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Quantum variances for the transverse dynamics associated with the injection
phase of the Superconducting Super Collider are derived using squeezed state meth-
ods. During the injection phase, protons injected at large amplitudes display bounded
chaotic motion. Small differences in the injection conditions quickly lead to diverse
chaotic trajectories. Quantum variances set bounds for the precision to which these
differences can be known. The equations for transverse motion are obtained from an

invariant action.






I. INTRODUCTION

During the injection phase into the Superconducting Super Collider (SSC) it
has been observed that chaotic dynamical behavior occurs for particles near the edge
of the dynamic aperture [1]. With an injection amplitude difference as small as
10719 mm, chaotic divergences for the z and y transverse betatron motions begin
to occur as soon as 15 x 10% turns around the SSC. It is of practical interest to see
what size uncertainties quantum physics places on the precision to which the injection
transverse amplitude can be known. It is the purpose of this paper to show that these
limits are indeed significant for the SSC, and that they are in fact larger than the
small differences already mentioned which lead quickly to chaotic dynamics. As an
example of the type of chaotic motion which can occur near the edge of the dynamic
aperture during the injection period of the SSC, numerical results are given in Figure
1 as a function of turn number for the modulus (|I.| + |I,|)*/?, where I, and I, are
the Courant-Snyder [2] invariants for transverse betatron motion. For this example,
the same set of multipole errors used in Run 68 of [1] were used to track nine particles
injected on a grid with transverse positions z = y and zero injection angles starting
at = y = 3.5 mm and stepped inwards by an amount of 1071° mm. It is clearly
seen in Figure 1 that the particle trajectories diverge shortly after 15 x 10% turns.
In Figure 2, the same set of nine particles is shown for 7 x 10*, and it is seen that
the chaotic motion remains bounded. This type of bounded motion has been seen to
persist for this set of particles for more than 3 x 10% turns. To illustrate this behavior,

two representative particles from this set of nine are shown in Figure 3.

This paper is organized so that in Section II an invariant formulation is in-
troduced to describe transverse betatron dynamics. In this formulation, relativistic

invariance is manifest, and the transformation to curvilinear coordinates is presented
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as a transformation preserving the invariant action. This formulation, described in
greater detail in Appendix A, is used to illustrate the approximations that are made
in obtaining the usual Courant-Snyder equations. It is the quantum nature of this set
of equations in the linear approximation which are studied. The description of the
quantization procedure for the Courant-Snyder system is given in Section III, where
it is seen that the time-dependent coherent states appropriate for this system are ob-
tained from a complete set of squeezed eigenstates of the Courant-Snyder invariant.
As discussed in Appendix B, the quantum state nearest to the classical state for a
time-independent simple harmonic oscillator is a coherent state. The generalization
of this state appropriate for a time-dependent simple harmonic oscillator is used to
evaluate the uncertainties in position and angle for protons executing transverse beta-
tron motion. Numerical results are given for the uncertainties which are appropriate
for the SSC. It is seen that these can be larger than the differences introduced for the
injection values of the transverse amplitude near the edge of the dynamic aperture
which lead to the rapid onset of chaotic motion. Concluding remarks are found in

Section IV, and additional mathematical discussions are given in the appendices.

II. BETATRON EQUATIONS

The equations of motion for transverse betatron oscillations can be found from
a Lorentz invariant Hamiltonian [3]. This Hamiltonian, which is equal to the rest
energy of the proton, is also invariant under general curvilinear coordinate transfor-
mations [4], and this suggests the introduction of an invariant action. This allows
one to represent the special relativistic dynamical equations for betatron motion in
the coordinate system related to the curved ideal orbit of a proton in the SSC. In ad-

dition, this formulation allows one to explicitly see the various approximations which
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are made to obtain the usual Courant-Snyder equations. For this invariant Hamil-
tonian, the Minkowski space contravariant coordinates are defined as the four-vector
¢ = (¢°,¢*,¢% ¢*) = (ct,z,y,2), where c is the speed of light. The contravariant

components of the four-velocity are defined to be
u' = dq'/ds, (2.1)
and those of the four-momentum for a particle of rest mass m are
p' = meu, (2.2)
where ds is the invariant measure
ds = \/dg;dq’, (2.3)

where use is made of the Einstein summation convention. The covariant differential

