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SSCL-442 

Head-On and Long Range Beam-Beam Tune Shifts Spread in the sse 

G.L6pez 

Abstract 

The head-on and long range incoherent tune shifts for the Superconducting Super Collider 

(SSC) are estimated using the numerical integration of the analytical expression coming from the 

fust order in the penurbation strength. The variation of the tune shift as a function of the 

displacements of the charged panicle in the vertical and horizontal planes is studied with the 

nominal parameters for the SSC. A scaling expression is obtained for the parameters involved in 

the beam-beam tune shifts which allows prediction of the effect in the incoherent tune shift 

spread under changes in these parameters. 
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1.0 INTRODUCTION 

The tune shift spread (TSS) in a collider machine is one of the most important parameters in 

its design and operation. The spread must be limited to those values that avoid crossing 

dangerous resonances in the operation tune space of the machine. This crossing may produce 

instabilities in the beam, limiting the performance of the machine (beam lifetime and 

luminosity)1 and creating radiation problems is the detectors themselves (beam-halo).2 

Therefore, it is desirable to keep this TSS as small as possible for the Superconducting Super 

Collider (SSC). The most important contribution to the TSS comes from the beam-beam 

interaction (head-on and long range). This TSS is due to the kicks given to the particles in one 

bunch by another bunch because of the nonlinear (in general) force felt by the particles of the 

two interacting bunches. One kick corresponds to the head-on collision (when actually the two 

interacting bunches are in the same line), which produces a negative TSS in both transverse 

directions. The other kick comes from the long range interaction in the intersection region (IR), 

where the beams have not yet been separated into different beam tubes. Assuming that the 

crossing angle is in the vertical plane (y), this kick produces a negative tune shift in the 

horizontal plane (x) and a positive tune shift in the vertical plane, for y-amplitudes oscillate a 
little less than the separation of the close orbits of the two bunches, Dy• 

For a beam with gaussian density distribution in both transversal planes, the exact expression 

for the tune shift experienced by test particles due to head-on collision is well known.3 This 

expression will be used in the study of the TSS for the SSC. 

2.0 ANALYTICAL APPROXIMATION FOR HEAD-ON 
AND LONG RANGE TSS 

In general, the kick given to a particle (which has horizontal (x) and vertical (y) displacement 

from its own closed orbit) due to beam-beam interaction is given in the horizontal and vertical 

planes by 

. (41t~) ",..2 L1x = - - ~ (1- exp (- r2/2cr» x 
f3 r2 

(1 a) 

and 

L1y' = _(41t~)~ (1- exp (-r2/2cr» (y + Dy) , 
f3 r2 

(1 b) 



where f3 is the Courant-Snyder beta function, u is the standard deviation in the gaussian 

distribution of the particles, r is defined by 

r 2 = x2 + (y+DyP, 

and ~ (called the tune shift parameter) is defined as 

(2) 

(3) 

N is the number of particles in the bunch, rp is the classical radius of proton (e2/mc2) which has 

the value 1.5348 x 10-18 m, and ris the relativistic factor, r -1 = ~1- v2/c2 • 

and 

Out of any resonance, the tune shifts are given to the first order of perturbation strength by 

Llvx = - 2 f3 {L1x'sin (iPx») 
1ra.tU (4a) 

(4b) 

where ax and ay are the x and y amplitudes of the particle measured in units of the beam size, CT, 

the brackets ( ) represent the average over the betatron phases, tPx and tPy• Using (1), (2), and the 

following expressions for the displacement of the particle: 

x = tJxu(s) sin (iPx(s) + 21tVx t) (5a) 

and 

y = Gyu(s) sin (t/Jy(s) + 21tVyt) (5b) 

where t is the tum number, (vx,vy) is the operational tune of the machine, and s represents the 

azimuthal position of the collision, it follows that 

2 



and 
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o 

[

'" (1...., -<-lsi + '*1 + 14,d", + d,'la) (sl + ~) dV'.dl{ly • 

nZs2 + n.~s2 + ?n d s + d 2 -:.l;X -yy --yyy y 

o 
(7) 

