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The Physical Solution to the Lorentz-Dirac 
Equations in a constant Magnetic Field 

D. Endres 

Abstract 

SSCL-530 

The somewhat controversial Lorentz-Dirac equations for the motion of a radiating rel

ativistic electron are shown to admit a unique physical solution in a constant uniform 

magnetic field perpendicular to the particle motion. In particular, the stable manifold of 

the origin in a four-dimensional velocity-acceleration phase space is shown to be globally 

the graph of a function mapping velocity to acceleration; solutions not in this manifold 

are shown to exhibit unphysical accelerations. Consequently, to each velocity there corre

sponds a unique physical acceleration determined by the stable manifold. 



We consider the existence and uniqueness of physical solutions to the Lorentz-Dirac 

equations for the motion of a radiating relativistic electron in a constant homogeneous 

magnetic field perpendicular to the particle motion. Such questions have been recognized 

as fundamental to the classical theory of the electron by Rohrlich 1 and have been con

sidered by numerous authors beginning with Dirac himself who formulated the equations 

in 1938.2 We will answer this question in showing that the unique initial acceleration for 

which a solution may be regarded as physical is determined by the global stable mani

fold of the origin in R4 for Eq. (3) below. The motion corresponding to this solution is 

a slowly decaying spiral asymptotically agreeing with the physical solution to the linear 

non-relativistic radiation equation (5) of Lorentz. 3 While this result is clearly of interest 

in itself, it represents as well a first step toward a rigorous understanding of the classical 

equations of particle motion in fields characteristic of those found in the sse. Our work 

will be structured as follows: 

In Section 1 we begin with the Lorentz-Dirac equations in their general form as given by 

Dirac, specialize them to our particular case and then eliminate the time equation. In this 

form they are written as a first order system (3) in a pair of variables (v, a) E R2 X R2. 

These variables are meant to suggest velocity and acceleration as they are natural analogues 

for these quantities. 

In Section 2 we discuss the meaning of our definition of physical as it pertains to solutions 

of Eq. (3), state the Main Theorem and show by a simple proposition how this follows from 

the Graph Theorem concerning the stable manifold of the origin. 

In Section 3 we outline the proof of the Graph Theorem given in Section 4. Section 5 

presents a graph theorem for the unstable manifold along with its proof. A final section 

presents some concluding remarks. The reader may prefer to omit Sections 4 and 5 on 

first reading as 4 contains the details of the proof of the Graph Theorem and 5 has been 

included for completeness and future reference only. 

1.0 REDUCTION TO THE (v,a) EQUATIONS 
The Lorentz-Dirac equations2,4* for the worldline ( = (t, r) of the radiating electron in 

Minkowski fourspace, with the usual indefinite metric < (1, (2 >= t1t2 - r1 . r2, ri E R3 in 

the presence of an external field with tensor Fext are 

u=a 

Toil = rna - eFextu - TO < a,a > u. (0) 

* This text and Reference [1] contain the most current and detailed treatments of the difficulties with the 
LDE though Reference [2] remains a model of clarity. In Reference [5], Eq. (0) is considered from a 
different perspective. 



Here dots indicate differentiation with respect to proper time T, U = ( and TO = 
2e2 /3mc3 , is the time a light signal takes to cross 2/3 of an electron radius, approxi

mately 6.27 x 10-24 sec. In a constant uniform z-directed magnetic field of magnitude B, 

Eq. (0) is easily seen 6 to specialize to 

x = - fi; + TO Cx· - c-2w 2i;) 

Y = fi; + TO Cif - c-2w 2i;) 

Z = TO Cz· - c-2w 2i) 
.. (... 2 2·) t = TO t - c- w t , 

(1) 

where w2 = x2 + y2 + z2 - c2p = - < a, a > the opposite of the square of the electron's 

proper four-acceleration and f = eB/mc (e the electron's charge, m its rest mass, and c 

light speed). In our case i = 0 so that the third of Eq. (1) is not present and Eq. (1) 

becomes 

(2) 

Setting r = (x, y), r = cv and noting that, expressed in terms of this analogue velocity v, 
1 

the Lorentz factor, = i = (1 + Iv12) '2 gives a solution to the time equation in terms of a 

solution (v( T), v( T)) to the space equations, we obtain a second order non-linear equation 

in v. To write this again as a first order system we are free to choose a = v' as our first 

equation where prime indicates differentiation with respect to some rescaled time. The 

time scale which simplifies our exposition is f' = ~. Letting primes indicate -!:r, Eq. (2) 

becomes 

v' = a 

(3) 

where the rescaled w 2 = lal 2 -l:iv~: and J = (~ -6)· 
Note: lal2 2:: w 2 2:: la12,-2 2:: O. The quantities v, a are so analogous to velocity and 

acceleration that they will be referred to as such. 