components of a four-vector are found from
dgi = gijdg’. (2.4)
The non-zero Minkowski space components of the covariant metric tensor g;; are
(900s 911, 922, 933) = (1,—1,—1,-1). (2.5)
The contravariant components of the metric tensor are found from the relation
gijgjk = 6}; (2.6)

to be
(g°°,g11,g22,g33) = (1’ -1.-1, _1). (2.7)
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The invariant Hamiltonian is defined as
H(p',¢")/c = piu’ — L(v*,¢') + me, (2.8)

where the invariant Lagrangian for the motion of a particle of mass m and electric

charge e in an electromagnetic field with four-potential A(q)’ is defined as
L(u',¢") = mevuut + (ef/c)A(q)in’. (2.9)

The conjugate four-momentum is

P = gt = e+ (e A (210)

and the Lagrangian (2.9) becomes
L(v',¢") = piv’. (2.11)

For this Lagrangian, the action which is invariant under curvilinear coordinate trans-

formations is defined as
S = /L(u‘,qi)ds. (2.12)

Using the method of stationary action and the approximations described in Appendix
A, one finds equations (A.41) and (A.42), which describe transverse betatron motion.

As shown in Appendix A, the approximate Hamiltonian for this system may
be written in terms of the transverse coordinates z and y and the local radius of

curvature p of the ideal orbit as

D3 = (-—(e/c)%;- -1+ (_p_’_)ig_(]l”_)i) x(1+z/p) (2.13)
with

eB, (bn(3) + tan(3))
cpl  (n+1)

ReA(z,y) = Re Z (z + iy)"*! (2.14)

n=0



and with
Az(x’ y) = —ReA(:n, y)a (215)

where B, is the dipole bending field, a,(3) and b,(3) are, respectively, the normal
and skew multipole coefficients, and |p] is found in (A.33). In addition, the transverse

magnetic fields are found from
By(z,y) + iB.(z,y) = DReA(z,y) (2.16)
with
D = §; —10,. (2.17)

In the linear approximation, the Hamiltonian for (A.41) and (A.42) for a particle

with ideal orbit momentum |p,| becomes

2 2
p K_(s K,(s
Happroz = %c‘ + “2!' + 12( )3'2 - yz( )y2- (2.18)

III. QUANTUM LIMITS ON INJECTION
As a first approximation for finding the quantum limits associated with the
Hamiltonian (2.18) for transverse betatron oscillations, one neglects the non-linear
multipole contributions and considers for each degree of freedom a time-dependent

harmonic oscillator with Hamiltonian

2 2\ 2
H= B_'*'Iz{ﬂ, (3.1)

where 3, the arc length along the ideal orbit, takes the role of the time coordinate. The

dynamical evolution of the conjugate quantum operators p = q' and q is determined
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from the Heisenberg equations

ql = z[H,q]
(3.2)
p' =iH,p],
where ' denotes differentiation with respect to 3. The Courant-Snyder quantity
21(5) = [(wp — v'q)* + (q/w)?] (3.3)
is an invariant. This follows from
dl 7] |
- = hutind 4
8 - (3.9
along with the conditions
w'" + K(3)w — -—15 =0
w (3.5)
q" + K(5)q =0.
Expressed in the usual Courant-Synder parameters, one finds
he™ we*
, 1
== (3.6)
w
21 = y(3)a” + «(3)(ap + pa) + B(5)P?,
with
a(3) = ~wuw'
B(3) = w’ (3.7)
14 02(3)
§) = ————=.
"9 =5

The quantum states for this system can be constructed with the aid of the

squeezing operator defined as

}era~¢at?)

