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Abstract

Neglecting the curvature terms, the magnetic field and the vector potential which
generate the multipole longitudinal periodic structure in a superconducting dipole magnet
are found. Using this field and the standard Hamiltonian perturbation theory, the tune
shifts due to this periodic pattern in the superconducting dipole magnets are estimated
for the Superconducting Super Collider (SSC) machine. The results suggest that this tune
shift is very small for most of the multipoles and could be ignored for the SSC. However,
for the quadrupole longitudinal oscillation pattern, the tune shift relative to the amplitude

of this oscillation could be of the order of 10 and may not be ignored.
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1.0 INTRODUCTION

The discovery of the sextupole, dipole, and quadrupole longitudinal periodic structure
due to the persistent current field in the HERA superconducting magnets at Deutsches
Elektronen-Synchrotron! (DESY) raised many questions about the possible effects of this
pattern in the dynamic of the beam. Experiments suggest that this periodic pattern is due
to the strand pitch in the superconducting (sc) cable, and measurements indicate that its
wavelength is approximately equal to this strand pitch (9.1 £ 0.5cm for the outer coil of
the SSC sc dipoles). The sextupole pattern has already been confirmed in a short 50-mm
R&D dipole magnet;® the effect on the dynamic of the SSC beam must be confidently
estimated, even if it is known already that the effect must be small. (At Fermi National
Accelerator Laboratory, the Tevatron was designed—and works—without any knowledge of
this matter,? although small variations have been observed.?) Obtaining detailed dynamic
effects would require a 3D-Tracking Code. Unfortunately, there is no such code at this
time, nor is one likely in the near future. However, it is possible to see this effect by

calculating the tune shift through the Hamiltonian formalism.

To calculate the tune shift, the superconvergent Hamiltonian perturbation method® is
used. First, the vector potential is calculated through the expression of the magnetic field,
which is obtained from the scalar potential approach (the curvature is neglected). Then,
using the lowest order in the vector potential and the nonrelativistic Hamiltonian, the tune

shift is calculated by applying the standard canonical transformations and averaging.®

2.0 MAGNETIC FIELD AND VECTOR POTENTIAL

From Maxwell equations, the relation between the vector potential, A, and the mag-
netic field, B, and the relation between the magnetic field and the scalar potential, ®, are

given’ by
B=VxA (1)

and

B=-V&. (2)

Because the magnetic field will be calculated in the vacuum beam pipe, the following

differential equations are satisfied:

VxB=0 (3a)

and

V-B=0. (3b)



- Therefore, the scalar potential must satisfy the Laplace equation:

Ve =0. (4)

2.1 The Scalar Potential

Neglecting the curvature effect, the Laplacian in the coordinate system based on a

closed planar reference curve is similar to a cylindrical coordinate and can be written as

=0, (5)
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where s is the longitudinal coordinate, and r = /22 + y? measures the radial displacement
with respect to the close planar reference curve. Suppose there is a multipole of order m
which is oscillating along the s-axis with a periodic structure given by v(s). Furthermore,

assume the next anzat for the scalar potential:

® = —sinmb |v(s)r™ + Z va(s)yr™| , (6)

n=1

where the functions vy, (s) are arbitrary at the moment. The reason to propose this anzat
is clear: The m-multipole symmetry must be preserved. Substituting Eq. (6) in Eq. (5)

and rearranging terms, the following expression is obtained:

(=1 + mPv1r™t + (=22 + mP)vg + [(—32 + m? vz — Gi)r+

+ Z {~l(n+2)* + m*vnya — Gn} "+

n<m
+ {[~(m + 2)? + m*|vm42 — O — 0} r™+

+ 3 {l=(n+2)* + mYvpp2 — Ba} 1" =0, (7)

n>m

where £ is the second derivation of the variable £ with respect to s. It is always possible

to make the following selection:

v; =0, forj <m (8a)
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vm(s) = v(s) , (8b)
which leads to
o e (m +22i;2 +m] (%)
and
Un42 = —n +i25')12 g forn>m. (9b)
From Eqgs. (9a) and (9b), it follows that
Vmizk = =% 2720 k> 1, (10)

[Tj=1{=(m+ 25)? + m?]

where v(2¥) represents the 2k-derivative of v with respect to s, and [1 represents the product
of the elements. In this way, the coefficients of Eq. (6) are determined, and the solution is
given by

i 2k, (2k) 92k

S 5[~ (m + 2)% + m?]

®(r,6,s) = —r™ sinmb |v(s) + (11)

2.2 Magnetic Field and Relation with Experiments
If the scalar potential is known, the magnetic field can be calculated using Eq. (2).

The components of the magnetic field are given by

2k, (2k) 92k
Br =7’m smm9{v(s) +Z (m+2k)r v 2 } (12(1)
o TThoi[~(m + 25)2 + m?]

r2k o (2K) o2k
By = mr™ ! cosmé { v(s) + Z , (12b)
k=1 —1[ (m +25)? + m?]

and

2k+122k
B, = r™sinmé ney + Z ; (12¢)
]—l[ (m + 2] )2 + m2]



To know the function v(s), assume that at the radius r = r, the B, component of the

m-multipole magnetic field is measured, yielding the expression
B¢ = m~ ™ L sin m6[by, + am sinks] , (13)
where by, is the systematic component of the m-multipole, x is the wave number of the
longitudinal periodic pattern, and ay, is its amplitude of oscillation (in Gauss/cm™™?). If
the function v(s) is assumed to be of the form
v(s) = m ™ by, + cmsinks] , (14)

Eq. (12a) is written as

B.(r=r,) = m_lr';""1 sian{bm + Cm Sin KS+

& (=DE(2k + m)(2ror)? }
+ CmSINKS ; 15
kZ:l [T-[=(m + 2) + m?] o

combining this expression with Eq. (13), the coefficients c,,; are defined by the experimental
values:

am
2 (=1)*(2k + m)(2kr,)?*

1+
kz:; [Ti—i[~(m + 2)2 + m?)

(16)

Cm(ﬁ, 7'0) =

It is interesting to note that the actual experimental amplitude values, am, are related

with an infinity series. Eq. (16) brings about the complete solution for the magnetic field.

