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Analytical Studies of the Emittance Growth
Due to the Feedback System

G. Lépez

Abstract

An analytical study is done of the change in the Courant-Snyder Invariant (CSI) of
particles due to the feedback system. Given the tune of the machine, v,, the tune spread
in the bunch, o, = m , and the gain of the feedback system, g, the known rela-
tion, 470, /g << 1, is confirmed in the general case, implying g > 0.05 for the transverse
feedback system during collision. In addition, results show that the feedback noise trans-
mitted to the particles, oz, must be o, < 0.25 pm for the feedback system not to cause a

significant increase of beam emittance during 24 h of Collider operation.



1.0 INTRODUCTION

Recent studies on emittance growth!»? indicate that it can be suppressed by using a low-
noise feedback system and by damping the oscillation faster than the decoherent time, 74, of
the beam. This decoherent time is about 0.34 s for an rms tune spread of Av ~ 10~%, which
is caused by the nonlinear magnetic field at injection (ignoring chromaticity). However,
the approach followed by the author was not general, so one may think that the result is
not true for the general case. The general case will be presented in this paper, confirming

the validity of this result in general, although the noise contribution expression differs by
a factor of 8.

2.0 SINGLE PARTICLE MOTION

The transverse motion of a particle traveling in a synchrotron linear machine perturbed

by a pure time-dependent force can be described by the equation?

Az .

d—si—%Az(s)x = F(s), (1)
where the longitudinal coordinate, s, has been used instead of time; z is the transverse
displacement of the particle; K (s) is defined by the linear lattice; and F(s) describes the

perturbation in the particles around the machine. Using the transformation
n(s) = z(s)/v/B(s) (2a)
p(s) = vla(s)z(s)/ v/ B(s) + v/ B(s)i(s)] (20)

and
1

v

8(s) /0 do /(o) , (2¢)

Eq. (1) can be written as the dynamical system

dn
as = F (3a)
dp .2

where f is the function f(¢) = V2ﬁ3/2F(s(¢)), the identity 2883 — (8)? + 46K = 4 and
the notation d/ds =' have been used, and a and § are the Courant-Snyder parameters.

The Courant-Snyder Function (CSF), €, of the particle is given by
e=1"+(p/v)" = [2" + (az + BE)°] /B . (4)

Actually, it is incorrect to call this expression “invariant,” since the interaction f(¢)

breaks this property.



3.0 GENERAL EXPRESSION FOR EMITTANCE GROWTH
For perturbations depending only on the variable ¢, as shown in Egs. (3), it is possible
to give a general expression for the emittance growth. Assume the motion of a particle

in the bunch, relative to the centroid ¢(¢) = n(¢) — n.(¢) and p(¢) = p(é) — pc(9), is

described by the equation
2

= H©), 5)
where H(¢) is an arbitrary function. The solution of this equation satisfying the initial
conditions ¢(0) = ¢, and dg(0)/dt = p(0) = p, is well known?* and is given by (including
p =dg/dt) :

1 o

1(6) = (@) + [ H@)sinv(o—)d (60)
¢ A

21O 289 4 2 [ H(d)cos vip - $)db (65)

where ¢;(¢) is the solution of the homogeneous equation. From these equations, a general

expression for the CSF, € = ¢> + (p/v)?, can be given as

2 (¢ , o
e= etz [ H@Nan(®)sin (s~ §)+ pa(9) cosv(6 — Dlad
¢ o .y v el
e /0 / H($)H($) cos v($ — $)dgdd . (Ta)

Making averages over the random variables or the tune spread, the second term on
the right hand side normally vanishes (< H(q;)qh(qb) >= 0 and < H(d;)ph(qﬁ) >= 0).

Therefore, the following general expression can be used for the change in the CSF:

I N v e
te=— [* [THGHG) cosu(d - dydias (76)

Thus, by knowing the right hand side of Eq. (5), the emittance growth estimation can be
reduced to the calculation of the integration (7b).

4.0 FEEDBACK EFFECT ON THE EMITTANCE GROWTH
Assume a Beam Position Monitor (BPM) located upstream of a Kicker (K) separated
by a phase advance of 7/2, as shown in Figure 1. The BPM measures the centroid of a

bunch, and K makes a correction to the bunch trajectory providing a kick,

At =—I g, (8)

vV B2



where ¢ is the gain of the feedback system, and $; and (3; are the beta functions at the
location of the BPM and K. Since the initial state (z;,#;) is connected to the final state
(z2,%2) through a Courant-Snyder map,

f \/W A
(4)- (2) ®
Iy 1+aa - g; Iy

vV B1B2

the coordinate 1 can be written in terms of 25 and #9 as z1 = —az\/f1/B2x2 — VP12 1,
and the kick, Eq. (8), can be written as

~(g/v\/Ba)vl(azza//B2) + V/Pais] - (10a)
Using Eqs. (2b) and (10a), it follows that
Ap=~gp> . (100)
BPM K

N
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Figure 1. Bunch Behavior Model.