S=c¢e , (3.8)



with complex ¢ = |£|ezp(i¢) and boson operators a and a'. Additional properties of
S(¢) and the associated squeezed state [7] are discussed in Appendix D. The time-

independent rationalized Hamiltonian is

H, = , (3.9)

where the boson operators are found from

a+al a—at
= = , 3.10
1 V2 P= "/ (3.10)
with the commutation relations
[a,p]=i = [aal]=1 (3.11)

The Courant-Synder invariant (3.3) can be found from the time-independent Hamil-

tonian using the squeezing operator (3.8) to write

2I(5) = SH,S! = (bfb + %) : (3.12)
where
; 1/1 1/1
b(3) = Se®aSt =~ { = 4+ w — ' (= —w—iw')al .
(3) e*’a 2(w+w zw)a+2(w w zw)a, (3.13a)
with

cosh |¢| = %\/(l/w +w)? + w'

!

ww
tan§ = —'m (3136)
ww'
tan(f + ¢) = ST
The eigenstates of I(3) satisfy the eigenvalue equation
16, 9) = (n+3) 17,9)
. by , (3.14)
n,s) = Tl ).
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The units of I(3) are (k/|p]) rad, where |p] is defined by (A.33). These are not

Schrédinger states, for they are not solutions of the equation
.0 _ N =
i—|n, 3), = H(3)|n, 3),. (3.15)
0s
However, the Schrodinger states are of the form [5]
In,5)s = " n, 3), (3.16)
where the phase, as shown in Appendix C, is

an(3) = — (n + %) / ’ wf(s_;,). (3.17)

To evaluate the uncertainties associated with the quantities q(3) and p(3) deter-

mined from (3.1) and (3.2), one must use the appropriate coherent state associated
with H(3). The coherent state used is the time-dependent generalization of the co-
herent state obtained from the eigenstates of the time-independent Hamiltonian (6]
which is the nearest quantum state to the classical state of the simple harmonic os-
cillator. The coherent state for a time-dependent simple harmonic oscillator can be

generated from the squeezed ground state as

I/Ba g)a = D(ﬂ)loa 5)37 (318)

where the coherent state operator D(f) is defined as
D(B) = e ®)-8"b() (3.19q)

and where 8* is the complex conjugate of the parameter 3, which is the eigenvalue
of the operator b(3). This parameter is related to the classical value of the invariant
I(5) since

(B, 51L(3)18,5), = (181 +1/2)(/|31) rad. (3.190)
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The variance of an operator Q is defined as

o*(Q) = +(8,5)(Q — @)*|8,35),, (3.20)

where the mean value of the operator Q is

Q = +(8,51Q|8,5).. (3.21)

Time-independent Hamiltonian (3.9) results found using the coherent state |a) of

(B.20) are

h

olg) =o(p) =4[5

o(p)o(q) = g (3.22)

which yield the minimum value for the uncertainty product. For the Hamiltonian
(3.9), the coherent state (B.20) represents the quantum state nearest to the classical
state, h — 0, where o(q), o(p), and the uncertainty product are zero.

One can now use the states (3.16) and the definition of the variance (3.20) to
obtain results appropriate for the SSC. Using the time-dependent coherent state

(3.18) and the appropriate scaling transformations used to find (2.18)

H— [ (3.23)

where the momentum |p] defined in (A.33) is

£
c’

Ip] = (3.24)
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with the proton energy £ given by (A.32), one finds that the variances and the

uncertainty product, represented in terms of the Courant-Snyder parameters (3.7),

[hB(3)
o(q) = 2171
0(3) _ MG
P 2|pl (3.25)

are

P _d
|21 ds
dg\ _ h+/B(3)7(3)
o(@)e (d_) T

Writing the amplitude as gamp = 1/€/73(3) with the emittance e = 27I(5), one finds
the results

9(gamp) _ (e_q)W

damp €

3.26
o Jn e B B proton 520

g 2|p]  2€ 2’
where €,/m, the quantum emittance, represents half the resolution distance of a
proton in the beam. With the approximations

hex~2x 1071 TeVm
(3.27)
E~2TeV,

one finds

€q/m =5 x 1072 m. (3.28)

For a typical SSCTRK tracking result showing chaotic motion with 8(3) = 300 m

and with z,mp =~ 3.5 mm, one finds
e/T~4x107% m

and

o(Tamp) ~ 3.9 x 107° mm. (3.29)
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Similarly, the angular uncertainty is

o (%) ~ 1.3 x 107 rad. (3.30)

Here one should note that o(zamp) 3> 1071 mm, which is the difference in injection

position used for study of chaotic motion in [1].