2.3 The Vector Potential

In the above coordinate system, Eq. (1) is written in terms of its components as

104, OAy¢
S8 95 P (17a)
94, 04,

2B, (17b)

and

10(rdg) 104,
For ol U (17¢)
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Assume the following anzat for the vector potential:

Ay = Z an(8)r"T™ cosmé + Z bn(s)r™t™ sinmé , (18a)
n n
Ay = Z gn(s)r™t™ cosmé + Z hn(s)r®t™ sinmé | (18b)
and
As = Z gn(s)r"T™ cosmé + Z pa(s)r"t™ sinmé . (18¢)

Substituting these expressions in Egs. (17), using Egs. (12) in Egs. (17), and rearranging

terms, the following algebraic relations are obtained:

o0
mpo + Z(mpn — gn-1)r" =0, (19a)
n=1
o ] , oo
—-mg, — Z(mqn + hp-1)r" =muv + Z(m + 2k)0m o (19b)
n=1 k=1
x I
mpo+ Y _[ba—1 — (n + m)par™ =0, (20a)
n=1
oo o0
—mg, + Z[dn—l = (n+m)gnlr” =mv + Z vm+2k7'2k ) (200)
n=1 k=1
(n+m+1)gn —mb, =0, (21a)
and
o0 o0
Z[(n +m+ 1)hp + masjr” =rd + Z Dppokr 2 +L (21d)
n=1 k=1

where vp,42r has been defined in Eq. (10). From Egs. (19a), (20a), and (21a) it is not

difficult to see that it is always possible to choose

bp=gn=pn=0,forn>0, (22)
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and from Egs. (19b), (20b), and (21b), the following relations are obtained:

4o = —V, (23)
(m +1)ho + ma, =0, (24a)
(m+2)hi +ma; =9, (24b)
dok—1 — (2k + m)qak = MVmy2k, k21, (25a)
(2k +m+ 2)h2k+1 + magkg41 = 'l}m+2k, k 2 1 5 (25b)
and
maak + hag—1 = —(m + 2k)vmyok, K21, (25¢)

The above system is self-consistent (see Appendix A), and it is possible to choose the gauge

of the vector potential such that

apn=0, forn>1, (26)

obtaining the following coefficients:

ho =0, (27a)
5 .
12141 2l+m+2’ _Oa (7)
and
MUm 42142 -
= — 22
Q20+2 21+m+2 ’ _Oa (2IC)

where a new parameter, | = k — 1, has been chosen. Therefore, the components of the

vector potential in these coordinates are given by

Ar = 0 y (280)
o k+1
_.,.m Um+2kT
Ag=r smmekz—o Yl (28b)



A m 0 + Zoo mvm+2k+2r2k+2
= —r cosm v .
’ & 2k+m+2

(28c)

These relations can be expressed in the coordinates z,y, s, where z and y are related to r

and 6 by

T =rcosf

and

y=rsinf ,
through a rotation of the vector (A4,, Ag) by an angle 6,
Az = —sinb Ay
and
Ay =cosb Ay .
In addition, using the identities
= m
r™ sinmf = Im Z i”( )a:"‘_py"
=0 P

and

m
r™ cosmé = Re Z 1 (m) ™ Pyf
p
=0

where (':) represents the combinatory coefficient:

(7)==

The components of the vector potential in these coordinates are given by

o~ ,(m +1 o= Omaak(z? + y?)*
P W |
’ pgﬂ p y ; 2k+m +2

7

(29a)

(295)

(30a)

(300)

(30¢)

(31a)



A, =+Im i P m gm—e+l,p i 6m+2k(12 + yZ)k (31b)
T =0 P ! k=0 k+m+2 7

and

m e 2 2\k+1
o™ - mv (% + y*)
A =—R ol m—p_p m+2k+2 . 31
’ epzzoz (p)z y {v+k}:_0 2% +m + 2 (31¢)

In particular, the expressions for the dipole (m = 1), quadrupole (m = 2), and sextupole
(m = 3) at lowest order are given by

AN = —y25/3 | (32a)
AW = +2y5/3 (32b)
AY = —zv | (32¢)
AP = —zy?5/2 (33a)
AP = 122y5/2 (33b)
AP = —(a* - ), (33c)
AP = —(32%% - y")i/5 (34a)
AP = 1323y — 2y*)5/5 , (34b)
and
AP = —(2% - 3zy? ) . (34c)

In order to simplify the analysis, the systematic multipole component will not be considered
in the following discussion, and the amplitude of the longitudinal oscillation pattern, ¢,
will be denoted by a.



3.0 HAMILTONIAN FORMALISM AND TUNE SHIFTS

The nonrelativistic Hamiltonian for the transverse motion of a synchronous charged

particle traveling around an accelerator ring can be written as®

. 2 2
1 e 1 e €
=~|P——A ~( P, — — - —A,
H 5 (P = z> +2( Y cpAy> cp4 +

+ lKl(s)y2 _1 (Kl(s) — -1—,,) z? | (35)
2 2 p*

where p is the longitudinal momentum of the particle, P; = p;/p and Py = p,/p are its
normalized transversal momenta, e is the charge of the particle, ¢ is the speed of light,
p(s) is the curvature of the accelerator ring, K1(s) describes the linear lattice of the ma-
chine (without longitudinal oscillation pattern), and the vector potential components, A,
represent the additional electromagnetic field due to other sources (longitudinal multipole

periodic pattern along the sc dipoles, for example). This Hamiltonian can be written as
H(z,y,s) = Ho(z,y,5) + V(s,y,5) + U(z,y,$) , (36)

where H,, V = V(1) 4+ V(2) and U are defined by

1 1
Ho(2,y,5) = 5 (Px + Ka(s)2%) + 5 (Py + Ky(s)y?) (37a)
1) -_(£
Vi(z,y,s) (Cp> A, (37b)
V(z,y,s) = — (é) (P, A; + P,A,) (37¢)
and

Ulz,y,s) = lieY (A2 + 42) (37d)

b ? 2 Cp b ‘y .

For tune shift calculations, it is more convenient to express the Hamiltonian in the canonical

variable (J, ¢), where J and ¢ are the vectors

J = (J11J2)
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and
¢ = (¢1,92) -

This can be accomplished through the generating function

2 _ )
Fls,2,9,8) = =) grs(tandi= £i/2) (38)
i=1 "}

where Bi(s) is the beta function associated with the motion of the particle in the i (z for
i =1, y for ¢ = 2) direction, B; is its derivative with respect to s, and ¢;(s) is the betatron
phase related to the beta function through

L)

do
5(9) = 60+ [ 55 (39)
0
The action, Jj, the coordinates, and the canonical momenta are given by
oF 1 7, . 2
i= s = oo | i — Bizi , 4
Ji= 55 =g [of + (Bidi ~ fiai/2)] (40)
z; = \/2Jificos ¢; , (41)

and

2Ji [ . 1.
P, = —1 /—,8-'— (sm o; — E'Bi cos ¢S,') , (42)
for i = 1,2, i.e., i = z,y. Furthermore, Eq. (37a) becomes
2
Ji
H, = —_— 43
> 50 (43)

and the other expressions also become functions of the action-angle variables. Their explicit

expression depends upon their explicit (P, Py, z,y) dependency. To calculate the tune

10



shift, the average of the Hamiltonian along the whole machine, C, and all over the betatron

phases must be obtained:

C 27 27

<H>—1/ Oy]/wMMHu¢n (+4)

Hence, the partial derivation of this quantity with respect to the action brings about the

tune of the machine:

O<H>
oJ;

which is mainly given by the average of Eq. (43). The other terms in Egs. (37b) to (37d)

give the tune shift of this value.

