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Quantum variances for the transverse dynamics associated with the injection 

phase of the Superconducting Super Collider are derived using squeezed state meth­

ods. During the injection phase, protons injected at large amplitudes display bounded 

chaotic motion. Small differences in the injection conditions quickly lead to diverse 

chaotic trajectories. Quantum variances set bounds for the precision to which these 

differences can be known. The equations for transverse motion are obtained from an 

invariant action. 
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I. INTRODUCTION 

During the injection phase into the Superconducting Super Collider (SSC) it 

has been observed that chaotic dynamical behavior occurs for particles near the edge 

of the dynamic aperture [1]. With an injection amplitude difference as small as 

10-10 mm, chaotic divergences for the x and y transverse betatron motions begin 

to occur as soon as 15 x 103 turns around the SSC. It is of practical interest to see 

what size uncertainties quantum physics places on the precision to which the injection 

transverse amplitude can be known. It is the purpose of this paper to show that these 

limits are indeed significant for the SSC, and that they are in fact larger than the 

small differences already mentioned which lead quickly to chaotic dynamics. As an 

example of the type of chaotic motion which can occur near the edge of the dynamic 

aperture during the injection period of the SSC, numerical results are given in Figure 

1 as a function of turn number for the modulus (IIx I + IIy 1)1/2, where Ix and Iy are 

the Courant-Snyder [2] invariants for transverse betatron motion. For this example, 

the same set of multipole errors used in Run 68 of [1] were used to track nine particles 

injected on a grid with transverse positions x = y and zero injection angles starting 

at x = y = 3.5 mm and stepped inwards by an amount of 10-10 mm. It is clearly 

seen in Figure 1 that the particle trajectories diverge shortly after 15 x 103 turns. 

In Figure 2, the same set of nine particles is shown for 7 x 104 , and it is seen that 

the chaotic motion remains bounded. This type of bounded motion has been seen to 

persist for this set of particles for more than 3 x 106 turns. To illustrate this behavior, 

two representative particles from this set of nine are shown in Figure 3. 

This paper is organized so that in Section II an invariant formulation is in­

troduced to describe transverse betatron dynamics. In this formulation, relativistic 

invariance is manifest, and the transformation to curvilinear coordinates is presented 
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as a transformation preserving the invariant action. This formulation, described in 

greater detail in Appendix A, is used to illustrate the approximations that are made 

in obtaining the usual Courant-Snyder equations. It is the quantum nature of this set 

of equations in the linear approximation which are studied. The description of the 

quantization procedure for the Courant-Snyder system is given in Section III, where 

it is seen that the time-dependent coherent states appropriate for this system are ob­

tained from a complete set of squeezed eigenstates of the Courant-Snyder invariant. 

As discussed in Appendix B, the quantum state nearest to the classical state for a 

time-independent simple harmonic oscillator is a coherent state. The generalization 

of this state appropriate for a time-dependent simple harmonic oscillator is used to 

evaluate the uncertainties in position and angle for protons executing transverse beta­

tron motion. Numerical results are given for the uncertainties which are appropriate 

for the SSC. It is seen that these can be larger than the differences introduced for the 

injection values of the transverse amplitude near the edge of the dynamic aperture 

which lead to the rapid onset of chaotic motion. Concluding remarks are found in 

Section IV, and additional mathematical discussions are given in the appendices. 

II. BETATRON EQUATIONS 

The equations of motion for transverse betatron oscillations can be found from 

a Lorentz invariant Hamiltonian [3]. This Hamiltonian, which is equal to the rest 

energy of the proton, is also invariant under general curvilinear coordinate transfor­

mations [4], and this suggests the introduction of an invariant action. This allows 

one to represent the special relativistic dynamical equations for betatron motion in 

the coordinate system related to the curved ideal orbit of a proton in the SSC. In ad­

dition, this formulation allows one to explicitly see the various approximations which 
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are made to obtain the usual Courant-Snyder equations. For this invariant Hamil-

tonian, the Minkowski space contravariant coordinates are defined as the four-vector 

qi = (qO,ql,q2,q3) = (ct,x,y,z), where c is the speed of light. The contravariant 

components of the four-velocity are defined to be 

(2.1) 

and those of the four-momentum for a particle of rest mass mare 

pi = mcui, (2.2) 

where ds is the invariant measure 

(2.3) 

where use is made of the Einstein summation convention. The covariant differential 

components of a four-vector are found from 

(2.4) 

