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Abstract 

The Foldy-Wouthuysen transformation is not uniquely defined in general, which causes 

some ambiguities when interaction is considered. Neither is the reduction of the Pauli 

equation from the Dirac equation. 
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The Foldy-Wouthuysen transformation l is designed to transform the Hamiltonian of a 

fermion to a block diagonalized one in order to make the physical contents explicit. At the 

limit of zero interaction, this diagonalization can be done completely. With interactions, 

the diagonalization is incomplete and can be done only in the nonrelativistic limit to the 

extent of neglecting higher orders of 11m where m is the mass of the fermion. Although the 

Foldy-Wouthuysen transformations are not uniquely defined in either case, the ambiguity 

in the final results appears only in the case of incomplete diagonalization. For some very 

special interactions, this ambiguity has been studied by a few authors;2 however, this 

article will show that the ambiguity exists in general. Let us first study the Hamiltonian 

of a free fermion (in the Bjorken-Drell representation): 

H ........ 
0= a' p+'om. (1) 

The most general unitary transformation to do the job is Uo = exp(So), where 

(2) 

where 0o is defined to meet tan(2Ip1Bo) = IPllm and a is an arbitrary parameter. It is easy 

to find 

(3) 

When there is an interaction (e.g., the electromagnetic interaction), 

H = 0 + eel? + ,om, (4) 

where 0 = ;;. (if - e.A'). With U = exp(S) and S = (fo + ia,s + ilrrs,0)0/2m, we find that 

H' = U HU- l = ,om + eel? + e
2
,0 [0, el?] + 2'° 02 + a ie,s [0, el?] + 0 (~) , (5) 
m m 2m m 

where skew block diagonal terms (the odd terms) are already suppressed to the order of 

11m. Let the sum of these odd terms be ()', and let S' = ('0 + ia',s + ib',s,o)()' 12m; then 

H" = U'H'U'-l (6) 

will have odd terms only at the order of 11m2 where U' = exp( +S'). One can push the 

odd terms to any higher orders of 11m, with the arbitrary parameters a, b, a', b' '" in the 

resulting Hamiltonian. When a = b = a' = b' .. , = 0, we obtain the standard result. 



Looking at the fifth term of Eq. (5), which is a diagonalized one, we can understand 

what the most important new physics is bringing in by the new parameters: 

a ze'Y5 [() ~] = -~f. E 
2m' 2m ' 

(7) 

, __ (u 0) where:E = 0 U . This is an electric dipole moment (EDM) interaction with an EDM 

for the electron ;~. If we write down the complete result of the transformation, we find that 

all terms are new-parameter-sensitive except the EM potential and the magnetic moment. 

Actually all operators which commute with 'Yo can be added to S or Sf. Therefore we can 

also consider terms like i(po - m - e~)( c + d'Yo) 12m in S, where Po is the total energy of 

the electron in a stationary state and similar terms in Sf. 

Similarly, if we believe that the Dirac equation is fundamental, we can reduce the Pauli 

equation for two-component spinor from it j3 we find different results if we do not do it most 

"naively." The Dirac equation for the electron can be easily turn into the corresponding 

Schrodinger equation 

(8) 

If we let "' = <iE. (:) with E2 = P' + m2 and E > 0, then for the eigenstate of energy 

we have 

(9) 

where c is the electromagnetic energy of the electron in the external EM field. Imaginably, 

the leading order of c is proportional to e. To the first order in e we find 

_ {e~ _ eA· p _ eu . B _ eu· E X P . eE . p } 
c<p - E 2E 2E(E + m) + z2E(E + m) cpo (10) 

This is the naive Pauli equation reduced from Eq. (9). However, if we simply change cp to 

cp': 

I ~( . u·p . ) 
cp = V ~ cos'\ - z E + m sm'\ cp, (11) 
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where ml = mcos2A, m2 = msin2A (which will appear later), we find that 

I { eA . p eii . B eii . E x p . E . P em2ii . E } I 

c;cp = eiP - ~ - 2E - 2E(E + ml) + Z 2E(E + ml) - 2E(E + ml) +... <p. 

(12) 

Note the appearance of the EDM term and the fact there is not a standard to determine 

whether it is cp or cp' to describe the electron. Again we notice that the EM potential and 

magnetic moment terms are not changeable. 

Part of these ambiguities can probably be traced back to the degeneracy of the even

and odd-parity solutions of the free Dirac equation. Both u+ and u_ are eigenstates with 

the same energy E of Hamiltonian Eq. (1), where u+ and u_ are 

~( cp ) u+ = V-m u,p 
E+m cp 

(13) 

(14) 

(15) 

Of course, the general solutions can be 

(16) 

with arbitrary complex numbers a and b. A special series of the mixed parity solutions is 

-(A) 1 
u = J2E(E + ml) [(

(E+m)cp) (ii. PCP ) 1 
-< -< cos A + i sin A . 
a·pcp (E-m)cp 

(17) 

By identifying this as the wave function of a free electron, one obtains the first order EM 

energy in the external fields as 

(18) 

which is exactly the written terms in the bracket of Eq. (12) sandwiched between cpt and 

cp. * A detailed study of this degeneracy can be found in a collaborative work of the author 

* Eq. (12) can also be obtained by the use of [(p - e j)2 - m 2]w = 0, if w is replaced by u in Eq. (17) as 
the lowest order solution. 
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and others.4 It is argued that instead of simply choosing the naive solution u+ to start 

perturbation calculations, some procedure similar to perturbation with degenerate wave 

functions5 in quantum mechanics should be invented, although it does not seem to be 

practical. It might turn out that the choice of u+ is made more upon intuition than on 

rigorous theoretical considerations. As emphasized in that text, the solutions of the Dirac 

equation with Coulomb potential may provide a source of the needed hint. 
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