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Luminosity Dilution Due to Random 
Offset Beam-Beam Interaction 

G. Stupakov 

Abstract 

SSCL-560 

We consider beam-beam interaction in a collider in the case when the beams randomly displace around 
the equilibrium orbit at the interaction point. Due to the random part of the interaction, particles diffuse 
over the betatron amplitude causing an emittance growth of the beam. A Fokker-Planck equation is 
derived in which a diffusion coefficient is related with the spectral density of the noise. Estimations for 
the Superconducting Super Collider parameters give a tolerable level of the high-frequency beam offset at 
the interaction point. 
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1.0 INTRODUCTION 
The required confinement time of protons in the Superconducting Super Collider (SSC) (10-20 hours)1 

makes it necessary to carefully study even small effects that can gradually dilute the luminosity of the 
collider over a long time. A possible physical mechanism which can influence the beam performance is 
related to different types of noise in the machine. These include ground motion causing random 
displacements of magnets, sound vibrations, and rf noise. These noises could excite betatron and 
synchrotron oscillations in the beams over an allowable level and result in the growth of the emittance of 
the beams. 

A particular mechanism of beam degradation that we study in this paper is related to random beam 
displacements at the interaction points caused by noisy betatron oscillations of the bunches around the 
equilibrium orbits. We do not specify here the physical mechanism which drives these oscillations, but we 
do make some natural assumptions about statistical properties of the amplitudes of the oscillations. Due to 
nonlinearity of the beam-beam interaction, the random setoffs of the interacting beams result in a 
diffusion process that increases the radial extension of the beams and, hence, decreases the luminosity. 
The main purpose of this paper is to find constraints on the noise level (in terms of the beam offset at the 
interaction point) at which the effect of the luminosity degradation is not important for the SSC. 

2.0 GENERAL CONSIDERATION 

We consider a simple model in which two bunches are collided periodically at one interaction point. 
For the sake of simplicity we choose a one-dimensional model, assuming that the width of the bunch in 
the z-direction is much larger than its dimension in the x-direction, that is cx«az. We will also neglect the 
influence of one beam upon the other (the weak-strong beam model), assuming that one of the colliding 
beams (a strong one) has a fixed distribution of particles over the betatron amplitudes and phases, and that 
this distribution function is not changing in time. However, the beam-beam interactions evolve the 
distribution function of the other beam, and the problem consists in describing its evolution. 

Throughout this paper we will use dimensionless units normalizing the length on ax' momentum on 
PaxlfJ '" (P is the particles' momentum, fJ '" is the value of the fJ function at the interaction point), and 
action on pailfJ "'. 

The initial density profile no(x) of the bunch in the x-direction is assumed to be a Gaussian: 

NB -x2/2 
no(x) = e, (1) 

{2; 1 

where I is the bunch length and N B is the number of particles in the bunch per unit length in the 
z-direction. In Eq. (1) we assume a step-like density distribution in the bunch along its orbit. 

To describe betatron oscillations, we use canonically conjugate action J and phase 4' variables. The 
phase 4' is chosen so that it is constant for the unperturbed (that is, neglecting the beam-beam interaction) 
betatron motion, 4' = const, so that in our dimensionless units, 

x = -V 2J fJI fJ'" sine v8 + qX. 8) + 4'), (2) 

where v is the betatron tune, and ep(8) is the periodic part of the betatron phase, ep(8) = ep(8 + 2tr). For 
what follows, we will need to evaluate x at the interaction point only where fJ = fJ '" and ep can be chosen 
to be zero. At this point, Eq. (2) takes the form 

X= WSin(v8+ 4'). (3) 



The initial distribution of particles of the bunch in the action variable is given by a function F 0(J). One 
can easily check that the distribution function which corresponds to the given density profile, Eq. (1), has 
the following form: 

00 21t 

It is normalized so that fdT fdq,F 0 = 1. o 0 

1 -J 
Fo(J)=-e . 

21t 
(4) 

In the next sections we will see that due to the beam-beam interaction of the beams with a random 
setoff, the distribution function F gets a perturbation around its equilibrium value, F=Fo(J) + M(J). (We 
will show later that an average M does not depend on f/>.) The density perturbation l1n(x) associated with 
M is given by 

00 21t 

l1n(x) = ~B JdT Jdf/>!J.F(J)~x-WSin(V8+ f/»]= 

00 

= 2NB fdJ !J.F(J) . 