The non-zero Minkowski space components of the covariant metric tensor gii are 

The contravariant components of the metric tensor are found from the relation 

to be 

giig . _ J:i 
Jk - Uk 
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(2.5) 

(2.6) 

(2.7) 



The invariant Hamiltonian is defined as 

(2.8) 

where the invariant Lagrangian for the motion of a particle of mass m and electric 

charge e in an electromagnetic field with four-potential A(q)i is defined as 

(2.9) 

The conjugate four-momentum is 

8L mcui 
Pi = -8 . = v"UiU' + (e/c)A(q)j, 

u l 
UjU I 

(2.10) 

and the Lagrangian (2.9) becomes 

(2.11) 

For this Lagrangian, the action which is invariant under curvilinear coordinate trans-

formations is defined as 

(2.12) 

Using the method of stationary action and the approximations described in Appendix 

A, one finds equations (AA1) and (AA2), which describe transverse betatron motion. 

As shown in Appendix A, the approximate Hamiltonian for this system may 

be written in terms of the transverse coordinates x and y and the local radius of 

curvature p of the ideal orbit as 

(
A Z ( X? + ( 11)2) 

P3 ~ - ( e / c) IPl - 1 + P 2 P x (1 + x / p ) (2.13) 

with 

R A( ) - R L eBo (bn(s) + ian(s»)( . )n+l 
e x, y - e I n'I ( ) X + 'ty 

n=O cp, n + 1 
(2.14) 
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and with 

AZ(x, y) = -ReA(x, y), (2.15) 

where Bo is the dipole bending field, an(s) and bn(s) are, respectively, the normal 

and skew multipole coefficients, and IPl is found in (A.33). In addition, the transverse 

magnetic fields are found from 

By(x, y) + iB:c(x, y) = DReA(x, y) (2.16) 

with 

(2.17) 

In the linear approximation, the Hamiltonian for (A.41) and (A.42) for a particle 

with ideal orbit momentum IPol becomes 

H _ p; p; K:c ( s ) 2 _ K y ( s) 2 
appro:c - 2 + 2 + 2 x 2 y. (2.18) 

III. QUANTUM LIMITS ON INJECTION 

As a first approximation for finding the quantum limits associated with the 

Hamiltonian (2.18) for transverse betatron oscillations, one neglects the non-linear 

multipole contributions and considers for each degree of freedom a time-dependent 

harmonic oscillator with Hamiltonian 

(3.1) 

where s, the arc length along the ideal orbit, takes the role of the time coordinate. The 

dynamical evolution of the conjugate quantum operators p = q' and q is determined 
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from the Heisenberg equations 
q' = i[H, q] 

p' = i[H, p], 

where' denotes differentiation with respect to s. The Courant-Snyder quantity 

21(s) = [(wp - w'q)2 + (q/w?] 

is an invariant. This follows from 

: = i[H,I] + :!, 
along with the conditions 

1 
w" + K( s)w - 3 = 0 

w 

q" + K(s)q = O. 

Expressed in the usual Courant-Synder parameters, one finds 

with 

q = we±it/1 
1,2 

1/;' = 2.. 
w 2 

21 = -Y(S)q2 + a(s)( qp + pq) + ,8(s)p2, 

a(s) = -ww' 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

The quantum states for this system can be constructed with the aid of the 

squeezing operator defined as 

(3.8) 

7 



with complex e = lelexp(i<l» and boson operators a and at. Additional properties of 

See) and the associated squeezed state [7] are discussed in Appendix D. The time-

independent rationalized Hamiltonian is 

(3.9) 

where the boson operat~rs are found from 

a-at 
p = V2i ' (3.10) 

with the commutation relations 

[q, p] = i ==} [a, at] = 1. (3.11) 