(45)

vi =

4.0 FIRST ORDER IN PERTURBATION STRENGTH

At the first order in perturbation strength, the lowest order in the action variable is
taken into consideration in Eq. (36). It is clear from Egs. (37) that U(z,y,s) corresponds
to a second order. From Egs. (32), (33), (34), (37), (41), and (42), and from the relation:

n!
@&;,Mf , (46)

where N represents any natural number (including zero), the only non-zero term which

2x
1 n __1_
5 [ abcos(9) = o
0

contributes at this order is the quadrupole term (Eq. (33c)). The action-angle variable is

written as

V(l)_2 = ({’;) 2v [Jlﬁl cos? ¢; — J2 B2 cos? ¢2] . (47)

With the help of Eq. (46), the average of this expression is given by

< V(l)_2 > = (fi) a(Jrg1 — J292) , (48)

where a is the amplitude of the longitudinal quadrupole oscillation pattern, and the func-

tion numbers ¢g; and g2 are defined as

C
1 .
g1 = G/Sln ks P1(s)ds (49a)
0

11



C
1 )
g2 = E/sm ks PB2(s)ds . (49b)
0

The tune shift is then given byh

8 <y > agy Tp

Ay = 57, = ~ \me (50a)
and
<y > agy [ Tp .
Ayy = o7, = - S 2 (DOb)

where the following identity has been used:

2
€ T‘p
L) = Tr 1
(cp> mcy?’ (51)

where 7, = €*/mc? = 1.5348 x 107 cm is the classical radius of the proton, me® =
1.6 x 10~ 3ergs is its energy at rest, and v = \/T-——vz_/_c_2 is its relativistic factor. To
calculate the numbers ¢; and g, along the Collider and High Energy Booster (HEB) of the
SSC machine, the computer program MAD!? was used to print out the beta function in
three different locations of each magnet (at the beginning, at the center, and at the end).

The beta function was fit with a second-order polynomial per magnet:
ﬂ(s) =I1 + 25 + :1:3.92 R
where the coefficients are calculated from the three known beta values. The wavelength of

the longitudinal oscillation pattern,

was chosen as A = 9cm. A computer program was developed to make these calculations

and the integration of Egs. (49). The results are shown in Table 1; calculations for the

12



Tevatron lattice design are shown for reference.

TABLE 1. NUMERICAL INTEGRATION OF g, AND g..

SSC-Collider SSC-HEB Tevatron
g1 —0.650 x 108 ~2.050 x 10° 2607.5
g2 ~0.475 x 10° —1.975 x 10° 1815.7

At injection (Ycouider = 2000, yaEB = 200, and YTeyatron = 150), the calculated tune

shifts are shown in Table 2.

TABLE 2. TUNE SHIFTS" AT INJECTION.

SSC-Collider SSC-HEB Tevatron
Avg/a ~1.007 x 104 —3.175 x 10™* +5.3 x 107°
Avy/a +0.735 x 10~4 +3.050 x 10~4 —3.7x 105

* Amplitude of Oscillations, a, in Gauss/cm.

However, the values calculated in Table 1 are strongly dependent on the wavelength of
the longitudinal oscillation pattern, as can be seen in Figures 1-3. These figures show that
the sign and the order of the coefficients (Eqgs. (49)) may not be well defined. In addition,
the SSC-HEB and the Tevatron may actually have the same order of magnitude in the
relative tune shift (10™*). Moreover, since the amplitude of the quadrupole oscillation
pattern is expected to be random from magnet to magnet, this relative tune shift should
be divided by the square root of the total number of magnets. So, a tune shift of the
order of 1072 is likely for the SSC-HEB and the Tevatron, and probably of one order of
magnitude lower for the SSC-Collider.

5.0 SECOND ORDER IN PERTURBATION STRENGTH

At first sight, it seems unnecessary to study higher orders of perturbation strength
since, in principle, these would have smaller values than the first order has. However,
there are three reasons why is not worthless to go to the second order of perturbation
strength. First, it is useful to check how small they are. Second, if they are not too small
to ignore, they would be nonlinear, in general, producing tune shift spread in the machine.
Finally, going to a second order, there is a “legal” way® to cancel the terms that originally

were cut out in the averaging process made at the first order of perturbation.
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To go to a second-order perturbation theory, a new canonical transformation must be
made (®, ). This canonical transformation is close to the identity (the original action-

angle transformation of Eq. (38)) and is characterized by the generating function

Frew(s.0.K) =) Ki¢i + G(s,0,K) (52)

1=1

where G is a function to be determined. The relation between the new variables (®, i)

and the old ones (¢, J) is given by the expressions

aFnew . -
Ji = 58 = Ki+ Gy, , (53a)

and

aFnew . -
= K, = ¢i + Gk, , (530)



where the subindex means partial differentiation. In addition, the new Hamiltonian,
7:2(3, &, K), is given by

~ & K ‘1 8G aG
- 12: ,31(3) Z /61(3) aé: +

+ V(5,8 — G, K +Gy) + U(s,® — G, K + Gy) . (54)

Doing a Taylor expansion of the two last terms on the right-hand side of Eq. (54), it
follows that

+ Z [VK.'Gd).' - Vd'.'GK.'] +u(sa QaK)'*'
1=1

+.o, (55)

where the quadrupole term of Eq. (47) has been extracted from V to put it together with
the first-order, zero-average terms (first line in Eq. (55)), and the term U has been put
together with the second-order terms (third line in Eq. (55)). In this expression, it is

possible to make

. 1 8G 08G
Za(s)&p, So V=0, (56)

“legally” deleting the term V from the Hamiltonian. The solution of this partial differential

equation (see Appendix B) brings about the following expression for G:

G(s, 6, K) = — / V(E, ¢ — () + p(€), K) dE | (57)
0

where the components of the function 3 are defined by

3

do

W= B
0

(58)

Using this expression in Eq. (56), the full second-order approximation can be solved, ne-

glecting higher-order terms. Consequently, the second order in perturbation Hamiltonian

16



can be written as
2 K
§ : VW (5,6, K) + Hip + Haz + Haz (59)

where Hi1, Hiz, and Ha2 are given by

2
Hn =3 PR -6l (60a)
i=1
2 , 2
Hip =Y VG - V6] + 3 VP6L) - vPel)| (605)
t1=1 =1
and
2
He =), [Vﬁ)Gf - VPGP ] +U, (60¢)
1=1

where, using Egs. (37b) and (37c), the discomposition
Y=y 4 p@ (61a)

has been made, and G for i = 1,2 has been defined as

k]

6o = - / VO (£, 6 — p(s) +w(€), K) dt . (610)