I x212 ~2J-x2 
(5) 

Because the density of the bunch differs from the initial one, the luminosity of the machine also changes. 
Its relative change, ll.ULo, is 

00 

L fnol1n(x)dx J t - = _ ~ _oox2~; dx. fn02dx --Y1r 

Putting Eqs. (1) and (5) into Eq. (6) and performing the integration over x, one finds 

~ = 23f21r J:'!J.F(J) e-
JI2

I o(JI2)dT, 

where 10 is the modified Bessel function of the zeroth order. 

(6) 

(7) 

Now, the problem is to find the perturbation of the distribution function l1F and to evaluate the 
integral (7). In the next three sections we compute l1F, assuming that it is small compared with F o, 
M «F o. With this assumption, we will be able to consider an initial stage of the degradation of the 
luminosity when l1L (being negative) linearly grows in time. Though not valid on a long time scale, this 
approach allows us to predict the strength of the effect and to qualitatively estimate its danger for a real 
machine. 

3.0 AMPLITUDE AND PHASE CHANGE DUE TO MULTIPLE 
INTERACTIONS OF THE BUNCHES 

A dimensionless potential energy Vm governing the interaction of the two colliding bunches with their 
centers displaced by a distance em in the x-direction is given by (see, for example, Reference 2): 

(8) 

2 



where ~ is the conventional interaction parameter: 

~ NBrpf3* 

-{2;;or 
(rp is the classical proton radius) and the function hex) is 

x y 2 
hex) = Jdy Jdze-

z 
. 

o 0 

(9) 

(10) 

The subscript m denotes the collision number. m = 1,2, ... , and we assume that the first interaction occurs 
at 8=0. 

The effects under consideration are related to small. ~ « 1. random setoffs of the beams with respect 
to each other. For small ~, the function h(x-'rn ) can be expanded in a power series. Keeping only the 
first two tems in this series, we have 

h(x-~rn ) = h(x) - ~rn h '(x), (11) 

where the prime denotes derivative with respect to x. The first tem on the right side ofEq. (11) refers to 
the head-on interaction of the beams. For small C;, the main effect of this interaction is a non-linear tune 
shift. Llv, that can be included i!! v. For our purposes, the crucial one is the second tenn in Eq. (11), with 
the corresponding contribution V rn to the potential energy given by 

(12) 

where 

(13) 

The tem V rn in the Hamiltonian produces perturbations OJ rn and 644n of action and phase in the mth 
interaction of the bunches. These can be found from the Hamiltonian equations of motion. A simple 
integration yields 

x...j21rn~ cos[2nv(m-I}+t{>rn_ll. (14) 

x 1 sin[2nv(m-I}+<1>m_ll, 
...j2Jrn-1 

(15) 

where J rn-1 and tAn-I denote the value of J and t{> before the mth interaction. Total change of J and 
t{> resulting from M interactions, L1iM and Llt/.M. can be found by summing Eqs. (14) and (15) for 
m = l,2, .. M: 
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m=M-l 

MM = - 4n~ L ~ ...J2lmh" tv 2Jm sin(2nvm-HPm)]cos(2nvm-HPm)' 
m=O 

m=M-l 

Li4>M = - 4n~ L ~~" [ ...J 2l m sin(2nvm+<I>m) ]cos(2nvm+<pm)· 
m=O ...J2lm 

(16) 

(17) 

Using the explicit expression h'(x) = exp(-iI2) (see Eq. (10», one can expand the exponential into a 
Fourier series: 

00 

-xl -Js~(21tVm+<I» -J/2 J ~ J 
e = e = e [10(2")+2 £..J Ik(2")cos2k(21tvm+<I»], (18) 

k=l 

where Ikdenotes the modified Bessel function of kth order. Putting Eq. (18) into Eqs. (16) and (17), we 
find 

(19) 

m=M-l 

4 .J: "",. -J 12 1 ; Jm Jm . Li4>M = nO, ~ ';me m -- ",[lk(y)+Ik+1 (y)]sm[(2k+ 1)(2nvm+<I>m)]. 
m=O ...J 2l m k=O 