where dy = Dy/cris the relative separation between the orbits of the colliding bunches, si = sin(l/Ii) 

and 'IIi = tPi + 21rVit for i = x, y. Using the following identities: 

sin 2 (VJ') = i (1- cos (2VJ'» , 

1
1 

l-eP 
o ePudu = p , 

Iv (z) = (z 12)V 1211 e zeos 6sin2v (6) d6 , 
r(v +112) r(112) 0 

J
r (z) eP/(z)dz = a" f eP/(z)dz , 

ap" 

it is not difficult to see that expressions (5a) and (5b) can be written as 

and 

+ i (a,dyu)2"(n + I)! "i1 (_I)k dklo(a2u) 

".1 2"(2n)! k=ok!(n+l-k)! d(a2u)k 

_ i aim- 2d;m u2m
-

1m! t (_I)k dk/o(a2u)] 

m=l 2m-l(2m-l)! k=O k! (m-k)! d(a2u)k ' 

3 

(8a) 

(8b) 

(8c) 

(8d) 

(10) 



where ai = af/4 i = x, y, and liz) are the Bessel functions of imaginary argument. Using n = 5, , 
m = 5, it is enough to have a good approximation. In the calculation of the TSS for the sse, the 

integration of (6) and (7) as well as (9) and (10) was done and compared. 

The surface generated by the function to integrate in (6) and (7) has the following symmetry 

with respect to the phase advance variables, VIz and VI,: 

fi = (VIz) + te, VI, + te) = Ii (VIz. VI,); i = x, y 

for head-on tune shift; but for long range tune shift, the symmetries are 

and 

These symmetries are shown in Figure 1 for the head-on case, and in Figure 2 and Figure 3 for 
the long range case. 

fox (cI>x. «I>y) o. 0 

Figure 1. Surface to be Integrated in (6)-(7) when d, = 0, az = ay = 5. 
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'I' = 75 Jl rad 

<l>x 

Figure 2. Surface to be Integrated in (6) when dy = 7.5, ax = ay = 5., 

<l>x 

Figure 3. Surface to be Integrated in (7) when dy = 7.5, ax = ay = 5. 
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3.0 HEAD-ON AND LONG RANGE TUNE SHIFf FOR THE LOW-f3 IR 

U sing the above analytical approximation and making a numerical integration of these 
expressions, the TSS can be calculated for the nominal parameters of the SSC collider. These 
calculations will be made mainly for the low-f3IR, but the medium-f3IR will be considered at the 
end of this section and in the next section. 

3.1 Head-On Tune Shift 

Making dy = 0, relative tune shifts predicted by (6) and (7) or by (9) and (10) are shown in 
Figure 4 and Figure 5 as a function of the amplitudes. The relative tune shift space is shown in 
Figure 6. 

0.7 

o. 

Figure 4. Relative Horizontal Head-On Tune ShifL 

Using the relation between the beam size and the Curant-Snyder parameters, the beta 

function (/3) and the normalized emittance (e), 

a=.Jef3l,,/ , (11) 
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the tune shift parameter (3) is expressed as 

(12) 

With the nominal values for the SSC4 

N=7.5 x 109 

and 

E= 10-6 m, 

the value of the tune shift parameter obtained is 

~ = -0.000916. (13) 

Figure 5. Relative Vertical Head-On Tune ShifL 

7 



1.0 

0.8 

lJJ' 0.6 
").. 
;:. 
<l 

0.4 

0.2 

0.0 L...l.....I-u.:...:.::..a.....JL......I......L.-J--L.....I......I--L....L...L......I-..L...L......I-..L...L......I-........... -:-'":""--'-' 

o 0.2 0.4 0.6 
l:!"viF; 

TIP-01989 

Figure 6. Relative Head-On Tune Shift Space. 
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Figure 7. Head-On Tune Shift Spread with the Nominal sse Parameters for a Low-fJ IR. 
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3.2 Long Range Tune Shift 