IV. CONCLUSIONS

In conclusion one can see that a completely invariant Lagrangian leads to an
invariant Hamiltonian which gives the usual equations of motion for a proton in
an electromagnetic field. Using the invariant action associated with this formalism,
one can obtain with a curvilinear coordinate transformation the transverse betatron
equations of motion. In their form with non-linear multipole errors, these equations
lead to chaotic dynamical behavior for particles injected into the SSC near the edge of
the dynamic aperture. As described in [1] and in Section I, differences in the injection
amplitude as small as 10‘1‘0 mm quickly lead to chaotic dynamical behavior. It is of
interest to see what size uncertainties quantum physics places on the amplitudes.

It has been shown in Section III of this paper that the linearized form of the
betatron equations of motion can be quantized and that the time-dependent quantum
states appropriate for evaluating the uncertainties of the position and momentum
operators are coherent states which are a coherent expansion in a complete set of
time-dependent Schrédinger squeezed states. The variances for position and angle
associated with these states have been evaluated, and one can see that they depend on
the Courant-Snyder parameters 3(3) and «(3). This makes these variances different
from the usual coherent state variances associated with a time-independent simple

harmonic oscillator. The maximum value of 3(3) in the SSC arcs during injection is
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300 m, and this value was used to obtain the variance given in (3.25). However larger
variances can occur during the injection phase in the interaction regions where 3(3) >
1800m. For values of 3(3) appropriate for the injection phase of the SSC, it is seen
that these quantum variances can be large enough so that they must be considered
as uncertainties when asking questions about the regions in (g, ¢') phase space where
chaotic behavior is seen. In obtaining these variances, a time-dependent coherent
state has been used. The justification for this state is that it reproduces the correct
result for the uncertainty inequality for q and p in (3.25) since, as seen from (3.7),
B(3)v(3) > 1. At values of 5 where a(3) = 0, these state become minimum uncertainty
states since §(3)y(3) = 1. Furthermore, these states become the correct minimum
uncertainty coherent states discussed in Appendix C when w(3) is a constant. It is
of interest to note that the emittance defined as ¢ = 2#I(3), which is the area of
the (g,q") phase space ellipse, is quantized. This is seen from (3.14) which gives the
coherent state result (3.19b). Using (3.20) and the method used to arrive at (3.19b),

one finds the variance

o(e) = |B|(%/|p]) rad.

Although the quantum discussion has been confined to the linear oscillator equations,
estimates of the variances associated with non-linear contributions can be made using
quantum perturbation theory. The description of this method, along with the asso-
ciated results and a discussion of the quantum corrections to resonant frequencies,

will appear in a future publication.
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APPENDIX A: THE BETATRON EQUATIONS
Considering (2.8) and the identity

d

a4 10H(p',q") dpi | 10H(p',q") dg*
ds —

H(p',q")e = ¢ Opi ds ¢ 98¢ ds

_ i P ) _aL(uiaqi) i aL(uivqi)dLi
T ds (pev’) dq* u Out ds

=0,
one can infer for Minkowski space the equations of motion

da _0H(p',q)

ds Opi
dpi _ _OH(P,¢')
ds o¢t

where the invariant Hamiltonian becomes

H(p',q") = me® = c/(p — (¢/0)A(0))i(p — (e/)Alq))"-

Using the above, along with
d j
ZA(g)i = wd;A(9);

with 8; = 8/0z, one finds the equation of motion

d .
—mecu; = (e/c)u’ Fyj,

ds
where the electromagnetic field tensor is
Fij = 8:A(q); — 9;A(q):-

Since
Fo =(0,-E),

14
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with the electric field defined as

— a - —

E=—A VA(g)°, A8
o A(q) + VAlq) (458)

and since for the magnetic field B satisfies

with a, 8 = 1, 2, or 3 and €123 = 1 for the completely antisymmetric tensor, it follows

that
= = —— =—FE.¢ A.10
dt'ymc 7 F.v ( )
9 i = eF + (e]c) x B. (4.11)

dt

The first equation gives the energy £ gain or loss of the particle of rest mass m and
velocity ¢, and the second is the Lorentz equation. In obtaining these results, use
has been made of u® = v,% = 78, ds = cdt/y B = v/c, and vy = (1 — - ﬁ)_lﬂ.