This implies that the behavior of the centroid and any particle in the bunch can be
described by the two-dynamical system:

dn,

= ~ e (11a)
e = gl + (G0)oe(®) (119)
d
an dn — ) (12a)
dé
d
ﬁ = % — glpe + (6p)c)b2x() | (12)



where (7., pc) and (7, p) represent the state of the centroid and the particle in the bunch;
(6p). represents the noise on the variable p. in the feedback system; é2.(¢) is the delta

function of period 27:

San(9) = Zé(¢ 2mn) ; (13)

and v, and v (v = v, + Av) are the tune (fo do/B(0)2m) of the centroid and the particle.
J is a fixed number of turns. Note that because of the characteristic of the feedback
system, any particle in the bunch is affected by the same centroid kick, Eq. (8). Taking

only the time-independent average component of é2.(¢),

1 &, ,
1/p=1/21 =< 835 >= W/o ;a(qs — 27n)dé (14)
on the term proportional to p., the motion of the centroid is governed by the equation
2n g dne
d¢2 s —g(8p)cbox(d) . (15)
The solution of this equation satisfying initial conditions 7.(0) = 1, and

(dnc/dé)g=0 = peo is well known and is given by

expl\— ¢ ~ ~ ~ - ~
0:(8) = non() - LRI [ 6 (§)p2u() explod/2u)sin o — D), (10)

where 1n.4(¢) is the solution of the homogeneous equation,

Nen(9) = [7700 cos Q¢ + (p;; + gng) sin9¢] exp(—gé/2u) (17a)
pen($) = [pw cos Qg — (”—5’-’— + gZQ) sin Qqs] exp(—gé/2u) , (17b)

(including its velocity p.), where 2 is defined as

Q= /v2 — (g/20)2 . (18)

To simplify the analysis, consider the long time behavior (¢¢/2y >> 1) of the second term
on the right hand side of Eq. (16):

¢ R R aen
exp(=g¢/200)| [ (80)cbar(#) expl(gd/20)sin U6 — $)dd

¢ ) A A
< exp(—g/24) /0 1(60)c1622(8) exp(9d/2u)d
—(21/9)|(6p)c|b2x(P) (19)



Therefore, Eq. (16) can be written in this limit in the form

1e(6) = () = 2o(60)cB2x(8) . (20)

Using Eqgs. (11) and (12), the motion of the particles relative to the bunch centroid,
4(8) = 1(8) — ne($) and p(8) = p(¢) — pe($), can be described by the equation
d2

d¢2 + g = —2v,(Av)ne(¢) , (21)

where the second-order term in Av has been neglected. Defining the right hand side of

Eq. (15) as H(¢) = —(2v,Av)n.(¢), the relation (7b) can be used to determine the change
in the CSF of the particle,

A — 21/0A1/

/ / nen($)men(6) cos v(é — ¢)dddd

+(—2V°”AV / / K($~ §)82n($)02n($) cosv(d ~ $)ddd ,  (22)

where the average over the random variables has been used, and the correlation function,
K(¢ — ¢) =< (6p)o(#)(8p)c(4) >, has been defined. The first term on the right hand side
of Eq. (22) represents the coherent contribution to the emittance growth, and the second

term gives the feedback noise contribution to the emittance.

For the collider, v, >> g/4w. Therefore, the following relations,

(Q+v)* + (g/2p)°

R A 25
Q—-ve~Av, (23b)

and
(Q—v)* + (g/2u)" ~ (g/2p)* + (AV)? (23¢)

and long time behavior (¢ large), g¢/2p >> 1, can be used to simplify the first term on
the right hand side of Eq. (22). In addition, using Eq. (13) and assuming white noise,
K(2mn — 27m) = 0,6n,m, Eq. (22) can be written as

Ac — (VOAV)Z [( €co 4(Ay)(g/2u)pconco/y] N (87rcr,,Al/>2J ’ (24)

v g9/2u)* + (Av)®  [(g/2p)% + (Av)?)? Vo

where €., = 2, + (pco/Vo)? is the CSF of the centroid. From Eq. (24), it is seen that there
is a large increment in the CSF of the beam if Av > ¢g/2u. Therefore, the case of real
interest for minimizing the effect of the feedback kick on the CSF is Av << ¢g/2u. In this

5



case and averaging over the tune of the particles, the second term inside the bracket in