0

For a given m-multipole, it is not difficult to see from Egs. (31) (with k£ = 0), (37), (41),

and (42) the following order of dependence in the action for the second-order terms of the

Hamiltonian:
O(Hy) ~ K™ 1| (62a)
O(Hyg) ~ K™ , (620)
and
O(Haze) ~ K™*1 . (62¢)

So, at first sight, the most important contribution would come from term (62a). The terms

(62¢) and (62b) are expected to be very small, and they will be studied in the next section.
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5.1 Tune Shift Arising from H»»
The easiest term to calculate is U because its average value is different from zero.
Using Egs. (31a) and (31b) with k& = 0, substituting Eq. (41) in these expressions, and

rearranging terms in the expression resulting from Eq. (37d), it follows that
2p+1<m 20+41<m

- () BT e ()

p=0 o=0

1 - —p—o-1 2 —2p—
Kg+a+ {K2K1 lﬂ;n p—0c g+a+ (Cos ¢1)2m 2p QU(COS ¢2)2p+26+4+

+ﬂ;n—p—aﬂg+a+1(cos ¢1)2m—2p—2a(cos ¢2)2p+20+2} . (63)

With the help of Egs. (46) and (14), the following average results:

e 2 (an)g 2p+1<m 20+41<m m m
=| — _1\pt+o .
<u> (cp) 2m4m?2(m + 2)2 ‘;0 Z (=1) <2p + 1) (20 + 1)

o=0

12m —2p—20 —2)!(2p + 20 +4)! ,,
(m—p—o—1l(p+o+2)7 *

K;n—p—aKg+a+l {I{2K1—

(2m —=2p—20)(2p+ 20 +2)! .
—RT b, (64)
(m=p=o)p+o+ 1]
where the numbers g;; and h7; are given by
1 c
gm = 2—7r/ﬂ{"'p""-l(.s)ﬂ:_","*"""z(.s) cos’ ks ds (65a)
0
and
1 c
hpy = 2—7T/;6;'"'"’_‘7(.s)[i’z“"*"ﬂ'1(.s)cos2 ks ds . (65b)
0

To estimate these numbers, assume that the accelerator ring contains FODO cells

where the maximum and minimum values of the beta functions are given by 8j and B,
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respectively. Assume also that variation of the beta function in each half-cell is given by
Bi(s) = By — as’ (66a)

and
Ba(s) = Bm + as? | (66b)

where o is determined in terms of 8, Bm, and the half-cell length, L, as

=ﬁM—ﬁm.

Iz (66¢)

If N, is the total number of cells in the ring, then C = 2N L, the maximum values of the
integrals (Eqs. (65)) are

m—p—o~1C(BM = B )™

g::r—maz =(-1) an(2m + 3) (67a)
and
—p=- c(ﬂM — Bm)m+l '
R = (=1)m"F7° b
po—maz ( ) 41r(2m T 3) y (67 )
and the average value (Eq. (64)) is given in this approximation as
2p+1<m 20+41<m m
1\™Y I.’m—p—aI-£+a+l
<U>=(-1)"Tm Z a}; <2p+1)(2a+1>‘1 b2
R K (2m —2p—20 — 2)/(20 + 20 + 4)!
m—p—o-Dlip+to+ 2
(2m — 2p — 20)!(2p + 20 + 2)! (68)
(m—p—o)p+o+1)}]2 [~
where the parameter Y, is defined, using Eq. (51), as
v _ T (ar)’C(Bm — Bm)™*! (69)

mc2y2 16m2mm2(m + 2)2(2m + 3)

The action variable is essentially the emittance, ¢, of a beam of particles circulating in

the accelerator, which is related to the normalized emittance, ey, by a v factor. So, it is
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possible to make the following identification:

EN
K;=—. 70
= (70)
The tune shift is then given by
m4ﬂsy@4 _ ImexQm (71a)
and
|Av] < l__au < LmenQmz (71b)
aKz Ki=en /2y (27)

where the factors Q1 and Q2 are defined by

2p+1<m 204+1<m m m
= —1)Pte
om= 3 3 0,0 ) (5 )

p=0 o=0

(p+ 0 +1)(2m - 2p — 20)(2p + 20 + 2)!
[(m=p=0a)(p+o+1))?

_(p+a+2)(2m —2p —20 —2)!(2p + 20 +4)! 72a)
[(m—p—o—1)p+0+2)2 (72a

and

2p+1<m 20+41<m m m
— —1 p+o
Omz p; 2 (1 (2p + 1) (20 + 1) )

o=0

g (m—p—0)2m —2p—20)(2p + 20 + 2)!
m—p—o)(pto+1)F

(72b)

_(m=—p-—0—-1)(2m —2p — 20 — 2)!(2p + 20 + 4)!
" [(m—p—o—-1Np+0o+2) '

In order to compare the relative effect of different multipoles, the quantity Av{*/Av] must
be estimated. From Eq. (71a), it follows that

_ [(ﬂM—ﬁm)eN]"“"(n2+2n)2<zn+3> Qm1
- 2+ m2 4+ 2m 2m +3 /) | Qm

AvT®

Av} ’ (73)

which shows the expected behavior. For higher-order multipoles (m — n > 0), the tune
shift is smaller (due mainly to the 7 factor). As a result, the dipole longitudinal oscillation
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pattern would cause the highest value in Eqgs. (71). For the nominal values of the Collider
(ey = 107*cm, “injection = 2000, C = 8712000 cm, L = 9000cm, By — Bm = 25000 cm),
the tune shift due to the dipole oscillation is

[AV%I Ja® ~ |A1/21| /a® <1071 Gauss™2 . (74)

Because the other term contained in H22 will have the same order value in the tune shift,

it will not be analyzed. Thus, the term Hj3; contributes negligibly to the tune shift.

5.2 Tune Shift Arising from H;;

Detailed calculations of the tune shift are presented in Appendix C. Here, the results
will be presented, and an approximation will be done to estimate its value. The quadrupole
part does not appear here because it was extracted from V() for the calculation at first
order. The dipole longitudinal oscillation pattern calculations in Appendix C yield the

following expression for the averaged Hamiltonian:

2 .-
m=1 _ _e. I\.QT
<mts= () B2 (75)

where T is given in terms of Egs. (C6) of Appendix C, as
T=wP+ W —wi® - Wi+ Wl W 4 oy + Ty — Tra (76)

The tune shift is then given by

Ay = (77a)
and
_ mp 1
Avy = v (77b)

If the same approximation in Section 5.1 is used here, the following relations result:

ITon| = 'Wf)él = ‘Wl()él = 2By — Pm)CL ; (78)
’ 8A
if the same values for the Collider in Section 4.0 are used, it follows that
- CL
A 2 Tp (:BM ﬂm) ~ 9. -8 -2 .
|Avg|/a® < " ) 2.6 x 107° Gauss (79)

Because the sextupole contribution is expected to be even smaller than this value, it
will not be calculated. However, the functions V() and G() necessary to perform these

calculations are given in Appendix C.
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As a result, the term H1p also has a negligible contribution to the tune shift.