Let e(f', eo) = (v(f'),a(f)) be the solution to Eq. (3) with (v(O),a(O») = eo E R4 and 

maximal interval of existence (T*, T*). We will be concerned with the solutions e to Eq. (3) 

for the remainder of our work. In particular, we will show that {eol e(7", eo) -+ 0 as f' -+ T*} 
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is the graph of a function A : R2 -+ R2, A (v(O)) = a(O) and that all other solutions are 

unphysical in the sense of our Definition 2. 

For convenience we will use the following notations: 

X(r,Xo) denotes the solution to X = F(X) with X(O,Xo) = Xo· 
The stable manifold of an equilibrium p, denoted WS(p), is the set of points Xo in phase 

space such that limr-+oo X (r, Xo) = p. 

The w-limit set of Xo is the set of points p, denoted w(Xo), for which there exists a sequence 

tn -+ 00 such that X(tn, Xo) -+ pas n -+ 00. The a-limit set is defined by taking sequences 

tn -+ -00. 

We will frequently have occasion to refer to stable manifolds pertaining to different 

equations and so, to avoid confusion, we will employ a subscipt indicating the number of 

the appropriate equation. 

2.0 PHYSICAL SOLUTIONS, GRAPH AND MAIN THEOREMS 

Physically, equation (3) is perplexing in that the motion is not determined by Vo alone 

but depends on ao as well. By itself then, Eq. (3) is not an equation of motion in the 

usual sense. Not all accelerations correspond to physically reasonable states, e.g., for a 

free particle, non-zero accelerations ought not to be physically admissible. * For a scattering 

problem it is reasonable to expect scattered particles to be asymptotically unaccelerated 

and asymptotic vanishing of acceleration both in the future and past is one mathematical 

expression of what it means for a solution to be physical. t In our case it is not so clear 

what physical criteria are to be regarded as definitive. 

Classically, in a constant magnetic field a charged particle in the plane should execute 

a spiral motion slowly radiating away energy-momentum according to the Larmor law. 

For low velocities this motion should be well approximated by the solution to the non

relativistic radiation equation of Lorentz (Eq. (5) below)3,8. Although this non-relativistic 

equation is of third order, it is linear so the initial acceleration corresponding to a classically 

physical solution is easily specified. The classical spiral motion is described by solutions 

in the stable manifold of the origin, i.e., the eigenspace associated with the eigenvalues of 

negative real part. All other solutions eventually follow the unstable manifold of the origin 

and as a consequence "run away" to infinity. The stable eigenspace is a two dimensional 

linear subspace of physical initial conditions and forms the graph of a linear map associ

ating to each velocity a unique physical acceleration. The principle result of this paper, the 

.. Ignoring preacceleration (see References [1], [2] especially, and Reference [4]). 
t Eliezer, Reference [7], demonstrated the absence of such physical solutions in electron-positron scattering 

with cut-off Coulomb fields. 
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Graph Theorem. WaCO) is globally the graph of a function A : R2 ~ R2, A( v) = a, 

which is to say that to each vo there corresponds a unique ao = A( vo) such that the solution 

to (3) through (vo, ao) is physical. 

shows that the nonlinear relativistic equation possesses the analogous structure. This 

result is interpreted physically by 

Definition 1: A solution e to (3) is said to be physical if eo E WaCO) . 

It is, however, not altogether clear from a physical standpoint that Definition 1 represents 

the only asymptotic behavior possible for a classical particle. We will presently show that 

all other initial conditions lead to classically unphysical behavior. What is meant by 

"classically unphysical" is the content of 

Definition 2: A solution e to (3) is said to be classically unphysical if either 

dlv(r)1 _ * _ 
dr > 0 for some T E [0, T ) ,or sUPt-E[O,ro ) le( T, eo)1 = 00 . 

Remark. For solutions satisfying Definition 2 either Ivl increases, in which case the 

particle increases its kinetic energy, or Ivl decreases and lal ~ 00. In the constant magnetic 

external field we consider, there is no component of the external force tangent to the particle 

velocity. If the particle's kinetic energy increases, the source of this energy must then be 

the radiation field. The source of the radiation field is, of course, the accelerated particle. 