Eq. (24) is canceled, and the emittance growth is given by

16 2.2 8 2

cacon 20 (2o, -
g Yo

where o, is the tune spread in the bunch. It is important to observe that the restriction

4ro, << g avoids having gain very close to the zero value. For gain equal to zero, it

is clear from Eqgs. (15) and (16) that there will not be any emittance growth. Using the

relations (2b) and (10), the noise ép can be associated with the noise éz. To do this,

observe that at the kicker location the following relation follows:

5p = ve [\;%2—(5372) + VBi(822) - (26)

But from (9), the relation #; = —z1//B1B2 — a2x2/B3; is obtained. Thus, the noisy part,

022, can be written as
a

—%W;(ém) - S(owa) @7

Substituting this in relation (26), the noise relation is given by

0%g =

(621) , (28)

and the rms value is given by

Oz (29)

which can be used in Eq. (25) to get

< Ae>= (47;””)2600 + (8—759\/—%-;—’”)2J : (30)

where f; is the beta function at the BPM location. The first term on the right hand side
of Eq. (30) agrees with that of Reference 1, but the second term differs by a factor of 8.

The linear increase of the emittance with respect to the number of turns described by the

second term on the right hand side of Eq. (30) was expected.® Thus, given the tune spread
of the bunch, the first term on the right hand side of Eq. (30) determines the gain, g, and
the second term the BPM resolution, o,. In terms of the damping time, 7, = 2T, /g (T, is
the revolution time), and the decoherent time, 7, = T,/0,, the emittance growth rate,
d<e>/dt = f, < Ae > /J, can be written as

d<e> (47rTg)2deco N 4f,

2
dt dt ' B (4moyoz)” (31

Ty



The first and second terms on the right hand side of this expression are really independent
since the centroid motion (therefore, de.,/dt) is driven by the instabilities of the beam
(mainly by the dipole mode multibunch instability), and this instability can be driven by
the feedback noise only if this noise is very high.% So, each term can be studied separately.

To avoid emittance growth due to decoherence of the bunch, the condition ¢/2u >> o,
can be expressed as

Ty << T, /47 . (32)

For a tune spread of approximately 10~* due to nonlinear magnetic field at injection’
(1.8 x 1073 for the beam-beam interaction®), the decoherent time is approximately 7, ~
2.95 (0.16 s), and the damping time resulting from Eq. (27) is 7, << 0.23 s (7, << 0.013 5).
The gain is then ¢ > 0.0025 (g > 0.04), i.e., the damping must be carried out in less than

2/g < 800 turns (50 turns) to avoid emittance growth due to decoherence.

The doubling time due to the feedback noise, Tp = €,/(de/dt)noise, is written as

T, = ___gle"_z , (33)
4f,(dmoy0z)
which brings about the following BPM resolution expression:
o 1 ﬁl 60 (34)

z= droy, \| 4foTo

Figure 2 shows the BPM resolution as a function of the tune spread in the bunch for
doubling times of 24 h, i.e., during collision operation (#; = 400 m and ¢, = 5 x 10710).
The tune spread at injection may be approximately 10~%, so the BPM resolution could be
approximately 2.5 um. However, if the total tune spread during collision due to beam-beam
interaction is approximately 1.8 x 10~3, then the BPM resolution must be approximately

0.25 pm to avoid degradation in the luminosity due to emittance growth.
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Figure 2. BPM Resolution as a Function of Tune Spread.

5.0 CONCLUSIONS

Using the Courant-Snyder function of particles, an analytical study was made of the
emittance growth due to the feedback system. The relation 470, /g << 1 was confirmed
within this general approach. It was assumed that the gain and the BPM resolution can
be studied separately since the feedback noise is too low to cause coherent perturbation.
Relation (32) determines the gain of the feedback system, which can vary as long as this
relation is maintained. For the collider, a gain of g > 0.05 can be established independent
of the tune spread. On the other hand, the BPM resolution depends much more strongly
on the tune spread and is dominated by the tune spread during collision (1.8 x 1073),
which determines a tune BPM resolution of 0, = 0.25 pum. Selection of these values
guarantees control of the dipole mode multibunch instabilities and emittance growth due
to the feedback system during collider operation. In addition, these limit values should
be established independently on the frequency bandwidth of the feedback, i.e., they must
be applied to the resistive wall and rf transverse multibunch instabilities feedback system.
Other external perturbations on the beam—such as ground vibration, quadrupole random
errors, vibration due to fluid or gas motion inside the magnets, etc.—are important when
considering the total emittance growth of the beam. Although they were not considered

here, the reader can find the treatment of these problems in References 1, 2, and 9.
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