The Courant-Synder invariant (3.3) can be found from the time-independent Hamil­

tonian using the squeezing operator (3.8) to write 

where 

with 

b( -) S is st 1 (1 .,) 1 (1 . ,) t s = e a = 2" w + w - zw a + 2" w - w - zw a, 

1 
cosh lei = 2J(1/w + w)2 + w' 

ww' 
tan(J= ---~ 

1 +w2 

ww' 
tan( (J + <1» = - 1 _ w 2 • 

The eigenstates of I( s) satisfy the eigenvalue equation 

I(s)ln,s) = (n + i) In,s) 

_ (bt)n 
In, s) = . ;;;-, 10). 

v n . 
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(3.12) 

(3.13a) 

(3.13b) 

(3.14) 



The Wlits of 1(s) are (h/lpl) rad, where 1P1 is defined by (A.33). These are not 

Schrodinger states, for they are not solutions of the equation 

i :s In, s)., = H( s)ln, s).,. (3.15) 

However, the Schrodinger states are of the form [5] 

I -) ia,,(i) I -) n, S ., = en,s, (3.16) 

where the phase, as shown in Appendix C, is 

( 1) /i ds' 
an(s) = - n + 2 w2(s')· (3.17) 

To evaluate the Wlcertainties associated with the quantities q(s) and p(s) deter­

mined from (3.1) and (3.2), one must use the appropriate coherent state associated 

with H( s). The coherent state used is the time-dependent generalization of the co­

herent state obtained from the eigenstates of the time-independent Hamiltonian [6] 

which is the nearest quantum state to the classical state of the simple harmonic os-

ciilator. The coherent state for a time-dependent simple harmonic oscillator can be 

generated from the squeezed ground state as 

1,8, s)., = D(,8) 10, 8)." (3.18) 

where the coherent state operator D(,8) is defined as 

(3.19a) 

and where {3* is the complex conjugate of the parameter ,8, which is the eigenvalue 

of the operator b(s). This parameter is related to the classical value of the invariant 

1(s) since 

.,(,8, sll(s)I,8, s)., = (1,812 + 1/2)(n/IP1) rad. (3.19b) 
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The variance of an operator Q is defined as 

(3.20) 

where the mean value of the operator Q is 

(3.21) 

Time-independent Hamiltonian (3.9) results found using the coherent state In) of 

(B.20) are 

and 

O"(q) = O"(p) = f'{ 

Ii 
O"(p )0"( q) = 2' (3.22) 

which yield the minimum value for the uncertainty product. For the Hamiltonian 

(3.9), the coherent state (B.20) represents the quantum state nearest to the classical 

state, Ii -+ 0, where O"(q), O"(p), and the uncertainty product are zero. 

One can now use the states (3.16) and the definition of the variance (3.20) to 

obtain results appropriate for the sse. Using the time-dependent coherent state 

(3.18) and the appropriate scaling transformations used to find (2.18) 

where the momentum IPI defined in (A.33) is 

£ 
IPI ~~, 
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with the proton energy £ given by (A.32), one finds that the variances and the 

uncertainty product, represented in terms of the Courant-Snyder parameters (3.7), 

are 

IT(q) = 

IT (~) = 
p dq 

1i(3(s) 

21P1 
Ii,(s) 

21P1 

-=-1P1 ds 

() (
dq) = liJ(3(sh(s) 

IT q IT ds 21P1· 

(3.25) 

Writing the amplitude as qamp = J€/,rr(3(s) with the emittance € = 27f1(s), one finds 

the results 
IT(qamp) = (€q)I/2 

qamp € 

/ 
_ ~ "" lie "" "proton 

€q 7r - 21P1 "" 2£ "" 2 ' 
(3.26) 

where €q/7r, the quantum emittance, represents half the resolution distance of a 

proton in the beam. With the approximations 

lie ~ 2 x 10-19 TeVm 
(3.27) 

£ ~ 2 TeV, 

one finds 

(3.28) 

For a typical SSCTRK tracking result showing chaotic motion with (3(s) ~ 300 m 

and with Xamp ~ 3.5 mm, one finds 

and 

IT(Xamp) ~ 3.9 x 10-6 mm. (3.29) 
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Similarly, the angular uncertainty is 

u (~;) ~ 1.3 X 10-11 rad. (3.30) 

Here one should note that u(xamp) ~ 10-10 mm, which is the difference in injection 

position used for study of chaotic motion in [1]. 

