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ABSTRACT 

A three dimensional 8f strong-strong algorithm has been developed to 
apply to the study of such effects as space charge and beam-beam interac-
tion phenomena in the Superconducting Super Collider (SSC). The algorithm 
is obtained from the merging of the particle tracking code Simpsons used for 
3-dimensional space charge effects and a 8f code. The 8f method is used to fol­
low the evolution of the non-gaussian part of the beam distribution. The ad­
vantages of this method are twofold. First, the Simpsons code utilizes a realis­
tic accelerator model including synchrotron oscillations and energy ramping in 
6-dimensional phase space with electromagnetic fields of the beams calculated 
using a realistic 3-dimensional field solver. Second, the beams are evolving in 
the fully self-consistent strong-strong sense where finite particle fluctuation 
noise is greatly reduced as opposed to the weak-strong models where one beam 
is fixed. 

INTRODUCTION 

In this paper we present a method for realistically simulating 3-dimensional 
beams in the Superconducting Super Collider (SSC). This method merges the 
ideas of tracking particles (Simpsons code) with the 8f algorithm. There are 
two advantages of this approach. First, the Simpsons code utilizes a realistic 
accelerator model including synchrotron oscillations and energy ramping in 
6-dimensional phase space with electromagnetic fields of the beams calculated 
using a realistic 3-dimensional field solver. Second, the 8f method allows the 
beams to evolve in the fully self-consistent strong-strong sense with a large re­
duction of finite particle fluctuation noise. 

Macroparticle or Particle-in-Cell (PIC) codes typically use macroparticles 
to represent the entire distribution of particles. In the beam-beam interaction 
for the SSC, the beams consist of 1010 particles each. Simulating this many par-
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tides with the PIC technique is computationally prohibitive. With the conven­
tional PIC code 1010 particles are represented by only 103-104 simulation parti­
cles allowing simulation of the beam-beam interaction in a reasonable computa­
tion time. However, the fluctuation level of various quantities such as the beam 
density p in the code is much higher than that of the real beam. The fluctuation 
level 8 p goes as approximately: 

(1) 

where N is the number of particles. Therefore, the fluctuation level of the PIC 
code is about 103 times higher than that of the real beam. To facilitate the 
study of subtle effects, a one-dimensional 8 f code has been developed. I The 
one-dimensional 8 f code was used to study single particle Jiffusion due to the 
beam-beam interaction in a fully self-consistent way.I The particle fluctuation 
noise was several orders of magnitude below that of standard PIC code. I 

In the following sections we present details on the 8/ algorithm in one di­
mension, the Simpsons code, and the full implementation in three dimensions. 

8f METHOD ONE DIMENSION 

The ~ f method follows only the fluctuating part of the distribution in­
stead of the entire distribution. In PIC codes a finite number of particles is used 
to represent the Vlasov equation or Klimontovich equation. In the particular 
case of the beam-beam interaction:2 

a J , a J ( ... ( ) ( )) a J as + x ax - K. s x - Fbb x, s ax' = 0, (2) 

where K ( s )x is the usual magnetic guiding force of a single element and 
Fbb( x, s) is the beam-beam force. The distribution function f is represented by 
a finite number of particles by: 

N 

f(x,x 1,s) = L8(x - Xi(s))8(x' - x~(s)), (3) 
i=l 

where the sum is over the number of simulation particles used. In the 8f 
method only the perturbative part of the distribution is followed. The total dis­
tribution function f(x, x', s) is decomposed into 

f(x, x', s) = fo(x, x', s) + 8f(x, x', s), (4) 

where Jo ( x, x', s) is the steady or slowly varying part of the distribution and 
8 f( x, x', s) is the perturbative part. The key to this method is finding a distri­
bution fo(x, x', s) which is close to the total distribution f(x, x', s ). The per­
turbative part 8 f ( x, x', s) then causes only small changes to the distribution, 
and thus represents only the fluctuation levels. In the particular case of the 



beam-beam interaction, an analytic solution to an equation close to the origi­
nal Vlasov equation can be found. For a linearized beam-beam force the Vlasov 
equation can be written in the form: 

ah ,ah ( ) ah 
as + x ax - K(s) - Fbbo(s) x ox' = 0, (5) 

where Fbbo(s) is the linear portion of the beam-beam force Fbb(x,s). The solu­
tion is a Gaussian. Subtracting the linearized equation from the total Vlasov 
equation 

Fbbo(x,s) is the kick from a Gaussian beam. 
The perturbative part of the distribution can be represented by a finite 

number of particles (characteristics): 

N 

8f(x,x',s) = Lwi8(x-xi(s))8(x' -xi(s)). 
i=l 

Substituting this into the equation for 8 f advance, we obtain: 

- = -- Fbb(x,s) -Fbbo(s)x -dwi 1 [( ) afo] 
ds n ax' i 

where 
N 

n = (~x~x')" 

(7) 

(8) 

(9) 

This density n is calculated on the assumption that the particles are dis­
tributed uniformly in phase space. In the 8f algorithm, Xi, xi, and Wi are ad­
vanced. The advance of the extra term Wi increases only sightly the number of 
operations over the PIC method. 