Evidently the particle is "self-accelerating." We choose here to designate such behavior 

as classically unphysical on grounds that the classical conservation of energy appears to 

be violated. On the other hand, if lal ~ 00 as Ivl decreases, the force on the particle 

due to the magnetic field decreases in proportion to Ivl. The unbounded acceleration then 

results from the particle's interaction with its radiation field. Resolving the acceleration 

vector a = arad + aext into components corresponding to radiation and external forces, 

where (v, aexd is the solution to (3) with TO = 0, since aext makes a bounded contribution 

to a, arad must be responsible for its own increase. Again the particle is evidently "self

accelerating" even though there is no increase of kinetic energy. * 

Our first proposition shows that the definitions 1 and 2 are mutually exclusive so that 

Definition 2 characterizes the solutions not contained in WaCO). 

Proposition 1. A solution e to Eq. (3) such that eo (j. WaCO) is classically unphysical 

in the sense of Definition 2. 

Proof. We will prove the contrapositive, i.e., suppose that sUPf'E[O,ro) le(r, eo)1 = m < 00 

and ~ ~ O. Since the solution remains within a compact subset of the domain of 

• For a more complete discussion see Reference [9]. A similar perspective is discussed in Reference [10], 
Section 75. 
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smoothness of the vector field (3), the continuation theoremll ,I2 guarantees that r* = 00. 

Since IV(f)1 is non-increasing and bounded below, there exists an 1 ~ 0 such that 

Jim IV(f)1 = 1 . 
T-+OO 

Set Ml = {(v, a)1 Ivl = I} . First, suppose 1 = 0, then la(f)1 < m implies that the w-limit 

set 

w(eo) c M = {(v,a)1 Ivl = 0, lal < m} C Mo . 

Evaluating the vector field of Eq. (3) along the submanifold Mo shows that the vector field 

is transverse to Mo except at the origin so that {O} is the only invariant set in Mo. Since 

w(eo) is an invariant setI2 in M and the origin is the only invariant set in M, w(eo) = {O} 

and eo E W;(O). 

Now we will show that 1 > 0 is impossible. Suppose 

w(eo) eN = {(v, a)1 Ivl = 1, lal < m} C Ml , 

then along every solution in w( eo), 

dlv(f)1 = I-Iv. a = 0 . 
df 

This implies that a = g.:Jv for some constant 9 =I- o. From the first of equations (3), 

v' = g.:Jv and from the second then g2.:J2v = (g - rof).:Jv + w2v. Noting that .:Jv 1.. v and 

.:J2 = -Identity, certainly _g2 = w2 =I- 0 which is clearly impossible. Consequently Ml 

can contain no invariant set and 1 > 0 is impossible. 

The proof of the Graph Theorem is given in Section 4. Together with Proposition 1, the 

Graph theorem implies our 

Main Theorem. For each Vo, there exists a unique aD such that e(f,eo), eo = (vo,ao) 

is physical in the sense of Definition 1. Furthermore, all other solutions are classically 

unphysical in the sense of Definition 2. 

3.0 OUTLINE OF THE PROOF OF THE GRAPH THEOREM 

The first step in the proof of the Graph Theorem consists of a nonlinear coordinate 

transformation into analogue intrinsic geometry coordinates* giving rise to 

* Which is to say that by passing through the equations in coordinates with respect to the Frenet-Serret 
apparatus along the spacial trajectory, a reduction of phase space dimension is accomplished. The break
down of the Frenet-Serret apparatus when v = 0 is partially mitigated by a lvi-I-rescaling of the tangent 
and normal components of a which are here represented by p and /{. See Reference [9] for details. 
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(3' = -€p(3 (1 - (32) 

p' = P + €p2 (1 _ (32) _ f2 J{2 (1 _ (32)-1 (4) 

J{' = J{ - 1 + 2€pJ{ 

h (.l Iv I __ v . a J{ = a·.:T v and € = 1':02. We denote the coordinate 
were f.J = y'1 + Ivl2 ,p - €lvI2 ' fy'flvl2 

change <1> : R 4 ---+ R 3 by <1>( v, a) = ((3, p, J{). The variable p is meant to suggest "radiation" 

and is analogous to the tangential acceleration while J{ is proportional to the signed 

curvature, i.e., a normal projection of acceleration. The variable (3 represents as usual the 

normalized "lab" speed ~ ''* ,. What is perhaps most important about these variables is 

that p and J{ are conserved quantities along Wt(O), the stable manifold for the linearization 

v' = a 

a' = a - Tof.:Tv (5) 

of Eq. (3) at the origin. Along Wt(O) let the constant values of p and J{ be denoted p* and 

J{*. Equation (4) possesses an equilibrium P* = (O,p*,J{*) with stable manifold W:(P*) 
of dimension 1. 