IV. CONCLUSIONS 

In conclusion one can see that a completely invariant Lagrangian leads to an 

invariant Hamiltonian which gives the usual equations of motion for a proton in 

an electromagnetic field. Using the invariant action associated with this formalism, 

one can obtain with a curvilinear coordinate transformation the transverse betatron 

equations of motion. In their form with non-linear multipole errors, these equations 

lead to chaotic dynamical behavior for particles injected into the SSC near the edge of 

the dynamic aperture. As described in [1] and in Section I, differences in the injection 

amplitude as small as 10-10 mm quickly lead to chaotic dynamical behavior. It is of 

interest to see what size uncertainties quantum physics places on the amplitudes. 

It has been shown in Section III of this paper that the linearized form of the 

betatron equations of motion can be quantized and that the time-dependent quantum 

states appropriate for evaluating the uncertainties of the position and momentum 

operators are coherent states which are a coherent expansion in a complete set of 

time-dependent Schrodinger squeezed states. The variances for position and angle 

associated with these states have been evaluated, and one can see that they depend on 

the Courant-Snyder parameters (3( s) and 1'( s). This makes these variances different 

from the usual coherent state variances associated with a time-independent simple 

harmonic oscillator. The maximum value of f3( s) in the sse arcs during injection is 
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300m, and this value was used to obtain the variance given in (3.25). However larger 

variances can occur during the injection phase in the interaction regions where (3(s) > 

1800 m. For values of (3(s) appropriate for the injection phase of the SSC, it is seen 

that these quantum variances can be large enough so that they must be considered 

as uncertainties when asking questions about the regions in (q, q') phase space where 

chaotic behavior is seen. In obtaining these variances, a time-dependent coherent 

state has been used. The justification for this state is that it reproduces the correct 

result for the uncertainty inequality for q and p in (3.25) since, as seen from (3.7), 

(3( she s) ~ 1. At values of s where a( s) = 0, these state become minimum uncertainty 

states since (3( she s) = 1. Furthermore, these states become the correct minimum 

uncertainty coherent states discussed in Appendix C when w(s) is a constant. It is 

of interest to note that the emittance defined as € = 27rI(s), which is the area of 

the (q, q') phase space ellipse, is quantized. This is seen from (3.14) which gives the 

coherent state result (3.19b). Using (3.20) and the method used to arrive at (3.19b), 

one finds the variance 

<r( €) = 7r1{31(1i/1P'1) rad. 

Although the quantum discussion has been confined to the linear oscillator equations, 

estimates of the variances associated with non-linear contributions can be made using 

quantum perturbation theory. The description of this method, along with the asso­

ciated results and a discussion of the quantum corrections to resonant frequencies, 

will appear in a future publication. 
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APPENDIX A: THE BETATRON EQUATIONS 

Considering (2.8) and the identity 

(A.l) 

one can infer for Minkowski space the equations of motion 

(A.2) 

where the invariant Hamiltonian becomes 

Using the above, along with 

(AA) 

with 8j = 8/ 8x j , one finds the equation of motion 

(A.5) 

where the electromagnetic field tensor is 

(A.6) 

Since 

Foj = (0, -E), (A.7) 

14 



with the electric field defined as 

-. a.... .... 
E = act A(q) + VA(q)O, (A.8) 

and since for the magnetic field jj satisfies 

(A.9) 

with a,/3 = 1,2, or 3 and f123 = 1 for the completely antisymmetric tensor, it follows 

that 
d 2 dE ........ 
-,mc = - =E·v 
dt dt 

d .... .... 
dt,mv= eE+(e/c)vx B. 