THE CODE SIMPSONS 

The 6-D phase space coordinates; x, x', y, y', z, z' are advanced by the thin 
lens code Simpsons. 3 The code Simpsons uses time as the independent vari­
able so that time-dependent parameters such as bending magnet field, rf volt­
age, power supply ripple and other noise are incorporated in the same way as 
in real machines. The substitution of the thick lens lattice to the thin lens one, 
the tuning of the betatron phase and the chromaticity, and the introduction of 
multipole errors and mis-alignment are done by the TEAPOT program.4 In ad­
dition to the lattice file created by TEAPOT, the bending magnet field Bp(t) 
and the rf voltage V(t), at least, are read as an external table to define machine 
cycle parameters when acceleration as well as synchrotron oscillations are simu­
lated. 



Within one time interval, a particle will either remain in drift space or re­
ceive one or more momentum kicks due to magnets and/or rf cavities. If there 
are no lattice elements in the time interval, the positions are updated and the 
momentum remains constant. If there are magnets in between, first the po­
sitions are updated to the magnet location, then the transverse momenta is 
changed by the thin lens kick. If there is an rf cavity in between, longitudinal 
and total momentum are changed. We keep track the rf phase by integrating 
the rf frequency with respect to time so that a particle gets proper energy gain 
according to the exact time when it passes through a cavity. 

THREE DIMENSIONAL FIELD SOLVER5 

The boundary condition is fixed for circular beam pipe with the perfect 
conductivity u = oo at radius r = b. Under the Lorentz gauge %'f + cV ·A= 0, 
the Maxwell equations are 

( 
1 0 ( 0 ) 1 o2 ) 
-:;. or r or + r2 o()2 </> = -47rn(r, 8, z, t), (10) 

( 
1 0 ( 0 ) 1 o2 ) .... 47l' .... -- r- + -- A= --J(r, 8, z, t), 
r or or r2 o()2 c 

(11) 

where n(x~t) and f(x, t) are the charge density and the current, respectively, 
and the scalar potential </> and the vector potential A are used. We set the scaler 
potential </> = 0 at r = b and invoke the ordering 

1 o2 o2 1 0 ( 0 ) 1 o2 
c2 [)t2 ,......, oz2 ~ -:;. or r or + r 2 082 . (12) 

This can be justified by the typical dimension of the proton beam. 
We further simplify the current density, 

f = ]zez = vznez, (13) 

where Vz is the average velocity of the beam. From the Lorentz force equation 
F = q(E + ~ x B), the electromagnetic force is F = -~V</> and we only need to 
solve the scalar potential Eq. (10). The charge density and scaler potential are 
Fourier transformed in (} 

n(r, 8, z, t) = L nm(r, z, t) exp(im8), (14) 
m 

</>(r,8,z,t) = L¢>m(r,z,t)exp(im8), (15) 
m 

with the inverse transforms 

1 1211' nm(r, z, t) = - n(r, (}, z, t) exp(-im8)d8, 
27l' 0 

(16) 

1 1211' </>m(r, z, t) = - </>(r, 8, z, t) exp(-im8)d8. 
27l' 0 

(17) 



For each m, the equation assumes the form 

(18) 

The solution for the equation for m ~ 0 is 

<Pm= Wm(r) - (i) m Wm(b), (19) 

where Wm(r) is 

1T I r I 
Wm=o(r) = -471" no(r,z,t)r ln1dr, 

o r 
(20) 

7rr 1(1-m) 1 11"r 1(1+m) 1 2 m 1r 2 -m 1r Wm>l = --- nm(r, z, t)r dr - nm(r, z, t)r dr. 
- m o m o 

(21) 
The grids are set in the cylindrical coordinate system such that the whole 

charge distribution is enclosed. 

8f ALGORITHM THREE DIMENSIONS 

The 6f algorithm can be applied to higher dimensions. The application to 
a storage ring with many elements is similar to the one-dimensional beam-beam 
interaction method. The Vlasov equation is of the form: 

of _.., of -- of - + x · --:::; + A · ----:;-- = 0 as ax ax1 

where 

a (4) ax= z 
where z = l::i.</>rt ,\ f and z' _ ~and - 2'll' T pc 

a 
ax1 = ( &~') &y' 

& 
oz' 

(22) 

(23) 

(24) 

... ~ ... --i- ... ... 