It is easy to see that <1> : Wj(O) ---+ Wt(P*). Suppose eo E Wj(O) so that ec f, eo) ---+ 0 

as if ---+ 00. Since the origin is a hyperbolic equilibrium for Eq. (3), by the Stable Manifold 

Theorem* Wj(O) is tangent to Wt(O) at the origin. By the constancy of p and J{ along 

Wt(O), they must approach the values p*, J{* respectively along Wj(O) as well. Considering 

that then <1> ( e(f, eo)) ---+ P*, certainly <1>(e) C W:(P*). Consequently, <1> : Wj(O) ---+ W:(P*) 
and every physical solution to (3) is mapped to a solution ((3, p, J{) c Wt(P*). 

Proposition 3 uses a trapping argument along with the one-dimensionality of the mani

fold W:(P*) (obtained from the stable manifold theorem) to show that to each (30 E (0,1) 
there corresponds exactly one point ((3o,po((3o),Ko((3o») E wtCP*). Given avo E R2, a 

(30 is specified by <1>. From (30 the manifold Wt(P*) determines a po((3o) and J{0«(30) from 

which one computes exactly one physical initial acceleration 

ao = A(vo) = -€po«(3o)vo + fV"fJ{o((3o).:Tvo 

by interpreting the p and J{ coordinates of <1> in terms of the tangent and normal compo

nents of acceleration . 

.. This theorem is standard in advanced texts on differential equations, c.g., Reference [11] or the "Saddle 
point" theorem in Reference [12]. 
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4.0 PROOF OF THE GRAPH THEOREM 

The proof is divided among propositions. We begin by defining ~ : R4 _ R3 via 

i);(v, a) = Ch 1:1 lvi' ' - :I~I~' /;.r.,~2) , E = TJ (6) 

taking solutions of Eq. (3) to solutions of (4). 

Note. The singularity of ~ along Ivl = 0 demands the exercise of caution when passing 

information about solutions of Eq. (4) back through ~-1 to solutions of (3). 

The content of Proposition 2 is the conservation of p and J{ along Wt(O) which follows 

from the general solution of (5) and an elementary computation. 

Proposition 2. (i) The linearization (5) of equations (3) at the origin has eigenvalues 

p± ±iq 

p+ = ~(1 + J~h/l + 16J2€ + 1)) 

p- = ~(1- J~(JI + 16f2€ + 1)) 

q = ~J~( VI + 16f2€ - 1) 

(ii) The quantities Ivl-2v . a and Ivl-2a . J v are constant along the stable manifold Wt(O) 

of the origin for Eq. (5), 

Proof. Appendix 

Ivl-2v . a = p_ 

Ivl-2a . JV = q . 

That the vector field defined by Eq. (4) has exactly two equilibria 

P* = (0, P*, J{*) and Q* = (0, -; - P*, -J{*) , 

is easily seen by picturing the three algebraic sets defined by f3' = 0, p' = 0, and J{' = 0 

simultaneously. One sees that there are exactly two points of common intersection lying 

at the intersections of the pair of hyperbolas in the f3 = 0 plane defined by 

p + €p2 = f2 J{2 and J{ = 1 12 
+ €P 

Solving the resulting biquadratic gives 
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Comparison of these formulae with the results of Proposition 2 shows that 

P.=_P; and ]{.= f~. (7) 

Linearizing (4) at P. shows that p. is a hyperbolic equilibrium with Wt(P.) one

dimensional and transverse (indeed normal) to the 13 = 0 plane at p •. 

Proposition 3. For each 130 E (0,1) the plane 13 = 130 is met by Wt(P.)I.B>o at exactly 

one point (130, po'!<o). 