It is usual to express the equations of motion for betatron dynamics in curvilinear
coordinates. The curvilinear coordinates normally used in accelerator physics are
z, y, and 3, where z is the horizontal position of the particle relative to the ideal
orbit, y is the vertical position coordinate relative to the orbital plane, and 3 is the

arc length along the ideal orbit. The position vector of the particle is
7= (p+ z)e; + ye,. (A.12)

The origin of this vector is at the instantaneous center of curvature of the ideal
orbit. The coordinates relative to the system with origin at 7, = pé; are z,y, and 2
measured respectively along the right-handed orthonormal basis é,, é,, and é;. For
motion relative to the torsion-free ideal orbit, the differential of the position vector
1s

dr = dzé; + dyéy + (1 + z/p)dsé; + O(d6?), (A.13)
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where

ds = pdf. (A.14)
It follows from (A.13) that
(dr)? = (da)? + (dy)? + (1 + 2/p)?(d5)2. (4.15)
The contravariant coordinates in the curvilinear system are
@,¢,4,3) =(¢"d" "3 (A.16)
and it follows from (A.15) that
di® = dg¢* /(1 + z/p). (A.17).
The invariant space-time measure is
ds = 1/§i;dg'dg, (A.18)
and the components of the covariant metric tensor g;; are
(Joo» G11, G2, G33) = (1, =1, =1, —(1 + z/p)?). (A.19)
The curvilinear contravariant components of the four-momentum are
#,5',5°,5°) = (0, p', ", P’ /(1 + 2/ p)), (A.20)
and the covariant components are

(I—’07ﬁ17132ap3) = (poap11p29p3(1 + x/p)) (A21)

Similar relations are obtained for the coordinate differential four-vector dq* and the

vector-potential A(q)'.
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The betatron equations of motion are found in the curvilinear coordinate system

using the fact that the action S is invariant under Lorentz transformations and or-

thogonal spatial coordinate transformations. The action (2.12) is an invariant under

the coordinate transformation ¢* — ¢ so that

S = /p;uids =/ﬁ,-ﬁids.

A variation of this action gives

6S = / (6piwt* + p;6a’)ds.

Using
_; _ dég
o =3
and
_ Ops _ Ops
EDa = hd LT
p3 6_a 5pa + aq_, q b] # 37

one finds for 6S

58 = / ((Qp_au:* + 3%)6pa + (6_P3.u3 _ By d(’_"a‘f))) ds.

ds ds

In the usual manner, this yields the dynamical equations of motion

i?_—f_ - i3 3?3
ds ol
dpi _ -30p3
ds Erh

Using the representation of the invariant measure

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)



and the coordinates (¢°, ¢, 42, §%) = (¢°,,vy, 5) along with

_ | dg; dg’
3 f— ————s st
U= 1/ dq—3 d'q-3 ’

one finds, using the notation ' = dz/ds etc., the dynamical equations

ol — __ap3
! 6153
Op*
1 9P
Yy = DY

The effective Hamiltonian p3 for this system is found from the invariant

o! — aﬁ3

(A.29)

(A.30)

(me)? = (p—(e/c)A(2))i(p~ (e/€)A(2))' = (F—(e/c)A(2))i(P— (e/c)A(g))'. (4.31)

Defining the energy £ from

E[c=p° —(e/c)A(q)° = mey

and the scalar three-momentum as

5] = VE[c)? — (me)?,

one can use

g% =-(1+z/p)”

and

A; =

—(1+z/p)A*

(A.32)

(A.33)

(A.34)

(A.35)



to obtain

(e[ +2/p) e l“I

H - - (A.36)
) \/1_(pz-(e/c)Az) - (ZEEY g,

|5 12

For constant |p], one can introduce the scaled variables for the four-momentum
?'/|p] — p' in the dynamical equation (A.30) and in (A.36). These equations simplify

for the case of a purely transverse magnetic field, where A* = AY = 0 and for the

approximation
z\2 ¥\)2
V1-(p*)? - (p*)t = 1- (@7) + (') ;(p ) : (A.37)
which is valid for large |p]. For this case, one finds that (A.36) becomes
A* z\2 ¥\2
D3 & (—-(e/c)l—p_]— -1+ -(-I—)—)—-‘z-ip—)—) x (14 z/p), (A.38)

and, neglecting terms of order p®?/p, (A.30) gives

z' =p*(1+z/p) y' =p'(1+z/p) (A.39)
% (57) = 2 [ +elnt: 5 -+ 143/
% (1357) = & |0+ st +1+2/s]. (4.40)