A= Q(s) · x + S(x, s) + RF(s) + Fsc(x, s) + Fbb(x, s). (25) 

~ _, 

On the right-hand side of Eq. (25), Q(s) and S(x, s) represent the quadrupole 
and other higher-order magnets, respectively, in the storage ring. For example: 

~ (1 Q(s) = q(s) ~ (26) 



where q( s) represents the strengths of the quadrupoles at position s. The quan­
--+ 

tity RF(s) in Eq. (25) represents the contribution from the rf cavity: 

The elements Fsc(x, s) and Fbb(x, s) in Eq. (25) represent the contributions 
from space charge and beam-beam forces, respectively. 

The steady state equation again takes only the linear terms: 

ofo _., ofo (+-+ --) ofo - + x · --:::; + Ao ( s) · x · --:::;- = 0 as ax ax' ' 
+-+ +-+ 

where Ao( s) is the linear portion of A: 

where 

+-+ 

+-+ +-+ +-----+ 
Ao(s) = Q(s) + RFo(s) 

(

0 0 
~(s)= 0 0 

0 0 frreV c2s(</l.) 211' ) • 
h/32 c(pc) >..r f 

(27) 

(28) 

(29) 

(30) 

So Ao(s) represents the contributions from the quadrupole magnet elements in 
the machine and the linear part of the rf force. The solution of the steady state 
equation is a Gaussian of the form: 

fo(x, X') = N fxo(x, x')fy0 (y, y')fzo(z, z') 

f ( ') (!(3) ( 7l" A~(f (3)) xo x,x = -2-exp - 2 
€x €x 

f ( ') - ( 1f3) ( 7l" A;('Yf3)) Yo y,y - -2-exp - 2 
€y €y 

where €x,y is the transverse normalized emittance, f3 and a are the Lorentz 
factor, 

A~= /x(s)x 2 + 2ax(s)xx1 + f3x(s)x' 2
, 

A;= /y(s)x 2 + 2ay(s)xx' + (3y(s)x'2
, 

the ax,y and f3x,y are the Courant-Synder parameters, and: 

1 f3cTJ 1 2 f3cTJ 12 

( ( ( )
2 )) fzo(z, z) = 21l"a;(s)ws exp - 2a;(s) z (s) + Ws z 

(31) 

(32) 

(33) 

(34) 
(35) 

(36) 

where O'z = O't::.¢>.,>..rJ/21l", and w8 is the synchrotron frequency. Note that the 
steady state solution incorporates the linear forces and ignores coupling be­
tween x, y and z motion. 



The perturbation equation can be written in the form: 

o8f _.., o8f .... a8f (.... +-+ .... ) afo - + x · -::;- + A · ~ = - A - Ao( s) · x · - .... as ax ax1 ax1 ' 
(37) 

so the perturbation equation takes into account the nonlinear force terms and 
the coupling terms. The weight advance in the finite particle representation is 
of the form: 

dwi 1 [ ( .... +-+ .... ) a Jo ] -=-- A-Ao(s)·x ·~ 
ds n ax1 i 

(38) 

where 
N 

(39) n = (f1xf1x'). 

The variation of:;, withs can be computed from f3x, <7x, /3y,and <7y. The beta­
tron oscillation lengths /3( s) and the beam sigmas <7( s) can be determined from 
the lattice function of the particular machine being studied where 

f3x(s) = <7;(s) 
f3xo <7~o 

(40) 

/3y(s) <7;(s) 
f3 -2-, 

YO <7YO 

(41) 

where f3x 0 ,_ <7; 0 /3y 0 , and <7;
0 

are at some initial point in the collider. 

CONCLUDING REMARKS 

In this paper we have presented an algorithm for realistic modeling of 
beams in a hadron collider such as the SSC. The code with this algorithm is ex­
pected to be a universal study tool for space-charge effects of the Low Energy 
Booster (LEB) to beam-beam effects of the Collider ring. The code should con­
sist of mainly two parts. In the first part, the 3-dimensional electromagnetic 
fields are calculated as the sum of the steady part which is solved analytically, 
and the perturbative part which is computed by the field solver using macropar­
ticles. The code Simpsons is the second part which advances 6-dimensional 
phase space coordinates to the next location for field calculations. The imple­
mentation of the algorithm with the full three-dimensional 8 f method has al­
ready been undertaken. 
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