In this case, dy :;I: 0 and the tune shift parameter (12) has to be multiplied by the number of long 

range interactions for the two low-{3 IR, 

where SB is the separation between the colliding bunches. This defmes a new parameter, 

(14) 

for the long range tune shifts. Using (11) and the relation between the separation, Dy, the long 

range interaction length, L, and the crossing angle, a (Dy = aL), the relative separation can be 

written as 

dy=Dy IT =aL IT. 
'V ~f3 'V £{3 (15) 

Assume a pure drift space during the long range interaction, where the beta function is given by 

• T 2 T 2 
{3(L) = {3 +~=~; 

{3 {3 

then expression (15) can be written in the fonn 

~r;;;r 
dy = a'V {3 e . 

For the 10w-{3IR, f3* = 0.5 m, and at the highest energy. r= 2 x 104. this parameter has the 
simple expression 

(16) 

(17) 

(18) 

Using the nominal crossing angle, a = 75 ~rad, Figure 8 and Figure 9 show the relative tune 

shifts (with respect to ~V as a function of the amplitude ax for several fixed amplitudes ay. The 

relative tune shift space is shown in Figure 10. For the nominal values. L = 82.5 m and SB = 5 m 
(4USB = 66 long range collisions), the long range TSS is shown in Figure 11. 

Finally, the total TSS (head-on plus long range) is shown in Figure 12 for the above nominal 

values. 
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Long range ( '" = 75 ~rad) 

i : a y = 0.5 • ( i - 1) ; i = 1,11 

AJJ' 0.06 ..-_~ 
x 
~ 

0.041;;::::::-:4: 

0.0 

0.0 

0.2 0.4 
a x· 7.5 (0) 

0.6 

TIP-01991 

Figure 8. Relative Horizontal Long Range Tune ShifL 

0.2 0.6 0.4 
ax· 7.5 (0) 

TIP-01992 

Figure 9. Relative Vertical Long Range Tune ShifL 
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Figure 10. Relative Long Range Tune Shift Space . 
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Figure 11. Long Range Tune Shift Spread with the Nominal sse Parameters for One Low-fJ IR. 
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Figure 12. Total Tune Shift Spread with One Low-fJ IR using the sse Nominal Pammeters (a = 75 JUSd). 

3.3 Maximum Long Range Tune Shift 

The relative horizontal long range tune shift reaches its maximum value when the horizontal 

amplitude is zero and the vertical amplitude has its maximum allowed value (ax = 0 and ay = 

a r). This is almost true for the vertical plane (see Figure 12) so the condition can be used as a 

good approximation for the maximum vertical tune shift. This fact simplifies the analysis of the 

maximum relative tune shift as a function of the crossing angle. Using the above conditions in 

(6) and (7), it follows that 

and 

(
LlVx) mD.% =~f:z.{t-e-<aymD.%Sy+dy)2/l)d'I'Y 
~ L 1r (aymD.% Sy + dy)2 

o (19a) 

o 

(1- e -<a;ua Sy + dy)2/l) (Sf + ~sy)dV'y 

(ayua Sy + dy)2 

12 
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The relative long range tune shift as a function of dy, for the nominal value a r = 7 can be 

seen in Figure 13. The maximum long range tune shift expected for the sse as a function of dy 

and for several maximum amplitudes a r is shown in Figure 14. 

0.30 

0.25 (L\Vy) ~ax 

0.20 

0.15 

0.10 

0.05 

2 12---14-
dy 

-0.05 
TIP·01996 

Figure 13. Maximum Relative Long Range Tune Shift (ax = 0, ay = 7). 