Neglecting terms of order (x/p)?, z'?/p, and skew multipole errors, one finds using

eBo(g)p = clﬁo I

o (1 | eBy(3) Pl — 1P|
:c"-i—lp—l(——+———l_,——)3:—- > ~0 A4l
7 Al )77 N
"n_ |Po| B (5)
=0, A.42
ERCTAN (442
where |p,| is the three-momentum along the ideal orbit and where
BY(z,y) =~ B,(3)+ B1(3)z + . ..
(A.43)

B*(z,y) =~ Bi(3)y +....
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APPENDIX B: COHERENT STATE PROPERTIES
In this appendix it is explained why a coherent state is a minimum uncertainty

state. One begins by considering the functional

J(3) = [ xd(4) - id(B)] > 0 -
J(V) = ($]AdH(4) + id'(B), Ad(A) — id(B)[#) = 0 '

where A and B are Hermitian operators and where the mean values A, and B are

real. In (B.1) the deviation of an operator Q is defined as
d(Q)=Q-Q, (B.2)
where the mean value of Q for a state |1) is defined as

Q = (¥IQl¥).

If one has the commutation relation for the Hermitian operators A, B, and C
[A,B] =1C, (B.3)
then the deviations satisfy the commutation relation
[d(A),d(B)] =:C. (B.4)
One then finds from (B.1) that
J(A) = A?0?(4) + AC + ¢*(B) > 0, (B.5)

where the variance for an operator Q is

o(@) = V(¥|Q%¥) — (¥IQl¥)>. (B.6)
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If J()) is to be a minimum for all A, then

M| {

o(A)o(B) > <L (B.7)

This is seen if one writes (B.1) as

C \? c \’
— — ) - —=— 2 > 0. .
J(N) (/\U(A) + 2cr(A)) (ZJ(A)) +0%(B) =0 (B.8)
Since J()) must be > 0 for all values of A, it follows that
o(4)0(B) 2 £ (B.9)

An additional condition is required to assign a value to A. One is seeking a state
|¥) which will produce equality in (B.9), the minimum uncertainty value. To achieve

this, one requires J(A) = 0, and this occurs for

~-C
A= A (B.10)
This minimum value of J()) is valid if and only if
(Ad(A) —id(B))|p) = 0. (B.11)

As an example, one considers the time-independent Hamiltonian for the simple

harmonic oscillator

=P ‘2* @ (B.12)
Using A = q and B = p, one finds the equality
o(p)o(q) =n+1/2 (B.13)
and the moments
(nIp%In) = (nla?ln) = n + 3, (B.14)

2
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which are valid for the number state |n). The minimum uncertainty value occurs for
the ground state |0), and o(q) = o(p) = 1/+/2 since § = p = 0. Also (B.10) and
(B.14) imply A = —1 and

(a+:p)|¥) = (7 +ip)l¥). (B.15)

This condition can now be used to find the coherent state |a) as a coherent

expansion in the eigenstates |n) of (B.12). Using the usual boson operators

a___Q'*'zP 1’=q_zp (B.16)

V2 YEA

and the notations |¢) ~ |a) and a = (g + ip)/V/2, one sees that (B.15) implies

ala) = ala). (B.17)

The state |a) is found from the following argument:

ajn) = Vn|n—1)
alln)=vn+1jn+1)
@)= 3" Calm)
n=0
o0 oo (B.18)
ala) = Caviln—1)=>_ Caaln)
n=0 n=0
Cn+1vn+ l1=aC,
therefore C,, = \(}rﬁ Co.
With the normalization (a|a) = 1, one finds for real Cy
—le?
Co=e °? (Blg)
and
a2 2 a®
loy=e"* ) = n). (B.20)

n=0
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This state may be generated from the ground state [0) of (B.12) as
la) = D(a)|0), (B.21)
with the coherent state operator defined by
D(a) = e®' =22, (B.22)

where a* is the complex conjugate of a. This can be seen using the identity

eATB — (A B 3AB] (B.23)
to write
D(a) = e~ F e <1 —Ga+ “*;a2 +.. ) 10). (B.24)
Since aj0) = 0, one finds
|a) = D()[0)
-y ey, (B.25)
n=0

which is the same as (B.20) since a'*|0) = 1/(n!)|n).
It is useful to see how the coherent state produces the classical limit for an
operator. For example, one can consider the operator q = (a+a')/v/2 at t = 0. For
the Hamiltonian (B.12), the time-developed operator is
q(t) = e'Hige—iH
=ae ' +ale’
a+ip i AP 4

e + —c¢
V2 V2i
= qcost + psint,

(B.26)
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and the classical solution of the equation of motion is