(20) 

Now let us take into account the smallness of the parameter ~'in Eqs. (19) and (20) and consider a case 
when M »1 but Mm , Lit/Jm«1. In other words, the changes of the action and phase (and hence the 
distribution function and the luminosity) are assumed to be relatively small on the time interval under 
consideration. In linear approximation in the parameter~' one can substitute in and <l>m by J 0 and <1>0 
on the right side ofEqs. (19) and (20): 

m=M-l 

"" _ r;;r -1 12 00 Jo Jo 
MM = -4n~ ~ ~-V2loe 0 L[ Ik(T) + Ik+1(T)]cos[(2k+1)(2nvm+<I>o)]. 

m=O k=O 
(21) 

A similar expression can be obtained for Li<I>M. 

4.0 AVERAGING 

To calculate how luminosity changes with time due to random off-set beam-beam interactions, we will 
need first to average the change LiJM and the quadratic quantities (LiJM)2 and LiJMLi<I>M. In what follows, 
we denote the average quantities by the angle brackets, (Li JM), «Li J M)2) and (Li JMLi <PM). Performing the 
averaging, we will assume that the mean value of the random variable 'm vanishes: 

(~)=O. (22) 
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We also define the auto-correlation function K(n): 

K(n) = (CmCm+n)' (23) 

This is an even function, K(n) = K(-n), and the setoff variance is simply ('m
2

) = K(O). 

Consider first «..1 JM)2). The calculations perfonoed in Appendix A give: 

00 00 

«L1JM)2) = 16rr.2~2Joe-JOM LJ«n) L(Ik + Ik+l)2cos21Wn(2k+l). 
n=-oo k=o 

(24) 

The argument of the modified Bessel functions in Eq. (24) is equal to.{) /2. The derivation of Eq. (24) is 
based on the assumption that M » 1 and v is not close to a rational number. 

Now we rewrite Eq. (24) in tenos of the noise spectral density S( (J)). To define S( (J)) , we consider' as 
a continuous random function of time, ,= eft), with a given auto-correlation function K(-r): 

K(t) = ('(t)'(t-t)}. (25) 

According to the spectral theory of random functions, the Fourier transfonoation of the auto-correlation 
function gives the spectral density S( (J)) : 

K(-r) = fdroS«(J)) cosm, 
o 

(26) 

One can conceive that the function eft) of the continuous time t gives the relative displacement of the 
bunches about the closed orbit in the course of revolutions. What we need from this function are its 
values ~ = ,(mT) taken at the moments when interactions occur. (Here T denotes the period of 
revolution, T = 21r1D, where D is the revolution frequency.) Using the identity 

- 00 

L cosna = 2rr. L o(a-2rr.m) (27) 
n=-oo m=-oo 

and changing the order of summations in Eq. (24), one finds 

(28) 

where the factors Rk are given by 

Rk == LK(n)cos2rr.vn(2k+ 1)= 

= fL [S(~) + S(~)]. (29) 
m=o 
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The two sets of frequencies ~ and ~ are determined by the following equations: 

~ = n{[v(2k+l)] +m}, ~ = n{[l -v(2k+l)] +m}, 

where the brackets denote the fractional part of a number. 

(30) 

The physical meaning of Eq. (28) is that it explicitly expresses the averaged square of ~ in terms of 
the spectral density of the noise. Note that only a discrete set of frequencies enters Eq. (28); these are 
equal to n multiplied by the distance between v (or its odd harmonic v(2k+ 1)) and the nearest integer. In 
the next section we will find the contributions of these harmonics to the luminosity dilution. 

To finish this section, we calculate (.1JM ). Averaging Eq. (21) with the use of Eq. (22) immediately 
yields 

(31) 

We should emphasize here that this result is valid only in a linear approximation in the parameter ,. 
Taking into account second-order terms, generally speaking, gives a non-vanishing contribution to 
(.1 1M). However, it is worth noting that in the next section, where we find a perturbation of the distri
bution function, only the first-order averaged value of .1 JM enters the result. 

Finally, using the same approach as for calculation of «.1 JM)2) the averaging of (.1 1ML1ifJM) is per
formed in Appendix A. It turns out that (.1 JML1<I>M) = o. 