Proof: Noting that the region {O :::; 13 < I} is invariant for the flow of (4) as the plane 

13 = 0 is invariant and (4) is singular along 13 = 1, we will henceforth allow 13 to take values 

in (0,1) only. Since 

with equality holding only along the f3-axis (I< = 0), the entire future of any initial 

condition (130, Po, ]{o) with Po :::; 0 lies in the p < 0 half-space. Since p. lies in the p > 0 

half-space, Wt(P.) must lie in that same half-space.· Observe that Wt(P.)I.B>o C {p > O} 

and f3'lp>o = -€pf3(1 - 132) < 0 for 13 E (0,1) imply that 13 is strictly monotone decreasing 

in f' along Wt(P.)I.B>o. This shows that if Wt(P.) meets a plane 13 = 130, it will do so 

only once. We now show that Wt(P.)I.B>o meets the plane 13 = 130 for every 130 E (0,1). 

Evaluating the vector field's ]{-coordinate along half-planes one finds 

]{'I{K=O,p>O} = -1 and ]{'I{K=l,P>O} = 2€p > 0 . 

From this it is clear that the region 

'H={(f3,p,]{)IO<f3<l, O<p, O<]{< I} 

is backward time invariant for the flow of (4). Consequently, since p. E {f3 = O} n 8'H and 

Wt(P.) is transverse to the 13 = 0 plane, Wt(P.)I.B>o C 'H. Let 

S {(f3 7:')10 13 Jl + 4J2€ - 1 , } = ,p,.J.\. < <1,p= 2€(I-f32) ,O<]\. <1 

This S is a ]{ -independent (see Figure 1) cylinder separating 'H into two open con

nected components W and V sharing the common boundary S in 'H. Or explicitly, 

'H = W U S U V and 

• Since the solution through every (Po, Po, J{o) E W:(P.) approaches P. as a limit, its orbit may not enter 
the p < 0 half-space. Alternatively one may consider the backward time trapping argument for W:(P.). 
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{ 
VI + 4f

2e - 1 -'} 
W = (,8, p, l{)10 < ,8 < 1, 0 < p < 2e (1 _ ,82) ,0 < Ii < 1 . 

From Eq. (4) it is not hard to see that along S the backward time vector field for (4) 

is directed into W (see Figure 1) as -,8/ls > 0 and -p/ls < O. The transversality of 

W;(P*) to the ,8 = 0 plane at P* and p* < yl1+~;f-l ensures the existence of a positive 

,81 sufficiently small so that Wi (P*) n {O < ,8 $ ,8d c W. Let (,81, PI, l{ 1) be defined as 

the point of intersection of W;(P*) with the ,8 = ,81 plane. The backward time vector field 

for (4) is directed into WI.a;:::.al everywhere on o(WI.a;:::.aJ-E , where 

E = {p = O,l{ = O} U {p = 0, l{ = I} U {oS n {l{ = I}} U {oS n {l{ = O}} 

denotes the "edges" of oW. Along Ela(WI,6~,61) the backward time vector field of (4) is 

parallel to and directed into o(WI.a;:::.al)' From these last two facts we conclude that 

WI.a;:::.al is trapping for backward time orbits of (4). 

K'=O 

1---.....,~+1> P 

s 
TIP-02655 

Figure 1. 

Consider the solution 'It(f) = (,8(f),P(f),l{(f)) of (4) with 'It(O) = (,81,p},l{J) E 

W;(P*) n Wand maximal interval of existence (T* ,00). Backward time invariance of 
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WI.8~.81 shows w((r* ,0]) C W. Since Wt(p*) n {o < (3 ~ (3d c Wand Wt(P*) is 

invariant, W([O, 00)) C W also. Finally, Wt(P*)I.8E(O,l) = w((r*, 00)) c W. 

We may not suppose that sUPt'E(r.,O) (3(f) = (3* < 1 because the strictly monotone 

increase of (3(f) as f ~ r*, together with the boundedness of p(f) and K(f) implied by 

\lI(f) C WI.B:5.8.<l would require that T* = -00 and the a-limit set a (\lI(O)) would be an 

invariant set in W n {(3 = (3*}. No such invariant set exists as the vector field is transverse 

to every (3 = (3* plane for (3* E (0,1). Consequently, (3* = 1. 

Proposition 4. (Existence) For each Vo E R2 there exists an ao E R2 such that 

(vo, ao) E Wj(O). 