QClauical(t) = (aiQ|a) = 4qc cost + pe Sinta (B27)

where the classical values of q and p at ¢t = 0 are

gc = (e|qla) = (0|D'(a)qD(a)|0)
o+ ot

TV (B.28)

pc= \/i'l, .

In deriving these results, use is made of the fact that D(a) is a displacement operator

with the properties
- DY(a)aD(a) = a+«

D'(a)a'D(a) = at 4+ o* (B.29)

so that the matrix elements are evaluated using the ground state |0).

It is instructive to note additional properties associated with the coherent state
(B.20). The eigenvalues of the number operator N = ata are distributed according to
the Poisson distribution. This follows from the representation of the state |a) given

by (B.20) and from the orthonormality of the states |n) which are used to show

oo
(@|NJa) = > Pa(@)Poisson n
"=_‘|’a|2 . (B.30)
Pa(@)Poisson = = n!al
The meaning of the parameter a can be seen if one uses (B.21) to evaluate the matrix
element of (B.12)

(a«|H|a) = |a|? +1/2, (B.31)
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where this result represents the classical value of the energy plus the ground state
energy. In addition one finds from (B.21) and (B.29) the variance o(H) = ¢(N) = |a|.
The Schrodinger states associated with |a) and the Hamiltonian (B.12) are found

from

la, t) = e~*Ht|a). (B.32)

It follows from (B.20) that
la, ) = e /2 |e~a), (B.33)

so that the time developed state remains a coherent state with a — e~ *a. Also
one notes that the state |a) produces the values o(q) = o(p) = 1/4/2, known as the
standard quantum limits, and the equality o(q)o(p) = 1/2. This is why this state
is considered to be the nearest quantum state to the classical state for the time-
independent simple harmonic oscillator. The g-space wave function associated with

|a) is found by forming the matrix element
¥(g)a = (gle) = (¢/D(a)|0). (B.34)
Using (B.16), (B.23), and (B.28), one finds
U(q)o = €7 P4/ 2¢iPe1(g|eHP|0)

= P/ 2P (g — g.), (B.35)

where ¥,(¢) is the ground state wave function of the simple harmonic oscillator.
Further mathematical properties are useful for evaluating matrix elements using

the coherent state (B.21). The resolution of the identity operator is found to be

2 [1a)aldta =1, (B-36)
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with d?a = dRe adI'm . This is seen using the expansion (B.20) to write

1 1 [ i(m—n)¢
-;/d2a|a)(a]_;/o |ald|a|x/o d¢ZZe(

el
\/_____
— Z |n)(n‘ |2ne-|a|2d|a|2 (B37)
=3 In)nl = 1.
n=0

It can also be seen from (B.20) that the these state are not orthogonal, for one can

show

[(«|8)| = e~le—#1I"/2, (B.38)

which approaches orthogonality for large values of |a — 8. For this reason the states

|a) are said to be over complete. A particularly useful property is the relation
(alF(a,a%)le) = (0|F(a + a,a’ + a*)|0), (B.39)

which holds for normal ordered functions that have an expansion in operator products
of the form

at™a”, (B.40)

This result is easily established using D¥(a)D(a) = 1, (B.17) along with its adjoint

equation, and (B.29) to write
(aja’™a"|a) = a*™a™(ala) = (0|(at + a*)™(a + a)"|0). (B.41)

In addition, the operators a and at have a differential operator representation for the

coherent state |a). Using (B.21) to write
o) = e =%/2]0) = (af — a*/2)la), (B.42)
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one finds

atle) = (5 +a /2)la), (B.43)

which along with (B.17) gives the desired representation.

