = Po; i.e., the homogeneous solution is given by 

(12) 

Consider also the case Vo = v + ~v, with Vo > ~v. Substituting these in Eq. (11) and 

making some rearrangements, it follows that 

[ 
(~v)2 1 2po7]0 ( . ) ~fr = fo 2(1- cos~v</J) + . 2 (1- cos2vo</J) + -- ~vsm~v</J 

2vo Vo 

+ 4(~i)2 /' /' d~Je' cos v(~ - f) (13) 

e e' J J K(a - a')sinvo(e - a)sinvo(e' - a')dada' , 

where fo is defined as fo = 7]~ + (Po/vo)2. Considering a periodic point-like random per-

turbation on the beam, the correlation function can be written as 

K(a - a') = L Kn,mh(a - 271"n)h(a' - 271"m) . (14) 
n,m 
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Using this expression in Eq. (13), performing similar algebra as before, and effectuating 

the average over the tune spread within the bunch, we obtain 

[ 
< (~v)2 >v ( )] 2PoTJo A • < ~fr >v = 2fo 1- < cos~v</> >v + 2 1- cos2vo</> + -- < u.vsm~v</> >v 

4~ ~ 

2 [ < (~v)2 >v ] "'" + 2' 1- < cos ~v</> >v + 2 (1 - cos 2vo</» L.,., Kn,m cos 27rvo( n - m) , 
Vo 4vo nm , 

(15) 

where < >v represents the integration over the tune distribution within the bunch. Note 

that for ~v</> ~ 1, the first and third terms on the right side of Eq. (15) grow quadratically 

with the phase advance (</», but the second term grows linearly. On the other hand, 

for ~v</> > 1, the emittance oscillates around a saturation value in the form 

. [ < (~v? >v ( ] ( 1 L ) lim < ~fr >v= 2 1 + 2 1- cos2vo</» fo + 2' Kn,m cos 27rvo(n - m) 
~v4»l 4v v o 0 n,m 

(16) 

The detailed dependence with the tune spread within the bunch depends, of course, on 

the tune distribution. For a uniform tune distribution, 

h(~v) = {01/, (7v, if -(7v/2 ~ ~v ~ (7v/2 
otherwise, 

the following expressions result: 

and 

A • A,I. cos (7v</>/2 2 sin (7v</>/2 < u.V sIn u.Vop >v= - + 2 
</> (7 v</> 

Therefore, the expression for the emittance growth is 

[
sin (7v</>/2 (72 ] 

< ~€r >v (</» = 2€0 1- </>/2 + ~(1- cos2vo</» 
(7v 4Svo 

+ 2PoTJo [_ cos (7v</>/2 + 2 sin (7v</>/2] 
Vo </> (7v</>2 

(17) 

(lSa) 

(lSb) 

(lSe) 

2 [ sin (7 v</> /2 (7; ] + v; 1 - (7v</>/2 + 4Sv; (1- cos 2vo</» L Kn,m cos 27rvo(n - m) . 
n,m 

(19) 
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The behavior of the first term between the braces is shown in Figure 1. 

In practice, the tune distribution may be nonsymmetric and nonuniform. For exam

ple, the long-range beam-beam interaction can produce a nonsymmetric, nonuniform tune 

distribution [8]. 

1.4 r-----r---~---.,..---__,_--__. 

1.2 

1.0 

~ 0.8 

~ 
0.6 

o~--~--~---~--~--~ o 20 000 40 000 60 000 80 000 100 000 
Turns TIP.05188 

Figure 1. Saturation Effect for a Uniform Distribution. 

One can notice from Eq. (13) that the above-mentioned behavior of the emittance hap

pens even if the perturbation on the beam is uncorrelated (K(a - a') = 0). In this case, 

the emittance growth is due purely to the decoherent oscillation of the beam, i.e., fo =F O. 

Therefore, the coherent oscillation (for example, due to injection errors) must be damped 

as soon as possible to avoid emittance growth. (See References 3 and 4.) 

One must note from Eq. (15) that the external random perturbation mayor may not 

be the dominant cause of emittance growth, depending on the relation between fo and the 

coefficients Kn,m' This will be demonstrated below. In the next section, a computer simu

lation of the emittance growth is performed for the Medium Energy Booster (MEB) of the 

SSC. This machine was selected due to its characteristics and the CPU time restrictions in 

the computer code. Our aim is not to make a quantitative check of the above calculations, 

but rather to verify qualitatively the results outlined above. The type of perturbation 
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chosen is that of the resistive wall impedance, since the growth time of the instability is 

fast enough for the computer to run the program in a reasonable time. 