Proof. Fix Vo E R2. Set (30 = Vo • Let po, Ko be defined by the point of intersection 
1+lvol2 

of Wt(P*) with the (3 = (30 plane. Define ao = -€POVo + fv'f.KoJvo. From Eq. (6) observe 

that cI>(vo,ao) = ((3o,po,I<o). Let e(f,eo) be the solution to Eq. (3) with eo = (vo,ao) 

and maximal forward interval of existence [0, r*). Since cI> carries solutions to solutions 

and Wt(p*) is invariant for (4), cI> (e([O, r*), eo)) c Wt(P*). We need to take limits as 

f --+ 00 to see that l(v,a)1 --+ 0. To do this we must know that r* = 00. Observe that 

cI>-1 (Wt(P*)I.8E(0,.80)) is a bounded subset of R4 containing e([O, r*), eo). The bounded

ness of e([O, r*) together with our standard application of the continuation theorem gives 

r* = 00. 

Since Ivr(I_), --+ ° as f --+ 00, so must IV(f)l--+ 0. Since e([O,oo),eo) is bounded and 1+ v r 2 

IV(f)1 --+ 0, recalling the second paragraph of the proof of Proposition 1, w(eo) c MeMo 

so eo = (vo, ao) E Wj(O). 

Proposition 5. (Uniqueness) For each Vo E R2, there exists a unique ao E R2 such 

that (vo, ao) E Wj(O). Furthermore, 

ao = -€POVo + vi€f I<OJ Vo 

where 

(vlIl:olvoI2 ,po ,KO) E wt(P.). 

Proof: Suppose (vo,ao) and (vo,al) both lie in Wj(O) and cI>: Wj(O) --+ Wt(P*)I.B~o, We 

define ((3o,po,I<o) = cI>(vo,ao). Since both cI>(vo,ao) and cI>(vo,aJ) lie in Wt(P*) and have 

the same (3-coordinates, by Proposition 3, they are equal. Expanding ao and al in terms 

of the basis {vo/lvol , Jvo/lvol} in light of formula (6) for cI>, evidently 

ao = al = -€POVO + vi€f I<OJ Vo . 

Consequently it is enough to show that cI>: Wj(O) --+ Wt(P*)I.8~o . 
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From Proposition 2 all eigenvalues of the linearization (5) of (3) at 0 E R4 have non-zero 

real parts. The stable manifold theorem guarantees that Wj(O) is tangent to Ws(O) at the 

ongm. This tangency together with Proposition 2.(ii) and Eqs. (7) guarantees that 

. (a.v)(f) . (a . .Jv)(f) , 
Jlm 1 (-)12 = p- = -€p* and bm 1 ()12 = q = fV'f.l\.* 
T-+OO v T T-+OO V T 

for any solution e c Wj(O). Comparing the expressions in these limits with the formula 

(6), evidently <1>(e) c Wt(P*). Finally, recall that the image of <1> is contained in the /3 2: 0 

half-space. 

5.0 THE UNSTABLE MANIFOLD WaCO) 
In this section we sketch the proof of a graph theorem for the unstable manifold. 

Definition 3. The unstable ma'nifold of an equilibrium p for Eq. {n} denoted W:(p), is 

the stable manifold of p for Eq. {n} with time reversed. 

Theorem. Wa(O) is globally the graph of a function U: R2 ~ R2, U(v) = a. 

As this proof is little more than a reiteration of that of the Graph Theorem everywhere 

replacing super-s by super-u and P* by Q*, we will supply only the less than obvious 

details. 

Sketch of Proof: Again use the transformation <1> given by (6) to take (3) to (4). Minor 

modifications to the calculations verifying Proposition 2 give 

Proposition 2U. The quantities Ivl-2v. a and Ivl-2a . .J v are constant along the unstable 

manifold W5tL (0) of the origin for Eq. (5) with 

Ivl-2v . a = p+ 

Ivl-2a'.Jv = -q . 

The facts stated below Proposition 2 are of course unchanged. 

The surfaces p' = 0 and J{' = 0 are symmetric with respect to reflection through the 

point (0, - if' 0). Exploiting this symmetry one obtains 

Proposition &I. Vf30 E (0,1), W';(Q*) n {f3 = f3o} = {(f3o,po'!{o)}. 

Proof. Q* E {p < O} and is a hyperbolic equilibrium for (4) with W;( Q*) one dimen

sional and normal to f3 = 0 at Q*. As done in the proof of Proposition 4 we trap W;(Q*) 
. . 
m a reglOn 

{ .~ -,,/1 + 4f2€ - II} 
W = (/3, p, l\. )10 < f3 < 1, 2€(1 _ /32) < p < ~' -1 < J{ < 0 
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this time using forward time arguments. The rest of the details of the proof are, in light 

of the above, obvious modifications of those found in the proof of Proposition 3. 