APPENDIX C: THE SCHRODINGER STATE PHASE
The phase (3.17) can be found by first differentiating (3.16) with respect to 3,

and then using (3.15) to write the matrix element

.aa,,(s)+ _ ﬁ
‘55 ™\ 55

n,§) = —i(n, 3|H(3)|n, 3)

- %(w'2 + K(3)w? + 1/w?)(n + 1/2), (C.1)

where (3.13) is used to express the Hamiltonian (3.1) as a function of b(5) and its

adjoint. The matrix elements of this operator can be found from

bt|n,8) = vr+1|n+1,3) (C.2)
and
bln,3) =vnln-1,3) = (n,5b'=vn(n-1,5. (C.3)

Making the replacement n — n — 1 in (C.2), one can derive the identity

(n,E %‘-’g n — 1,5) + <n§ bfa% n—1,§)
=+n (n,§ i_ n,§) , (C4)
03
where
%"gl = %(i(ww" —w'?) = 2w’ /w)b + i(ww" — w'?)bt. (C.5)
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Therefore

(n,§

_3_ n,§> = (0,5 0

95 5?‘
(0
one finds from (3.5), (C.1), (C.6), and (C.7) the differential equation

da;s(g) _ (n + %) I_ﬂ% (C.8)

0, 5) +1 %(ww" - w'?). (C.6)

Choosing

H(ww" — w'?)

o,
£'0,s) =, (C.7)

which has the solution (3.17).

APPENDIX D: SQUEEZED STATES AND CHARACTERISTIC FUNCTIONS
In this appendix the properties of a squeezed quantum state are described. It is
seen in Appendix B that it is possible to have equality for the uncertainty product
(B.9) and at the same time equality of the variances 0(A4) and o(B). This led to
the construction of the coherent state (B.20). It is also possible to have a minimum
uncertainty product without having equality of the variances, and this is the property
of the squeezed state which is generated from the ground state |0) of the Hamiltonian

(3.9)as |€) = S(€)|0) using the operator
S(€) = (& —ea")/2 (D.1)

with ¢ a complex number. To demonstrate the nature of the squeezing operator, it

is useful to introduce the Hermitian operators Y; and Y, defined by the equations

Y, +iY; = (q+ip)e~*/?
. (D.2)
Y, — Y, = (q—ip)e*?/?,
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where ¢ is the phase of the complex number £. Using the state [¢) = S(£)|0) in the

expression for the variance (B.6), one obtains the results

o(Y1)e = e ¥1/V2
(D.3)
o(Ya)e = elél/ V2.
Here it is seen that the variance o(Y) is reduced (squeezed) below the coherent state

standard quantum limit 1/+/2. However, o(Y2) is increased above this value in such

a manner that the uncertainty product remains an equality
o(Vi)o(¥s) = 1/2 (D4)
In deriving the results (D.3), one uses the transformation property of the operator a
S(¢)aS*(¢) = acosh |£] + e*? sinh [¢[a’ (D.5)

and the adjoint of this expression.

The moments of the operators q, p, and N = a'a for either the squeezed or
the coherent state can be found through the use of the appropriate characteristic
functions. Characteristic functions for these operators using thermal field methods
[8] and a combined coherent squeezed thermal state have been derived in [9], and the

special cases associated with zero temperature can be easily found from
C(\ &, @), = ezplire g, — (e *0(B))*A2/2] (D.6)

C(\ &, a)p = eapliretp, — (f(8)2A2/2], (D.7)

o(8) = |/ 5 coth(8/2), (D.5)

with f = hw/kpT. The moments of the number operator for either the squeezed or

where

the coherent state can be found from the characteristic function for the Hamiltonian
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operator H = N + 1/2 using a coherent squeezed thermal state. This characteristic

function for non-zero temperature is

w . e%a¥a/(¥a—1)  oTrys/(ys—1)
C()\ & a)p = /;Z ¢—(Ab+Ba)/ab N = (D.9)

with the notations

a=(a—-1)/a, b=(b-1)/b,
£, = Ala(l —a), z; = B/b(1-b),
A= (g2/2)e™™, B =(p}/2)e*, (D.10)
a = e %(a(B) +1/2) + 1/2,

and

b= e (n(B) +1/2) + 1/2.

In the above

A(B) = (ezp(B) — 1)7, (D.11)

and g. and p, are the classical values (B.28) of the operators q and p. The nt

moment of an operator Q is found from

S CNafi"lxmo. (D.12)
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