III. RESISTIVE WALL INSTABILITY, FEEDBACK SYSTEM, 

AND EMITTANCE GROWTH SIMULATION FOR THE MEB 

The MEB is assumed to be a perfect linear machine of 3.96 km circumference, with an 

operation tune of Vo = 21.43. This machine is filled from the Low Energy Booster (LEB) 

with six batches having 115 bunches each. Since the MEB injection kickers get rid of four 

bunches per batch, there is a total of 666 bunches, with a four-bunch gap between batches 

and a one-batch gap for abort proposes. However, in order to simplify the analysis, it will 

be assumed that 792 equally-spaced bunches (5 m) circulate at an energy of 11.1 GeV. 

Each bunch has 1010 particles with initial normalized emittance of 0.7 mm-mrad. Although 

the MEB beam pipe has an elliptical shape, it will be assumed to be a cylindrical stainless 

steel beam pipe of radius 2.5 cm. 

The transverse resistive wall impedance is approximated as a resonant impedance (see 

Reference 9), where the resonant frequency is given by the revolution frequency times that 

fractional part of the tune between -1/2 and 1/2, and the resonant impedance is given 

by the resistive wall impedance valuated at this resonant frequency. The growth time of 

the instability calculated by the computer code TADIMMI is 2.2 ms. This instability can 

be seen in Figure 2, where the maximum amplitude (log scale) of the beam oscillations 

is plotted against the number of turns. To control this instability, a transverse feedback 

system was incorporated in the code. This feedback system uses a Beam Position Mon

itor (BPM) to measure the displacement of the bunches, and a Kicker (K) to make the 

correction in the trajectory of the bunches. The correction kick is given by 

t>.X' = g(X + hX)/ v' f31f32 , (20) 

where X is the displacement of the bunch, 9 is the gain, hX is the feedback noise (BPM 

resolution), and f31 and f32 are the Courant-Snyder beta parameters at the locations of 
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the BPM and the K. The BPM and K are separated by a phase advance of 7r /2, and the 

relative separation of the resonator (R) and K is an arbitrary phase advance 4>. Figure 3 

is a sketch of the configuration used in the simulation. To transport the 792 bunches from 

element to element, one uses the Courant-Snyder map. Notice that there are three pertur

bations affecting the bunches: the correction kick, the feedback noise, and the resistive wall 

impedance. Therefore, this model is much more complex than the analytical estimation 

discussed in Section II. 

2.5 

2.0 

~ E 1.5 
> 
.9 1.0 

0.5 

TIP-oS190 

Figure 2. Growth Rate of the Dipole Mode Instability. 
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Figure 3. Sketch of the Ideal Synchrotron Machine. 
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The wakefield generated at the resonator (R) is that of a single-bunch macroparticle, 

but this electromagnetic field is felt by any submacroparticle within the bunches. Each 

bunch is made up of 100 submacroparticles, each of which is made up of 108 protons. The 

submacroparticles have different tunes according to the assumed uniform distribution. In 

addition, the submacroparticles are spatially distributed within the bunch. This spatial 

distribution is assumed to be Gaussian, having a I-mm sigma value (see Figure 4). To 

calculate the emittance associated with a particular bunch, the centroid of the bunch is 

calculated, (Xc, X~), where 

(2Ia) 

and 
1 N. 

X~ = N LX: , (2Ib) 
s i=1 

where N B is the number of submacroparticles in the bunch, and Xi and X; are the displace-

ment and angle of the ith-submacroparticle at the BPM. The Courant-Snyder emittance 

function is calculated through the next expression: 

1 N. 

€ = a N L {(Xk - Xc)2 + [a1(Xk - Xc) + (31 (X;' - X~)]2} , (22) 
1-'1 s k=l 

where (31 and a1 are the Courant-Snyder parameters at the BPM location. 

The bandwidth of the feedback system can be either equal to 500 kHz (defined by the 

abort gap, 1.7 /Ls) or higher than 6 MHz (defined by the batch-to-batch gap, 83.3 ns). 

The minimum flat-top duration of the feedback is 26.4 /Ls (two turns). The control of the 

resistive wall dipole-mode multibunch instability (at the minimum frequency) can be seen 

in Figures 5 and 6, where the average displacement of the bunches and the behavior of 

bunch 200 have been plotted as a function of the number of turns. For this simulation, a 

BPM resolution of 10 /Lm and a feedback gain of 0.01 have been used. 