5.3 Tune Shift Arising from Hy;

This section will be a little more developed than the previous one because an uncer-
tainty in the tune shift is found when the same approximation of Section 5.1 is used in
the results (see below). First, as seen in Appendix D, the dipole longitudinal oscillation
pattern does not contribute to the tune shift since its associated average Hamiltonian
does not depend on the action variables. The quadrupole part of V(1) was extracted and
considered in Section 4.0. Therefore, there is no quadrupole contribution. However, the
sextupole longitudinal oscillation pattern has a quite small contribution which will be
discussed below.

From Egs. (34c), (37b), (41), and (61b), it follows that
va) = (i) 2%/2y [(Klﬂl )32 cos® ¢1 — 3(K151) /2 K23 cos ¢ cos? ¢2] (80a)

and

3
ew = - (f_) zS/Z{K;"/ Y (3) cos"~* gy sin’ 41 gfy(s)+

cp = \p
1 2
2 . , ,
-3k’ K YN () cos' ™ ¢, sin® ¢; cos?™# By sin’ ¢, gfg(s)} . (80b)
p=0 p=0 p

where the functions ¢f; and g{’é5 are defined by

8

g% (s) = / o(€)BY2(€) cos®~? 6y sin 6, dt (81a)
0
and
gth(s) = /0(5)511/2(5)ﬂ2(§) cos'™# 6, sin’ 6 cos? 4 6, 5in’ 6, df (81b)

0

and the following identity has been used:
“\ (n
cos" (¢ — &) = Z (p) cos™ P ¢, sin® ¢; cos™? §; sin” §; , (82)

p=0
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where 6; i1s defined as
6i(s,&) = ¥i(s) —i(§) , i =1,2. (83)

Doing the derivation of Egs. (80), the following average values are obtained after making

some rearrangements:

2
1) A(1 ¢ 9 3
<V > = <_p) 23{—§K122<p>(5~P|p+1)<1f1;1+

p=0
1 3 9
+oKiK2 )y Y () (3= plo+1)(2 - 4l4) Q51+
 \ j
p=0 =0
9 3. /3
+ ;Kle < )(3 plo+1)(2|0) ¢7;.,+
2 =\
9 e (2
- 51‘-’3 >N (,5)(1 —plp+1)(4 - 4lp) Q12 2} ; (84a)
p=0 =0

2

1
e
< V6 > = - (25) 23{18K1K2Z > ( ) 2~ plp)x

p=0 =0

X (3= plp+1) Qm} L (sa)

2
A 52— (2) 2
cp

3
. {%K% > ()16 #)5 = plo+ 1)+ (7 = o~ 1) s+

p=0

——KlK ZZ( ) ~(1=p)B—relo+1)+p(5—plo— 12 - 4l5) Q5.+

p=0 p=0

Sk, 5 ( )[—(3 — P)3 = plo+1) + (5~ plo — 1)(210) o+
p=0

1
+2 522( )[ (1—=p)1 = plp+1)+p(38 — plp— 1)](4 — 4|8) Qm} » (84c)

p=0 p=0
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and

<VQIG) > = - (é) 23{9K1K2 ZZ ( )(2 plp)

p=0

X (22 O - A5+ 1)+ M- A6 DIQths |, (840

where the following definitions have been made:

c
dhia = = [ vOBV () ds (850)
0
1 c
e = 57 [ VOB )Ba(o)at(s) ds (85b)
0
1 Cc
thy = or [ V@B ()eth(s) ds (850
0
C
Q=37 [ (@B ()pe)oths) ds (85d)
0
and
(njm) = %/cos" 6sin™ 6 d6 . (85€)
0

The last definition clearly has the following properties:

(nl0) = op——5bn2on (86a)

=
and

(n|m) = 0, wherever n or m is odd . (86b)
Using Eqgs. (84), the average value of Eq. (60a) is given by

e

2
< .Hm_B >= — (Z;) {K% [27q%1;1 - 9q:1;1:1] +
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+K1 K, [-9Q13., + 18Q1%,; — 94110 — 9¢31.0 + 108Q%3.) +

K3 [27Q15, — 9Q15; 2]} : (87)

Thus, the tune shift is given by the partial derivation of this expression:

=3 TPENA].
(AVI )Ki=€N/2‘7 = mc2y3 (88a)
and
(Al/z )K.‘:EN/27 = ch,),,’i ’ (88b)

where the identity in Eq. (51) has been used, and A1, Ay are defined as

9, 9 ,
A1 = —27q111 + 9411 g+ Q12 1 9Q{% a1+ 2‘111 2+ 2‘111 2 — 54Q%%.2 (89a)

A2 = 9Q12 4 —18Q15, + 9911 2+ 9‘111 2 108@12 2= 27Q12 2+ 9Q12 2 (89b)

If the same approximation made in Section 5.0 were done here, the tune shift would have

quite a large value:
2|Avy|/a? = |Avs|/a® < 0.0012 Gauss ™ 2cm? .

Hence, this approximation does not produce a confident low value for this case, and nu-
merical integration of Egs. (85) must be carried out to obtain a confident value. Using the
same procedure as in Section 4.0, Table 3 shows the results of these integrations. (The

same approximation was made for the betatron phases.)

As can be seen from these numerical values, the term Hj; is not important to the tune
shift of the machine.

5.4 Symmetry Considerations
Suppose that the beta function is an even function with respect to the initial reference

point “0” in an accelerator ring of length C; that is,

Bi(—s) = Bi(s) - (90)

In a FODO cell structure, there are in fact three points where this happens, corresponding

to the location of the three quadrupoles which make up the FODO structure. In this case,
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TABLE 3. NUMERICAL INTEGRATION OF 4, Q, AND
A, AND CORRESPONDING TUNE SHIFTS.

Numerical Integration
25x SSC-Collider SSC-HEB
gtia : —1.546 x 1018 —5.555 x 1012
a2 —8.926 x 1014 —1.734 x 102
a3 —-8.500 x 1014 +11.477 x 1018
@10 —3.363 x 1014 +8.616 x 1015
134 -9.072 x 1014 ~1.719 x 1012
2, —2.057 x 101! +2.141 x 1010
19, —1.546 x 1013 ~5.479 x 1012
2, —7.227 x 1019 +1.158 x 1010
bY! +5.660 x 107 +1.422 x 107
A +1.895 x 107 +7.805 x 1016
Tune Shifts*
Avy/a® 2.7 x 1071 6.82 x 10~°
Avy/a? 9.1 x 1012 3.74 x 10~°

* Amplitude of Oscillations, a, in Gauss/cm?.

from Eq. (58) it follows that

(s) ; (91)

&
VY
[
| —
It
o
=la
qQ
o\

0

that is, ¥; is an odd function. Furthermore, from Egs. (83) and (91), the function §; is

also odd in the following sense:
bi(—s, =€) = Yi(—s) — vi(=€) = —[¢i(s) — ¥i(§)] = —6i(s, ) - (92)
Therefore, the following symmetry is obtained for Egs. (81):
gri(—s) = (=1) g1,

and
gi5(—s) = (—1)P+4g0¢ .
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Using these symmetries in Eqgs. (85), it follows that
‘Zﬁ;,‘ = (_1)pq¥1;i
and
fg;i = (_1)p+[3Q[1)§;i :
Therefore, if the symmetry in Eq. (90) were established in the accelerator ring, the tune

shift of Egs. (88) would be exactly zero. But, note that the Collider and the HEB do not

have this symmetry, even though the contribution of the term Hj; can be ignored.