Figure 15 shows the maximum tune shifts as a function of the maximum amplitude for 

several crossing angles. As the figure shows, there is no limitation in amplitude of the horizontal 

oscillations of the particle which could come from the restriction in the maximum long range 

tune shift. However, this restriction may bring about limitations in the vertical oscillations of the 

particle which come from the maximum horizontal long range tune shift (19a). This maximum 

beam-beam tune shift limit appeared initially from the observations of the beam-beam 

instabilities in the ISR and SPS at CERN. 1 There is not yet a quantitative explanation for these 

instabilities,7 and due to the lack of an adequate theory, gross safe estimations based on the 

experience with low energy and low intensity machines (ISR, SPS, and Tevatron) must be 

made. 8 
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8 12 14-
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-0.05 2 
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-0.01 
(avx) ~ax 
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-0.15 

~L = -0.060456 -0.20 TIP-01997 

Figw-e 14. Maximum Long Range Tune Shift for the sse in One Low-fj IR (ax = O. and 1: ay = 7; 

2: ay = 6; 3: ay = 5). 

0.005 

-0.005 

-0.010 

-0.015 

~L = -0.060456 

TIP.()1998 

Figw-e 15. Maximum Long Range Tune Shift for the sse in One Low-fj IR (a.x = O. and 1: a = 50 J.U3d; 

2: a = 75 J.I.l3d; 3: a = 120 J,Uad). 

14 



For example, if the maximum allowed long range tune shift for the SSC is restricted by 

k.1V)LI S 0.012, then the maximum relative vertical amplitude, a'F, such that 

(.1vx )'L = 0.012, defines the beam-beam dynamic aperture. This dynamic aperture (relative to 

C1) as a function of the crossing angle can be seen in Figure 16. 

amax 
y 12 

11 

10 

9 

8 

7 I (.1vx) L I = 0.012 

6 
;L = -0.060456 

TIP-01999 
6 8 10 12 a (10 Ilrad) 

Figure 16. Beam-Beam Vertical Dynamics Aperture as a Function of Crossing Angle (Low-fJ IR). 

The head-on tune shift limit (for ax = 0) is obtained when dy = O. For the nominal crossing 

angle, a = 75 Ilrad (dy = 7.5), the maximum tune shift in the horizontal and vertical directions 

have these values: 

(.1vx)'L == - 0.0125 

and 

mI1JC 
(.1vyk == + 0.003 

This horizontal tune shift value may be large for the SSC. These calculations suggests that 

the maximum long range tune shift, in the 10w-{3IR, can be reduced a lot and that the beam-beam 

vertical dynamical aperture can be much bigger, if the crossing angle is about 120 J.1rad or higher. 

Figure 17 shows the total tune shift spread using the nominal parameters of the sse, but for a 

crossing angle of 120 J.1rad. As can be seen from this plot, the maximum tune shifts are reduced 

to small values (compare with Figure 12). 

15 



For the medium-fJ JR, the values f3* = 10 m and dy == 34 bring about a very smalllong range 

tune shift, so the main contributor to the TSS in this region comes from the head-on tune shift 

0.001 0 r--1-..--Y--r--r--T""""Ir--T-r-'-""'--r---r--r-..--Y--r--r--~.--r--' 
(0.00,5.55) 

0.0005 

s 
g 0.0000 (6.65,0.35) 

-0.0005 

-0.0010 
(0.00,0.35) 

0.0025 -0.0020 -0.0015 -0.0010 -0.0005 

(~vx) total TIP-Q2000 

Figure 17. Total Tune Shift Spread using the sse Nominal Parameters. One Low-ft IR (a= 120 J.U8d). 

3.4 Maximum Tune Shift Dependence 

There are three main parameters in the beam-beam tune shift relations: the head-on tune shift 

parameter, ~, the long range tune shift parameter, ~L' and the relative separation parameter, dy; 

they are related with the parameters of the machine and the beam itself as shown in expressions 

(12), (14), and (17). According to the above results, it is possible to estimate the maximum tune 

shift expected as a function of the physical parameters. For not very large vertical amplitudes (ay .s 
5dy/6 as a gross estimate from Figure 14), the maximum tune shifts have the following 

dependence: 

max N 
(LlVx,y)ON - - e ' (20) 

(21a) 

and 
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(
A)max Nf3(L) 

LlVy L - + . 
LSByrx2 (21b) 

Therefore, the total maximum tune shift in the horizontal and vertical planes are 