(A.lO) 

(A.11) 

The first equation gives the energy E gain or loss of the particle of rest mass m and 

velocity V, and the second is the Lorentz equation. In obtaining these results, use 

has been made of u ° = " u = ,ii, ds = cdt /, ,ii = v / c, and , = (1 - ii· ii) -1/2. 

It is usual to express the equations of motion for betatron dynamics in curvilinear 

coordinates. The curvilinear coordinates normally used in accelerator physics are 

x, y, and s, where x is the horizontal position of the particle relative to the ideal 

orbit, y is the vertical position coordinate relative to the orbital plane, and s is the 

arc length along the ideal orbit. The position vector of the particle is 

(A.12) 

The origin of this vector is at the instantaneous center of curvature of the ideal 

orbit. The coordinates relative to the system with origin at f'o = pel are x, y, and z 

measured respectively along the right-handed orthonormal basis ell e2, and e3. For 

motion relative to the torsion-free ideal orbit, the differential of the position vector 

IS 

(A.13) 
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where 

d;s = pdf). (A.14) 

It follows from (A.13) that 

(A.15) 

The contravariant coordinates in the curvilinear system are 

(A.16) 

and it follows from (A.15) that 

(A.17). 

The invariant space-time measure is 

(A.18) 

and the components of the covariant metric tensor 9ij are 

(A.19) 

The curvilinear contravariant components of the four-momentum are 

(A.20) 

and the covariant components are 

(A.21) 

Similar relations are obtained for the coordinate differential four-vector dqi and the 

vector-potential A( q) i . 
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The betatron equations of motion are found in the curvilinear coordinate system 

using the fact that the action S is invariant under Lorentz transformations and or­

thogonal spatial coordinate transformations. The action (2.12) is an invariant under 

the coordinate transformation qi --+ qi so that 

A variation of this action gives 

Using 

e-i dhqi 
uU = --, 

ds 

and 
8- 8-

e- Pa e- + Pa c-i 
upa = 8- UpOt 8-i oq , 

POt q 
a =j:. 3, 

one finds for h S 

In the usual manner, this yields the dynamical equations of motion 

dqo -a 8pa 
-=-u --
ds 8pOt 
dpi _a8P3 
ds = u 8iji' 

U sing the representation of the invariant measure 
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(A.22) 

(A.23) 

(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28) 



and the coordinates (qo, qI , q2, q3) = (qO, X, y, s) along with 

dq-· dq-i 
-3 1/ I 
U = dq3 dq3' 

one finds, using the notation x' = dx/ds etc., the dynamical equations 

I OP3 
Y =­oPy 

Xl OP3 P =-­ox 
yl OP3 

P =-­oy 

(_ )' _ OP3 
P3 - as' 

The effective Hamiltonian P3 for this system is found from the invariant 

(A.29) 

(A.30) 

(mc)2 = (p- (e/c)A(q))i(p- (e/c)A(q))i = (p- (e/c)A(q))i(p- (e/c)A(q)f (A.31) 

Defining the energy £ from 

£/c = pO - (e/c)A(qr = mc, (A.32) 

and the scalar three-momentum as 

1P1 = ";£/c)2 - (mc)2, (A.33) 

one can use 

(A.34) 

and 

A3 = -(1 + x/ p)AZ (A.35) 
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to obtain 
- AZ 
~ = -(e/c)(1 + xl p)lP1 

(
pX _ (e / C)AX)2 (pY _ (e / C)Ay)2 

1 - IPI - IPI x (1 + xl p). 