6.0 DISTORTION OF THE INVARIANT CURVES AND ACTION
BLOW-UP

The main contribution to the tune shift comes from the quadrupole oscillation pattern;
this will also cause a distortion in the invariant curves, Kj, given by Eq. (53a). In order
to compute this distortion, the generating function, G, must be known. With the help of
Egs. (47) and (57), the generating function is given by

2

G=- ( ¢ ) a Z (i) {Kl cos?? ¢y sin® ¢y g15(s) — K2 cos>7? ¢ sin” ¢ ggp(s)} , (93)

c
P/ =0

where the functions g1, and g3, are defined with the help of Eq. (83) as

s
g1p(s) = /51(5) sin k€ cos? ™ §; sin &, df (94a)
0
and
s
g2,(s) = /ﬁg({) sin k€ cos?™? 6y sin? 6, dE . (94b)
0

The partial differentiation of Eq. (93) with respect to the betatron phases is

Gy, = — (%) 2aK; {(Ag)i(s)sin2¢; + g1i(s) cos 2¢;} , fori=1,2, (95)

where (Ag); is the difference ¢12(s) — g10(s). Using Eq. (51), the variation in the invariant

curve can be written as

AJi(s) = —Q“f—‘ %{(Ag)i(s)sin2¢,‘ + g1i(s) cos 26} (96)

The functions (Eqgs. (94)) have the same period of oscillation as the longitudinal oscillation

pattern. This fast oscillations are modulated by the betatron oscillation. So, taking the
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mean value of the beta function, 3, the following approximated behavior is obtained:

(Agi)(s) = -ﬁ;/\-cos Z% [sinyi(s) — cos ¥i(s) — 1] (97a)
and
BA )
1i(s) = y [cos 2¢4i(s) — sin 2¢i(s)] , (97b)
which have the maximum values
_ 26\
(Ag:)maz =
and
N 2!
(gh)maz = ir

Assuming that this maximum occurs at s = s,, the deformation of the invariant curve at

this point, for the Collider at injection and using Eq. (70), is given by
(AT))s = —af {2 sin 2¢; + %cos 2¢>,~} . (98)

where the amplitude of the longitudinal quadrupole oscillations, a, is given in Gauss/cm,

and the parameter £ is

- 2enBX | 2
&= €N€ _r_”_z. 2~ 2.79 x 107° Gauss™!cm? .
Y mc

This number shows that this deformation can be completely ignored. The distortion given

by Eq. (98) is shown in Figure 4.

6.1 Resonant Structure

The resonant structure of the Hamiltonian is given in perturbation theory by the
behavior of the generating function (Eq. (57)). If there is a value in the parameter for which
the function Gy, is unbounded, the action of the particle (Eq. (53a)) will be unbounded,
too, and the particle will eventually leave the physical region in the phase space. For the
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Figure 4. Distortion Caused by the Quadrupole Oscillation Pattern.

quadrupole oscillation pattern, the expressions of interest are Egs. (93) and (95). From

Egs. (94), it is not difficult to obtain the following expressions:
s
(Ag)1(s) = 2Re Z Bin {/ ¢ *F€sin KE dé+
" 0
s
siny(s) / et ¥ sin k€ cosyr(€) dE+
0
S
+ cos ¥ (s) / ¢ **€ sin k€ sin (&) d{} (99a)
0

and

g11(s) = %Rez ﬂln{sin&bl(s)/eiz%f sin kK€ cos 2 (€)+
. 0
— cos 21 (€) / et 1e¢ sinn{sin2¢1(§)d§} , (99b)
0
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where C is the circumference of the ring, S1, are complex numbers, and the Fourier ex-

pansion of the beta function has been used:

27N

Bi(§) = Re) Bine' EF.

Making the change of variable
6=¢/C,

considering 6C < 1, which allows the approximation

1/)1(9C) = 2m116 s

and integrating, the following expression results:

ei27(n+C/A)s/C _ |

(100)

ei21r(n—C/,\)s/C -1

(Ag)i(s) = 4%1362,311;{4 ey

ei2x(n—C/A+n)s/C __ 1

m_C/n T

ei2x(n=C/A-n )s/C _q

+Sin¢1(s)[ n—C/Atm

n—C/)\—lll

ei27(nC/Atu1)s[C _ 1 gi2n(n+C/A=n)s/C _ 1]
- +

7’1.+C/)\+l/1

ei2m(n=C/A+vy)s/C _ 1

n+C/h—n

ei2x(n—C/A—n)s/C _ 1

+cos¢1(s)[ —yF

ei21(n+(!/z\+m )s/C _ 4

n—C//\—ul +

n+C/A+1;

and

128 (n4+C/A=v1)s/C _
+ £ 1j| } (101a)

n+C/A -1y

ei21r(n-C/A+2v1)s/C -1 ei‘21r(n—C/)«-—2u1 )s/C __ 1

C .
gu(s) = ERC;ﬂln{Slnzd)l(s)[ n—'C//\ +2Vl + n-—C/z\—-Zl/] +

et2%(n+C/A+211)s/C

'n+C//\+2l/1
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127 (n—C/A+21m)s/C _ q ei2m(n—C/A-21n)s/C _ 1

— cos 211 () n—C/A+ 2u - n—C/A -2 +

ei2m(n+C/A+201)s/C __ 1 et27(n+C/A=201)s/C _ 1
n—Chh 2 ntCi—m

(101b)

Since, in general, C/) is a very large number (about 10° for the Collider), and the tune of
the machine is relatively small (about 123 for the Collider), the denominators in Egs. (101)
do not cause any problem to the dynamic of the beam. Notice that n +C/A —2v; — 0
does not mean that there is a singularity in these functions, but that the action associated
with the motion of the particle will start to blow up linearly. To see this fact in more
detail, assume that the relation n + C/A — 2v; = 0 is satisfied. Thus, extracting the most

important term of Egs. (101), the expression in Eq. (95) would be given by

KiC .
Gy, = (fl;) a87: cos 2¢1 [sin 291 (s) + cos 21 (s)] X

ei2r(n+C/A-2m)s/C _ 4
xReZn:ﬂl,, el (102)