(AVx)T = -N (Ii + hf3 (L») , 
E LSByrx2 (22a) 

and 

(Avy)T = -N (Ii + hf3 (L») , 
E LSByrx2 (22b) 

where!l and/2 are integration factors. 
In Sections 2.2 and 2.3, the 13 function was assumed to be of the fonn (16) for all the 

interaction length, L. Actually, there are four strong quadrupoles filling a total length of about 50 

m (low-f3 IR). The beta function in the quadrupole magnets is of the fonn5 

13+ (z) = iK + 2i-,.j E~ - 4K sin (2YT< z) 
(23a) 

or 

(23b) 

for a focusing or a defocusing effect, where K is related with the magnitude of the quadrupole 

gradient, and D and E± are constant. 

However, the separation between the two closed orbits of the interacting train of particles 

must be proportional to ~ since the orbits represent the motion of their relative synchronous 

particle. Then, the approximation (18) is expected to be good even in the magnets region. 

4.0 TOTAL TUNE SHIFT SCALING PARAMETRIZATION 

and 

Using the approximation (16) in (22) and for ay < 5dy/6, the following relations result: 

(AVx)T = -N (Zl + .hL ) 
E 13 SByrx2 

17 
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(24b) 

Written in terms of the nominal values for the sse, considering two Low-/3 and two medium-/3 IR 

(nlow f3 = nmed f3 = 2), and using the infonnation obtained above, these expressions have the form: 

(L1vx)T = - No {0.OOO916n; + 0.f125 [(*) + to (*) 1 \ 
Eo Boy., /30 a~ low p /30 a~ med pJ f (25a) 

and 

(L1vY)T=-No fO.OOO916n~ ~[(n'fo) +1~ (n'fo) l}, 
\ Eo B"r" /30 a~ low p /30 a~ medpJ (25b) 

• 
where the subindex (0) in No, £0' SBo, ro, Lo, /30' ao and n~ = nolow p + nomed p means its relative 

values with respect to the nominal (N = 7.5 x 109, £ = 10-6 m, SB = 5 m, r= 2 x 1()4 
•• • Llow P = 82.5 m (Lmed p = 150 m), /3low p = 0.5 m (/3med f3 = 10 m), a = 75 J.Lrad, and no = 4) . 

Making CXo ~ 1.6 (a ~ 120 Jlrad) and keeping all other parameters equal to one, the maximum 

TSS can be reduced to tolerable values for the sse. However, by increasing the crossing angle, 

care must be taken to keep the ratio a (1/2(1 small, where (1% and (1 are the longitudinal and 

transversal sigmas of the bunch «(1z = 0.075 m, (1= 5 JIm). This restriction is required to avoid 

syncro-betatron resonance oscillations of the beam and a decrease in its luminosity. 

Experiments10, 11 seem to confIrm these expectations. In this way, if the angle increases by a 

factor of 1.6 (a = 120 Jlrad), the length of the bunch might decrease by the same factor 

(CTz = 0.0468 m), keeping all the other parameters the same. 

5.0 CONCLUSIONS 

Using the fIrst approximation in the incoherent9 perturbative beam-beam strength, the tune shift 

spread was estimated for the sse collider. The results suggest that this TSS may be large for the 

sse collider with the nominal sse parameters, and the beam-beam tune shift moves toward or 
from the line Vx = Vy in the tune shift space (depending on the location of the selected operational 

point). This represents a potential danger for the particles to cross low order diagonal resonances 

(m (Vy - vx) = p,. p, m integers). Since the horizontal tune shift is much larger than the vertical 

one, when the crossing angle is on the vertical plane, the alternation of the crossing angle 
(horizontal plane) in the other Low-Jl IR of the sse would increase the vertical tune shift, leaving 

the large horizontal tune shift the same. The whole effect would be large tune shift in both planes 
with the tune spread parallel to the line Vx = Vy in the tune space. It also suggests that by increasing 

the crossing angle up to at least 120 Jlrad, it is possible to bring down the TSS to small values for 
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the sse. These values represent the first approximation of the TSS. A serious computer simulation 

is required for a confident result . 
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