Propositions 4U and 5U are so analogous to Propositions 4 and 5 that their statements, 

along with their proofs, are left to the reader. 

6.0 CONCLUSIONS 

The Lorentz-Dirac equation (0), in the case where the external field is constant uniform 

magnetic, normal to the particle's plane of motion, may be written as our Eq. (3). By 

our Proposition 1, Eq. (3) has two mutually exclusive types of solutions: those satisfying 

Definition 1 and those satisfying Definition 2. For each velocity v there exists exactly one 

acceleration a such that the solution through (v, a) satisfies Definition 1. Solutions satis

fying Definition 1 correspond in the low velocity limit to the slowly decaying spiral motion 

one would expect from a slightly damped oscillator, i.e., a classical radiating charged 

particle moving in a plane under the accelerating influence of a constant uniform, nor

mal magnetic field gradually losing kinetic energy through radiation. Solutions satisfying 

Definition 1 have been designated "physical" for this reason. All other solutions satisfy 

Definition 2 and are designated "classically unphysical". For these Definition 2 solutions, 

either the particle's kinetic energy increases over some interval or its acceleration -+ 00 as 

it is losing kinetic energy. As synchrotron radiation is well known to carry away kinetic 

energy, any increase of the particle's kinetic energy violates the conservation of energy in 

classical picture of the radiation process. In the second case, as the particle loses kinetic 

energy, the force on it due to the magnetic field decreases in proportion to the velocity. 

The unbounded acceleration conjunctive with decreasing speed for Definition 2 solutions 

must then result from a strengthening of the interaction between the particle and its radi

ation field despite the weakening influence of the external force. Such solutions evidently 

self-accelerate as discussed in Section 2. 

Through our Main Theorem the LDE can be made to at least qualitatively portray 

the classical radiation process in the particular case studied here. That is, a classically 

physical particle world-line is uniquely described by an initial velocity vo. This indicates 

that the LDE, despite the fact that it is not an equation of motion in the usual sense, can 

be employed as such when restricted to the stable manifold of the origin. 

As to the practical matter of determining the physical acceleration, for any Vo = 

~*, r = (x, y), the formula for ao given in Proposition 5 provides the physical accel

eration associated with vo based on numerically computed Po and Ko. The values of Po 

and Ko can be obtained by backward time integration of (4) exploiting the forward time 

normal instability along W:(O) (see9 for details). Alternatively one may expand in powers 
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of 132 the functions p(f3), K(f3) via Eq. (4) to obtain another approximation to Wt(P*). Er

ror analysis and convergence questions for these approximating methods as well as 13 -+ 1 

asymptotics are also currently under consideration by the author.9 
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APPENDIX 

The linearization of Eq. (3) at the origin is 

v' = a 

a' = a - TOJ .J v, .J -- (°1 -0 1) 
The characteristic equation for Eq. (5) is 

from which one finds the eigenvalues 

with 

Al = p+ + iq, Ai = p+ - iq 

A2 = p_ + iq, A2 = p_ - iq 

p+ = ~(1 + J~(VI + 16J2€+ 1)) 

p- =~(I-J~(Vl+16J2€+I)) 
q = .! f.!( VI + 16j2€ - 1) 

2V 2 

and as usual € = T6. The eigen-pairs may be taken 

and their conjugates. Letting corresponding eigen-solutions be F I , F2 and their conjugates, 

all real solutions are then given by 

as the constants Cl and C2 vary over C. The solutions c2F2 + c2F; foliate the stable 

manifold Wt(O) of the origin for Eq. 5. 

We now prove the remainder of Proposition 2, i.e., the constancy of Ivl-2v . a and 

Ivl-2a . .Jv along the solutions foliating Wt(O). 



Let Cj = Re Cj + i1m Cj, j = 1,2 . 

IvI2 = e2P-Tlc2 (_~) + c2 (~) 12 = 4e2p-Tlc212 

v . a = 4e2p- f (Re c2(p_Re C2 - q1m C2) + 1m c2(p_1m C2 + qRe C2)) 

= 4p_e2p- f lc21 2 

so that Ivl-2v . a = p_ on Wt(O). Similarly one finds lal2 = 4e2p-Tlc212(p=- + q2) so that 

Ivl-2a. JV = q on Wt(O). 