Taken to the limit when n +C/A — 21 — 0,

ei21r(n+C//\—2V1 )s/C __ 1

li =12
n+C//\1£%u1—>0 n+ C//\ — 211 ¢ T‘-S/C ’

the following expression arises:

Gy, = (-cfl-)-) aK;ﬂl cos 2¢1 [sin2¢;(s) + cos 2¢1(s)] s , (103a)

where £, is given by

Br=Re) ibin . (103b)

n
The function in Eq. (103a) diverges linearly, which is consistent with the condition in
Eq. (B6) of Appendix B. So, the phase space of the particle will blow up. This is a
general feature, within the above approximation, that is not difficult to demonstrate for

any resonant value.
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7.0 CONCLUSION AND COMMENTS

The magnetic field which generates the longitudinal multipole oscillation pattern was
calculated, as was the vector potential. In these calculations, the curvature was neglected
to make the estimations much easier. It is not difficult to see that introduction of the
curvature does not make a significant difference in the results. However, the calculations

are much more difficult.

The tune shift analysis was made at a first and a second order in perturbation strength.
The only longitudinal multipole oscillation pattern which cannot be neglected in the SSC
machine is the quadrupole. The result of Section 4.0 suggests that the tune shift induced
in the HEB and Collider machines by the quadrupole oscillation pattern could be at least
of the order 10~ and 107%, respectively, (assuming random oscillation amplitudes from

magnet to magnet), at injection energy for a synchronous particle.

The sextupole oscillation pattern does not affect a synchronous particle, but it has a
first-order, systematic contribution to an off-momentum particle, in the region where the
“dispersion” is non-zero. The contribution is about a factor of (6p/p)Dmar the previously
mentioned quadrupole contribution, where Dy, is the maximum dispersion in the lattice
(about 280 cm for the Collider). So, even for a very large off-momentum particle, ép/p ~

1073, the induced tune shift is one order of magnitude lower.

The value obtained in Section 4.0 depends on the quadrupole amplitude of oscillation,
which is not yet known for the SSC dipole magnets, and on its wavelength. The amplitude
of the quadrupole oscillations seems to be of the same order of the tolerances. In addition,
experiments with the HERA dipole magnets indicate that this parameter also depends on
time. This parameter may be important for a final estimation, and experiments on the

SSC dipole magnets are required to determine completely the behavior of this parameter.

Finally, if the long-term effect of the longitudinal periodic pattern in the dynamics
of the particle were required (dynamics aperture), a 3-D tracking code would be needed.

This would be important mainly at injection energy in the Collider.
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APPENDIX A. Consistency of the System (Egs. (25))
Defining Egs. (25) 21 + 1 = 2k — 1, this system can be written as

dory1 — (U + m+ 2)go42 = Mumiai42 (Ala)
(2l + m + 4)hoip3 + Mmazy3 = Omy2r42 » (Ald)

and
mgaleo + f’ng.l = —(m+ 2l 4 2)vmyoits - (Alc)

Taking the derivative of Eq. (Alb) with respect to s, it follows that
(20 + m + 4)horys + masiss = mi2ita - (A2)

Now, using Egs. (Ala) and (Alc) in Eq. (A2), the next expression is obtained after making

some rearrangements:
[m? = (m + 21+ 4)* |14 = Gmaaiza - (A3)

But, from Eq. (22), we obtain

221+4v21+4

Um2i42 = . — =
K [T [=(m + 25)2 + m?]

_ [m? — (m + 21 4 4)?]v?+492i+4

[T/ (= (m + 27)% + m2]

= [m? — (m + 21 + 4)%|vmiiss -

That is, Eq. (A3) is an identity. Hence, the system (Eqgs. (A1)) is self-consistent.



APPENDIX B. Solution of Equation (56)
The partial differential equation, Eq. (56):

2. 1 4G 8G
2 B ag T 8s = V). (B1)

can be solved by the characteristic method,!? by which the equations for the characteristics

are
Bi(s) dé = Ba(s) doz = ds = —=—0 (B2)
ne R A T V(s, ¢1,92)
From the first three terms, the following characteristic curves are obtained:
- ¥1(s) (B3a)
and
C2 = ¢2 — va(s) , (B3b)
where the functions %;, ¢ = 1,2, are defined as
[ d
o
i(s)= | —— . B4
‘wl( ) J ﬁi(a) ( )

Substituting Egs. (B3) in the last term of Eq. (B2), and integrating with respect to s, it
follows that

G(s,¢) = — / V(E,C1 +91(6), Ca + $2(€)) dE + A(C1,Ca) , (B5)

where the function A is arbitrary. By choosing the condition
G(0,4) =0, (B6)

and using Eqs. (B3) again, the following unique solution is obtained:

G(s,4) = — / V(E, é1— 1(5) + B(E), b2 — als) + va(€)) dE . (B7)
0

11

It is not difficult to see that the known expression!' is equivalent to this one. However,

there is no real physical reason why the condition of Eq. (B6) must always be required. So,



in general, the gauge of the generating function, A, will depend on 8, s, and the ignorable

action-variable, K:

A(s,0,K) = A(¢ —¢(s), K) .



APPENDIX C. Hj; Average Value Calculations

C.1 Dipole Average Value

The V,(:__)__l and V(2)=1 components for the dipole oscillation pattern are given from

Egs. (32), (37), (41), and (42):by

V,(:_)__l = (5—)—) v4/2K1B1(s) cos ¢1 (Cla)

and

3/2,7 1-1/2 4
v, =~ (é) ?—-M{ﬂzﬂ; 12 [cos2 brsin gy — ZL cos? 4 cos¢1] -

—ﬂ11/2 [cos @2 sin ¢ cos ¢ — % cos? ¢ cos ¢1] } . (C1b)

The functions G1) and G®, Eq. (61b), are then given by

1
G’S,ll)=1 = — (é—)—) 21/2K11/2 ZCOSI"’ é1sin’ $19°(s) (C2a)
p=0

and

1 2
2\ . - -5 . B 5
x {Z(—-l)p Z () sin' ™ ¢ cos? ¢1 cos®> P g sin’ ¢y RYP(s)+
9 3 ) ,
- Z Z (p) cos'™? ¢ sin pgy cos? ™ ¢y sin’ ¢y h5P(s)+

1 2
2 , , ,
+ E ) (p) cos!™? ¢y sin® ¢ sin® P 24 cos? 245 RSP (s)+

1 2
9 , , ,
+ E Z ( ) cos!™* ¢ sin” ¢ cos?™# @2 sin® ¢o hz”(s)} , (C2b)



where the following functions have been defined:

L

g°(s) = / vB;/? cos! = b sin’ 6 dE (€3)
0
3
hf'é(s) = /v,B ﬂ_l/ sl 61 sin® &; cos?™# b2pb2 d€ (C4a)
0
B4 (s) = / ;2 1,6 BT cos!~* 6, sinf 8; cos?™# 8, sin® 6, de (C4b)
0
1 ]
h?’:’;(s) =3 / 13ﬂ11/2 cos!™? §; sin” 6] cos! T# 26, sin’ 26, df | (C4c)
0
and
s
hi’"(s) = /‘5%[311/2 cos! ? §; sin® 6; cos® ™ 6, sin” &, dE . (C4d)
0

Taking the derivatives of Eqgs. (C1) and (C2), obtaining their products, and taking into

account Eq. (46), the following average values are obtained:

< VOGP 5o (5) 2§21{W + Wi —wil w4 wil 4 W}é} ,  (Cba)

< VPGP >= - (cp) 22{2}1{W + WPt - wi - wit w4 Wjé} ,  (C5b)

2 o
<vPed > (_> Efﬁl{po;l+rl;2_pl;4}, (C5¢)
cp 3 4

and

2K, 1
< V}?BG(II) >= (ZI—)) 324{ —To;1/2 ~ 1—‘12+P14} ; (C5d)



where the numbers W and I have been defined as

= / v(s)BL2 (s)hPP(s) ds |

C
Tpa = 5o [ 60087 (5)a(s) ds
0

m—*/<W“%wawﬂ@w,

Tpt =5 / &®W%W@a

0

Thus, the average of the Hamiltonian Eq. (60b) is written as

- K,
m=1 _ __
<HB >= (—-Cp> 57T,

where T is given by

T =W+ w - wiS - w4+ Wi+ Wi + +Toa + Taz — T .

C.2 Sextupole Average Value

(C6a)

(C6b)

(C6c)

(C6d)

(CTa)

(C'Tb)

The V(1) and V(?) components for the sextupole oscillation pattern are taken from

Egs. (34), (37), (41), and (42):

v,(,})=3 = <cip) 23/2y [(Klﬂl)s/z cos® cos ¢1 — 31/ K1 B81(k282) cos é1 cos? ¢2] , (C8a)

12
(2) _ _e_ 25 v
Vm=s = (cp) 5

2

x{ ﬁ (sin ¢1 — —'B-l— cos ¢1) (3K1 ko152 cos? $1 cos? ¢g — Kzzﬂzz cos? ¢2) +

A



- /% (sin ¢2 — 222_ cos ¢2) (3(]{1[31)3/2(1{2,32)1/2 cos® ¢1 cos o+

—(K151)*(K262)%? cos ¢1 cos® ¢2) } (C8b)

The functions G) and G(?), Eq. (61b), are then given by

o= (5) i ()it

p=0
1 2
—3K1/2K2 ZZ ( ) cos' ™ ¢y sin’ 1 cos?? @y sin® GagPh(s) (C9a)
p=0 p=0
and
@ _ (e 25/2
o= ()5
2 2 1
{ KKy DD (~1)P cos? P+ gy sin' PP 4y cos®F ¢, sin® gy ghEP(s)+
p=0 5 §
14
—K15/2 Z Z( 1)p( ) sin! ™” ¢ cos® cos?™# ¢g sin’ ¢g gzp(s)'*‘
p=0 p=0
3 2
3Kk Yy ( )2;0 cos®™* ¢y sin ¢y cos”* ¢, sin’ ¢y g55(s)+
p=0 p=0

1
szz( ) 1= ¢y sin® g1 cos* gy sinf g3 g5f(s)+

p=0 =0

3 1 1
~3K;*K, 22 (-1P (i) s37P ¢y sin® ¢y cos' PP gy sin AP 4y gb0P () +

p=0 =0 p=0

.

1 3 1
+K K} Z Z Z(—l)ﬁ (3 s17P ¢1 sin® ¢y cos® At gy sin! PP 4,6008 ()4

p=0 p=0 =0

3 2
—3K 3/2K2 Z Z (3) (i) s37° ¢1 sin® ¢ cos?# ¢o sin’ @2 gzp(s)+

p=0 p=0 P

1 4
1/2K EZ ( ) s'7° ¢1sin® ¢; cos* ™ ¢y sin’ ¢, 92p(8)}

p=0 4=0

=N

(C9b)



where the g functions are defined as

S

9n(s) = /”(6)513/2(5) cos®~? 6 sin® 6 d¢ ,

0
s
pp(s) / 1/2ﬂ2 cos'™* 6, sin” §; cos? ™ &, sin’ 8, dE |
0
$
3 . a1/2 —p+B £, i l4p—F 2—p ¢ i p
ghl(s) = /vﬂl/ By cos® P 8y 5in PP §1 cos? T 6y sin’ 6y dE
0
s
5 , A—1/2 2 2— . 4— 5 - 5
955(s) = /'vﬂl / B3 cos“~* &1 sin’ §) cos* ™ 8, sin® by dE
0

s
g(s) / 1/2,62'8— cos® P §; sin® 8, cos®# 8y sin’ &y dE |
0

955(s) =

o\m

S

g5 (s) = /'éﬂf/z cos37? 61 sin’ §; cos! TPHP §y sin! TP 6, dE |
0

s
p”(s) / ﬂz cos! ™ §; sin §; cos® TP g, sinl PP 6, de |
0
S 2’
5 , 3/2 52 _ . —h e - g
g57(s) = /vﬂll 5 cos> P §; sin &1 cos®? 8, sin’ &5 dE |
0

S 2
ggg(s) = / 1/2ﬂ2_ﬂ_2 cos? ™" §; sin §; cos? ™ 8, sin® &, dE .
0

1"/31_1/25%% cos! TP &) sin’ §; cos?™* 6, sin’ 6, df

(C10a)

(C'105)

(C10c)

(C10d)

(C10e)

(C10f)

(C10g)

(C10h)

(C10i)

(C105)



APPENDIX D. Dipole H;; Average Value Calculations

From Egs. (32c), (37b), (41) and (61b), the potential and the generating function are
given by

V,,(:)=1 = ('c-e;) 'U\/2K1ﬂ1 COos ¢1 (Dl)
and

1
¢ =- ('ez?) 2/2K1/ES " cosl™* gusin® 61 4(s) (D2)

p=0

where the function g, is given by

S
98) = [ w805 rsin? 6y (D3)
1]

The function é; is defined by Eq. (83). Taking the derivatives of Egs. (D1) and (D2), the

following average values are obtained:

2 1
WS 5= (5) T-a-p-slo+D+oB3-0p-1]Q,  (Ddo)
v/ =
and
<VPe) >= (< )ZQ,,, (Dab)
p=0

where the number @), is given by

C
Q=5 = [ B ()gu(s) ds (D)

It is not necessary to do more calculations. Because Eqgs. (D4) do not depend on the action

variables, the tune shift contribution of this term is zero.