5.0 DISTRIBUTION FUNCTION OF THE BUNCH 

In this section, we will find the perturbation of the distribution function in the bunch caused by 
multiple offset beam-beam interactions. 

Let us denote by 1M and <PM the values of action and phase after M interactions with an oncoming 
bunch of a particle which initially had Jo and ¢o : 

(32) 

where .1 JM is given by Eq. (21). In what follows, we will not need an explicit expression for L1¢M. Since 
we assume that L1 1M and L1¢M are small, the Eqs. (32) can be iteratively solved for the initial variables J 0 
and ¢()t giving Jo and ¢o as functions of the variables J M and ¢M. Performing the calculations, we keep 
terms up to the second order: 

In Eq. (33) it is understood that the arguments Jo and ¢o in .1 JM and L1¢M are replaced by 1M and ¢M. 

Using the property of phase space conservation in Hamiltonian motion, the distribution function after 
M beam-beam interactions, F(JM , ¢M), can be simply obtained by putting the expression for J 0 given by 
Eq. (33) into the initial distribution function Fo(J 0). Omitting for convenience the subscripts of variables 
JM and ¢M and using a power series expansion up to the second order, one finds: 

(34) 
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Since we are now keeping second-order tenns in our power expansions, L1i.t in Eq. (24) is also to be 
calculated with this accuracy. However, in Sec. 3.0, we have found L1 JM (Eq. (21» in the first order only. 
Slightly changing for a moment our notation, let us denote the right side of Eq. (21) by L1 J ~ so that 

(35) 

where L1 f~ is the second-order contribution to MM' As shown in Appendix B, for a Hamiltonian motion, 
the second-order term can be explicitly expressed through the first-order one: 

'"\ (I) '"\ (I) 

L1T~ = ! uL1 JML1 j~ + 1. uL1 J M.1~. 
2 aJ 2. acp 

(36) 

Putting this in Eq. (35), we can find F(J, cp) given by Eq. (34) through the second order. Now, using the 
equality 

(37) 

which is a simple manifestation of the phase volume conservation in the first order, and averaging 
Eq. (34) with account of (L1 ~L1tPM:) = 0 and (L1~) = 0, one finds a Fokker-Planck type equation for the 
averaged perturbation!1F = F- F 0 of the distribution function 

(L1F) = ! ~ «L1 JM) 2) ~F o. (38) 
2 aJ aJ 

In Eq. (38) we returned to original notation, omitting the superscript(l) in L1 J~. Note that (M) depends 
only on the variable J. 

6.0 LUMINOSITY DILUTION 

Substituting Eq. (38) into Eq. (6) and integrating by parts gives a relative change of the luminosity due 
to offset beam-beam interactions: 

(39) 

Putting Eq. (28) into Eq. (39) and perfonning numerical integration yields 

llL 2 to = -; M(aoRo + al Rl + ~R2 + a3R3 + ... ), (40) 

where the coefficients ak are 

ao = 12.45, al = 0.73, a2 = 0.038, a3 = 0.002. (41) 

As we see, the largest coefficient in the series (40) is 0.0; for large k, ak rapidly fall down. The factor Ro 
corresponding to ao contains different harmonics of the noise spectrum. In a typical case, the noise 
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spectrum is a decreasing function of ro, and the main contribution to ~ comes from the first term in 
Eq. (29): 

(42) 

where Liv is the distance from v to the nearest integer. Depending on the working tunes, the next term in 
Eq. (40) proportional to alRI may also be important because RI contains different harmonics of the noise. 

7.0 DISCUSSION 

To understand the role of the effects under study in the sse, let us estimate a tolerable setoff of the 
beams at the interaction point 

Note that according to Eqs. (25) and (26) the spectral density S has a dimension of the length squared 
over the frequency. Hence, the product !.MvS(!Mv), which has a dimension of length squared, can be 
associated with the beam displacement squared, 01. at the frequency illy. In terms of Ox, Eq. (40) takes 
the form 

(43) 

Now, putting in Eq. (43) Liv =0.26 and; = 0.001 (for one interaction point) and requiring l1ULo to be 
less than 0.5 after 10 hours of operation (M = 10

8
), we obtain: 

-2 Ox < 1.1 x 10 ax. (44) 