(A.36) 

For constant IPI, one can introduce the scaled variables for the four-momentum 

pi IIPI -+ pi in the dynamical equation (A.30) and in (A.36). These equations simplify 

for the case of a purely transverse magnetic field, where A x = AY = 0 and for the 

approximation 

(A.37) 

which is valid for large IPI. For this case, one finds that (A.36) becomes 

(
A Z ( x)2 + ( Y)2) 

Pa ~ -( e I c) IPI - 1 + P 2 P x (1 + x I P ), (A.38) 

and, neglecting terms of order px2 I p, (A.30) gives 

y' = pY (1 + xl P ) (A.39) 

d ( x' ) a [ AZ 1 
ds 1+xlp = ax (e / c)(l+xlp)IPI +l+xlp 

d ( y' ) a [ AZ 1 ds 1 + xlp = By (e/c)(1 + xlp) IPI + 1 + xlp . (A.40) 

Neglecting terms of order (x I p)2, x,2 I p, and skew multipole errors, one finds using 

x" + IPoI (~+ eB1(s)) x = IPI-IPol '" 0 
IPI p2 clPol plP1 

" _ IPol eB1 (s) _ 0 
y IPI clpo I Y - , 

where Ipo I is the three-momentum along the ideal orbit and where 

BY(x,y) ~ Bo(s) + B1(s)x + ... 

BX(x,y) ~ Bl(S)y + .... 
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APPENDIX B: COHERENT STATE PROPERTIES 

In this appendix it is explained why a coherent state is a minimum uncertainty 

state. One begins by considering the functional 

J(A) = IIAd(A) - id(B)1I ~ 0 

J(A) = (tJlIAdt(A) + idt(B), Ad(A) - id(B)ltJI) ~ 0 
(B.1) 

where A and B are Hermitian operators and where the mean values ..4, and tJ are 

real. In (B. 1 ) the deviation of an operator Q is defined as 

d(Q)=Q-Q, 

where the mean value of Q for a state ItJI) is defined as 

Q = (tJlIQltJI)· 

If one has the commutation relation for the Hermitian operators A, B, and C 

[A,B] = iC, 

then the deviations satisfy the commutation relation 

[d(A), deB)] = iC. 

One then finds from (B. 1) that 

where the variance for an operator Q is 

CT(Q) = v(tJlIQ2 ItJ1) - (tJlIQltJI)2. 
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(B.2) 

(B.3) 

(BA) 

(B.5) 

(B.6) 



If J(A) is to be a minimum for all A, then 

u(A)u(B) ~ I~I. (B.7) 

This is seen if one writes (B.1) as 

Since J( A) must be ~ 0 for all values of A, it follows that 

u(A)u(B) ~ I~I. (B.9) 

An additional condition is required to assign a value to A. One is seeking a state 

I~) which will produce equality in (B.9), the minimum uncertainty value. To achieve 

this, one requires J(A) = 0, and this occurs for 

-0 
A = 2u(A)u(A)' 

(B.10) 

This minimum value of J(A) is valid if and only if 

(Ad(A) - id(B»I~) = O. (B.ll) 

As an example, one considers the time-independent Hamiltonian for the simple 

harmonic oscillator 

Using A = q and B = p, one finds the equality 

and the moments 

u(p)u(q) = n + 1/2 

1 
(nlp2In) = (nlq2In) = n + 2' 
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(B.12) 

(B.13) 

(B.14) 



which are valid for the number state In). The minimum uncertainty value occurs for 

the ground state 10), and u(q) = u(p) = 1/V2 since ij = p = O. Also (B.I0) and 

(B.14) imply A = -1 and 

(q + ip)ltf) = (ij + ip)ltf)· (B.15) 

This condition can now be used to find the coherent state la) as a coherent 

expansion in the eigenstates In) of (B.12). Using the usual boson operators 

q+ip 
a = -=----==-V2 

t q - zp 
a = V2 (B.16) 

and the notations Itf) '" la) and a = (ij + ip)/V2, one sees that (B.15) implies 

ala) = ala). 

The state la) is found from the following argument: 

aln) = v'nln -1) 

atln) = vn + lin + 1) 

n=O 
00 

n=O 

an 
therefore Cn = r:i Co. 

vn! 

00 

n=O 

With the normalization (ala) = 1, one finds for real Co 

-~ 
Co = e 2 

and 
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(B.17) 

(B.18) 

(B.19) 

(B.20) 



This state may be generated from the ground state 10) of (B.l2) as 

la) = D(a)IO), 

with the coherent state operator defined by 

where a* is the complex conjugate of a. This can be seen using the identity 

to write 

_~ aat ( a*2a2) D(a)=e 2 e l-a:a+-
2
-+ ... 10). 