Figures 7-10 show the evolution of the normalized emittance ratio (elei) as a function 

of the number of turns for the tune spreads 0.0, 5 x 10-4 , 0.01, and 0.5. Feedback char-

acteristics such as bandwidth, gain, BPM resolution, and flat-top are the same as above. 
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Figure 7 shows the oscillation of the emittance determined by the first term on the right 

side of Eq. (lOa). Figure 8 shows the expected initial linear increase with the phase ad

vance of the emittance, indicating that the second term on the right side of Eq. (15) is the 

dominant term. Figures 9 and 10 show the saturation effect in the emittance growth where 

the saturation value is €/€i ~ 4 (assuming €h = €O = €i). The expected value, according to 

Eq. (16), is €/ €j > 3, which is in gross agreement with the simulation. 

This saturation effect does not depend critically on the feedback characteristics in the 

resistive wall impedance case. For example, with a gain of 0.25 and a BPM resolution 

of 1 p,m, the same saturation effect is found, as seen in Figures 11 and 12, where the 

saturation and the damping effects are shown. In other words, the feedback noise is of 

minor importance to the emittance growth in comparison with the decoherence and the 

resistive wall impedance. The resistive wall impedance kicks act as a source of strong 

external noise in the beam. 
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Figure 4. Approximation of a Gaussian Distribution. 
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Figure 5. Damping of the Average Displacement of the Beam. 
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Figure 6. Damping Behavior of Bunch 200. 
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Figure 7. Emittance Oscillations (lTlI = 0.0). 
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Figure 8. Initial Linear Growth of the Emittance (lTlI = 5 x 10-4 ). 
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Figure 9. Emittance Growth Saturation Effect (O'v = 0.01). 
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Figure 10. Emittance Growth Saturation (O'v = 0.5). 
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Figure 11. Saturation Effect (g = 0.25, 8X = 1 /-tm, (Ill = 5 x 10-4 ). 
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Figure 12. Damping of the Instability (g = 0.25,6X = 1 /-tm). 
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IV. CONCLUSIONS AND COMMENTS 

A single-particle analytical model was used to estimate the emittance growth in syn

chrotron machines due to random point-like perturbations. The calculations indicate a 

very strong dependence of the emittance growth on the tune spread within the bunch. 

The emittance growth initiates a linear increase that saturates after some time, depending 

on the tune spread. This qualitative behavior was confirmed with the emittance growth 

simulations in the MEB machine of the SSC. In summary, the analytical results obtained 

are consistent with those of References 3, 4, 10, and 11. In addition, it is believed that 

experiments can confirm this saturation effect [12,13]. 

On the other hand, from the above studies the following picture emerges: one can 

design the transverse feedback system characteristics (gain, bandwidth, flat-top, and BPM 

resolution) to control the dipole-mode multibunch instabilities. Once those instabilities 

have been controlled, emittance growth depends mainly on the tune spread within the 

bunches. Of course, different bunches can have different tune spreads and, therefore, 

different growth rates. At injection, the tune spread appears due to nonlinear elements in 

the lattice and the nonzero chromaticity of the machine. Making the chromaticity of the 

machine zero and neglecting nonlinear components of the magnetic field in the machine, 

the tune spread can be kept to a very small value. However, if one wants to control the 

higher-order mode multibunch instabilities using Landau damping [14], the tune spread 

might be high enough such that one could expect emittance growth in the beam. One 

way to avoid this problem would be to use a bunch-by-bunch (high-frequency bandwidth) 

feedback system that could control any coherent motion within the same turn [15], and to 

have the smallest possible tune spread within the bunch (zero chromaticity in the machine). 
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FIGURE CAPTIONS 

Figure 1. Saturation Effect for a Uniform Distribution. 

Figure 2. Growth Rate of the Dipole Mode Instability. 

Figure 3. Sketch of the Ideal Synchrotron Machine. 

Figure 4. Approximation of a Gaussian Distribution. 

Figure 5. Damping of the Average Displacement of the Beam. 

Figure 6. Damping Behavior of Bunch 200. 

Figure 7. Emittance Oscillations (Civ = 0.0). 

Figure 8. Initial Linear Growth of the Emittance (Civ = 5 x 10-4). 

Figure 9. Emittance Growth Saturation Effect (Civ = 0.01). 

Figure 10. Emittance Growth Saturation (Civ = 0.5). 

Figure 11. Saturation Effect (g = 0.25, 8X = 1 /-Lm, Civ = 5 x 10-4 ). 

Figure 12. Damping of the Instability (g = 0.25, 8X = 1 /-Lm). 
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