In Eq. (44) we returned to dimensional variables, putting ax on the right side. For ax = 5 J.lm at the low 
beta interaction point, this gives a serious constraint ax < 5.5 x 10-2 J.lm on a possible beam offset. 
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APPENDIX A 

Let us first calculate «.1JM)2). Averaging (.1JM)2 and using Eq. (23), one finds 

2 2 2 -1 M-J 
(.1JM) = 321t ; Joe OM L/((m-l) x 

l,m=O 

x L[ Ir + Ir+t1cos[(2r + 1)(2nvl + 4>0)], 
r=O 

(AI) 

where the argument of the modified Bessel functions is equal to Jr/2. Now define a new summation 
index, n = m-l, and change the order of summation using the identity 

M-l m M-l M-l M-l -1 n+M-l 

L L = L L + 2,{n=O} + L L. (A2) 
m=O n=m-M+l n=l m=n m=O n=-M+l m=O 

After this, one can sum up over m because this index enters cosine arguments only. Then, using 
elementary trigonometric identities for the product of two cosines, we obtain a formula that contains the 
following expressions: 

LCOS {21tVm[(2r+I)±(2k+ 1)] - 21tVn(2r+l) + [(2r+I)±(2k+I)]<I>o}' (A3) 
m 

where the number of additives in (A3) is equal to M--n. Assume that v is not a rational number. In this 
case, for r¢ k the sum (A3) is of the order of unity even in the limit M »1, and only for r=k is this sum 
equal to 

(M - n)cos21tVn(2k+ 1) :::: M cos21tVn(2k+ 1), (A4) 

that is, it grows linearly with M. In (A4) we took into account that M »n, because n is, in fact, restricted 
from above by K(n)~O for large n. 

Keeping only the largest terms (proportional to M) in Eq. (AI), one finds 

2 2 2 -J M-l 00 2 
«MM) ) = 161t ; Joe OM LK(n) L(Ik + Ik+1) cos2nvn(2k + 1). 

n=-M+l k=O 
(A5) 

Since the sum over n in (A5) converges when Inl ~oo, one can extend summation from -00 to 00. Using the 
evenness of the function K(n), we arrive at Eq. (24). 

Using the same approach as above, one can calculate the averaged value of (.1 JM.14>M). The result is 

2 2 -1 M-J 00 2 
(MM.14>M) =81t ; Joe OM LK(n) L(Ik + Ik+1) sin2nvn(2k+l). (A6) 

n=-M+l k=O 

However this is equal to zero because the product K(n)sin2nvn(2k+ I) is an odd function of n. 



APPENDIXB 

Let us consider a time-independent Hamiltonian H(p,q) with the corresponding Hamiltonian equation: 

~=_ aH 
dt ' ()q 

~=aH 
dt Up. 

(B1) 

Let Po and qo denote initial values of the phase variables. Let us consider a motion in which p and q 
change by small values, t1p and.&j. In the first approximation, they can be found by integrating Eq. (B1) 
over time and putting in the Hamiltonian Po and qo instead of p and q : 

t 

t1p(1) =_ JCJH(PO,qO) dt"= - (t- to)llq(Po,qo), 
CJqo 

to 

t 

t1l) = JCJH(PO,qo) dt':: (t- to)llp(Po,qo), 
CJPo 

to 

where the indices p and q denote partial derivatives with respect to the corresponding variables. 

(B2) 

(B3) 

In the next approximation, while integrating (B 1) one should take into account that p and q differ from 
Po and qo in the first order: 

1r=-Hq(PO,qO) -HqiPo,qO).&j(l) -HqiPo,qo)t1p(1). (B4) 

Integration of Eq. (B4), taking into account Eqs. (B2) and (B3), now yields 

:. (1) :. (1) 
t1p = t1p(1) +.!.~.&jl(l) +.!.~t1p(1). 

2 dq 2 dP 
(BS) 

One can easily check that the result (BS) is also valid for a Hamiltonian H depending versus time 
through a factor!(t), 

H(p,q,t) = j(t)Ho(p,q) . (B6) 

This is just the case relevant to the problem of beam-beam interaction, for which the Hamiltonian is given 
by Eq. (12) with the time variable equal to 8. Rewriting Eq. (BS) in terms of action and phase, we arrive 
at Eqs. (36). 