Since alO) = 0, one finds 

la) = D(a)IO) 
~ 00 n( t)n 

= e - 2 L a ~ 10), 
n. 

n=O 

which is the same as (B.20) since atnlO) = V(n!)ln). 

(B.2l) 

(B.22) 

(B.23) 

(B.24) 

(B.25) 

It is useful to see how the coherent state produces the classical limit for an 

operator. For example, one can consider the operator q = (a+at )/v'2 at t = O. For 

the Hamiltonian (B.l2), the time-developed operator is 

= ae- it + ateit 

= q + ip e-it + q - ip eit 

v'2 v'2i 
(B.26) 

= q cos t + p sin t, 
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and the classical solution of the equation of motion is 

(B.27) 

where the classical values of q and p at t = 0 are 

qc = (alqla) = (OIDt(a)qD(a)IO) 

a+a* 
(B.28) 

a - a* 
Pc = -..j2-=2=-i-· 

In deriving these results, use is made of the fact that D( a) is a displacement operator 

with the properties 

Dt(a)aD(a) = a + a 

(B.29) 

so that the matrix elements are evaluated using the ground state 10). 

It is instructive to note additional properties associated with the coherent state 

(B.20). The eigenvalues of the number operator N = at a are distributed according to 

the Poisson distribution. This follows from the representation of the state la) given 

by (B.20) and from the orthonormality of the states In) which are used to show 

CX> 

(oINlo) = L Pn(O)Poiuon n 
n=O (B.30) 

The meaning of the parameter 0 can be seen if one uses (B.21) to evaluate the matrix 

element of (B.12) 

(oIHla) = 1012 + 1/2, (B.31) 
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where this result represents the classical value of the energy plus the ground state 

energy. In addition one finds from (B.21) and (B.29) the variance u(H) = u(N) = \a\. 

The Schrodinger states associated with \a) and the Hamiltonian (B.12) are found 

from 

(B.32) 

It follows from (B.20) that 

(B.33) 

so that the time developed state remains a coherent state with a -+ e-ita. Also 

one notes that the state \a) produces the values u(q) = u(p) = 1/V2, known as the 

standard quantum limits, and the equality u(q)u(p) = 1/2. This is why this state 

is considered to be the nearest quantum state to the classical state for the time­

independent simple harmonic oscillator. The q-space wave function associated with 

\a) is found by forming the matrix element 

'II(q)Q = (q\a) = (qID(a)\O). (B.34) 

Using (B.16), (B.23), and (B.28), one finds 

(B.35) 

where 'IIo(q) is the ground state wave function of the simple harmonic oscillator. 

Further mathematical properties are useful for evaluating matrix elements using 

the coherent state (B.21). The resolution of the identity operator is found to be 

: J \a)(a\d2a = 1, 

25 

(B.36) 



with d2 a = dRe adlm a. This is seen using the expansion (B.20) to write 

(B.37) 

00 

= L In)(nl = 1. 
n=O 

It can also be seen from (B.20) that the these state are not orthogonal, for one can 

show 

(B.38) 

which approaches orthogonality for large values of la - .81. For this reason the states 

la) are said to be over complete. A particularly useful property is the relation 

(aIF(a,at)la) = (OIF(a+a,at +a*)IO), (B.39) 

which holds for normal ordered functions that have an expansion in operator products 

of the form 

(BAO) 

This result is easily established using Dt(a)D(a) = 1, (B.17) along with its adjoint 

equation, and (B.29) to write 

(BA1) 

In addition, the operators a and at have a differential operator representation for the 

coherent state la). Using (B.21) to write 

{) {) t • /2 t -Ia) = _e08 
-0 0 10) = (a - a* /2)la), 

{)a {)a 
(BA2) 
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one finds 

(BA3) 

which along with (B.17) gives the desired representation. 

APPENDIX C: THE SCHRODINGER STATE PHASE 

The phase (3.17) can be found by first differentiating (3.16) with respect to s, 

and then using (3.15) to write the matrix element 

.8an (s) + ( -I 8 I -) .( -IH(-)I -) z 8s n,s 8s n,s = -z n,s S n,s 

(C.1) 

where (3.13) is used to express the Hamiltonian (3.1) as a function of b(s) and its 

adjoint. The matrix elements of this operator can be found from 

(C.2) 

and 

bin, s) = v'n In - 1, s) ===} (n, slbt = v'n(n - 1, sl. (C.3) 

Making the replacement n --+ n - 1 in (C.2), one can derive the identity 

where 

( n, s I 8!t I n - 1, s) + (n, s Ibt :s In - 1, s) 

= v'n ( n, s I :s I n, s) , 

8b
t 

1(.( " (2) 'I)b·(" (2) t 8s = 2 z ww - w - 2w w + z ww - w b. 
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Therefore 

(C.6) 

Choosing 

( _181 -) i(ww" - w,2) 
0, s 8s 0, s == 4 ' (C.7) 

one finds from (3.5), (C.1), (C.6), and (C.7) the differential equation 

dan(s) = _ (n + ~) 1 
ds 2 w2(s) , (C.8) 

which has the solution (3.17). 

APPENDIX D: SQUEEZED STATES AND CHARACTERISTIC FUNCTIONS 

In this appendix the properties of a squeezed quantum state are described. It is 

seen in Appendix B that it is possible to have equality for the uncertainty product 

(B.9) and at the same time equality of the variances u(A) and u(B). This led to 

the construction of the coherent state (B.20). It is also possible to have a minimum 

uncertainty product without having equality of the variances, and this is the property 

of the squeezed state which is generated from the ground state 10) of the Hamiltonian 

(3.9)as I~) == S(~)IO) using the operator 

(D.I) 

with ~ a complex number. To demonstrate the nature of the squeezing operator, it 

is useful to introduce the Hermitian operators Y 1 and Y 2, defined by the equations 

Y 1 + iY2 == (q + ip)e- i q,/2 

Y 1 - iY2 == (q - ip)e i q,/2, 
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where 4> is the phase of the complex number~. Using the state ItP) = S(OIO) in the 

expression for the variance (B.6), one obtains the results 

0"(Y1)e = e-1el /V2 

0"(Y2 )e = e1el /V2. 
(D.3) 

Here it is seen that the variance O"(YI) is reduced (squeezed) below the coherent state 

standard quantum limit 1/.;2. However, 0"(Y2 ) is increased above this value in such 

a manner that the uncertainty product remains an equality 

(DA) 

In deriving the results (D.3), one uses the transformation property of the operator a 

(D.5) 

and the adjoint of this expression. 

The moments of the operators q, p, and N = at a for either the squeezed or 

the coherent state can be found through the use of the appropriate characteristic 

functions. Characteristic functions for these operators using thermal field methods 

[8] and a combined coherent squeezed thermal state have been derived in [9), and the 

special cases associated with zero temperature can be easily found from 

(D.6) 

(D.7) 

where 

0"((3) = 
1 2' cothC8/2), (D.8) 

with (3 = hw/kBT. The moments of the number operator for either the squeezed or 

the coherent state can be found from the characteristic function for the Hamiltonian 
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operator H = N + 1/2 using a coherent squeezed thermal state. This characteristic 

function for non-zero temperature is 

C('x,e,a)H = fw e-(AHBa)/ab V-;;b 
eXGYG/(YG-l) eXbYb/(Yb-1) 

'1"1 - Ya '1"1 - Yb ' 
(D.9) 

with the notations 

Ya = aw, Y" = bw, 

a = (a - 1)/a, b = (b - 1)/b, 

Xa = A/a(l- a), x" = B/b(l- b), 

(D.lO) 

a = e-2e(n(.8) + 1/2) + 1/2, 

and 

b = e2e (n(.8) + 1/2) + 1/2. 

In the above 

n({3) = (exp({3) - 1)-1, (D.ll) 

and qc and Pc are the classical values (B.28) of the operators q and p. The nth 

moment of an operator Q is found from 

(D.12) 
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