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Abstract

We study the transition from perturbative QCD to Chiral Dynamics (linear
o model), which describe physics between Mw and u, and between p and My,
respectively. This is done within the context of K decays. The smoothness of the
transition is shown by comparing the explicit form of the anomalous dimension

matrices in both pictures and by checking the approximate cancellation of the u

dependence.
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Understanding non-leptonic K meson decays has been a challenge for more
than three decades. There has been considerable progress recently. Within the
context of the standard model of SU(3) ® SU(2) ® U(1) strong and electroweak

interactions we now know the Hamiltonian:!

6
Hy = —%sineccosac Z Ri(1)Qi(p) + h.c., (1)

=1
where 8, denotes the Cabibbo angle; Qi(y) are a complete set of 4-fermi (di-
mension 6) operators and R;i(u) are Wilson coefficients. Starting from a simple
(V- A)® (V — A) 4-fermi interaction of quarks at an energy scale of My, the
Hamiltonian (1) contains QCD corrections due to physics in the energy scale be-
tween My and u. The challenge of understanding non-leptonic decays has now
been reduced to that of computing the matrix elements of the quark operators
Qi(u) between physical meson states. This is not a simple task. The matrix
element for the K — f decay, < f|Qi(u)|K >, which is evaluated at the energy

scale of My and Mg, contains the hadronic correction from physics below u.

To evaluate the decay matrix element < f|Qi(¢)|K >, we must have the
theory of the strong interaction below the energy scale u. For the QCD compu-
tation of R;(u) to be reliable, we cannot take 4 to be much smaller than 1 GeV.
In order to describe the strong interaction physics below 1 GeV, we use a chiral

Lagrangian based on the linear o model.

Since p is an artifically introduced energy scale at which we change from the
quark picture to the meson picture, the physical amplitude for the K — f decay
cannot depend on p. If the linear o model is indeed a correct extension of QCD
to low energy, the 1 dependence in R;(p) governed by QCD must cancel the p
dependence of < f|Q:(u)|K > governed by the ¢ model. In this note we present
a first indication for such cancellation.? It has been shown that the linear & model

gives a satisfactory description of meson physics below 1 GeV.?

In a previous paper* we pointed out that the matrix element of the Qg op-

erator has an additional enhancement factor of 2 ~ 3 to that computed using



the vacuum saturation approximation. Based on this point, we suggested an ex-
planation for the AI = 1/2 rule. The above result was based on the tree level
computation. In this paper we study the p dependence of the physical K — nn
amplitude by computing the counterterms associated with the loop correction to

the matrix element.

At low energy, we assume that the strong interaction is described by the

SU(3)[ ® SU(3)g linear o model:3

Lot =Tr(8,M&* M) + Zym* Tr(MM?') — 2), -i-yszr(MMfMM*)
(2)
Tr[m°(M + Mt)],

A o 2,1
(2= D)gu* (TrMMh) " + 7o

where M transforms like (3, 3) under SU(3); ® SU(3)g, and m? is a bare diagonal

current quark mass matrix, m; = mlbi, where m{ = mj = myy, m§ = mys,

assuming isospin invariance. G,° is renormalized as G1(p) = (Zpf)"1G1° where

mO

Zm ¢ is a fermion mass renormalization constant in QCD, because the ratio 2
mf ’ G

is not renormalized in the linear 0 model. For simplicity we adopt the large
N, approximation and drop interactions like (Tr(MM1))? and detM in the tree
level. The counterterms are given by Z) = Z,, = 1 + %\g—g in the one loop
level (¢ = 2 — %;n is the dimension of integration). As for Hw, in the same
approximation, only @1, @2, @4 and Q¢ contribute to the K decays. We write

these operators in terms of bosons. At the tree level,

Q1 = —4(Lu)an(L*hs, Q% = —4(Ly)23(L¥)n,

0 0 1 3
Q4 = _4(LIIL”)23’ QG = _2(010)2 (MMf)23 ) ( )

where L, = Mo, Mt — 8,MM*.

To compute the loop correction, we introduce counterterms:

Qi(k) = Q7 + (Ziy — 6:1)Q7, (4)

2



where Q9 is a set of operators needed to remove all divergences. The weak

Hamiltonian now becomes:

6

Gr .

Hy = ——=sinbecos0. ¥ Ri(1)Zis(1)Q% + h.c. (5)
\/5 1=1

Since R;(p) is computed in the mass independent renormalization scheme, we

must adopt a compatible procedure in computing Z;;(u).

It is well known® that Z;;(u) can be obtained from counterterms computed
in the symmetric phase of the linear ¢ model. Here we use the dimensional reg-
ularization scheme with the minimal subtraction prescription, i.e., keep only the
terms which are proportional to % This determines the entire 1 dependence of
Qi(p), since neither the spontaneous chiral symmetry breaking, quadratic diver-

gence and quartic divergence, nor the finite part introduce additional x4 depen-

dence.

In Figure 1 we show the relevant divergent diagrams which contribute to the

u dependence of the matrix elements for the K — w7 decay.

The result is

Q) = @ + oy (@3 + QF — 208",
3\ , olt A,
Q2(k”) = @3 + g5 (QF + QF —201") + 52 @, (6)
Qs(4*) = Q1
Qs(u*) = Q8+ ((Zmp)* — DX,



with

= —4(Ly)23(L*)11, QF = —4(Lu)aa(Lkhs,
O = —4(L,L#)93, L, =08,(MMY),
o — —4[(* MO, M )ga(MMP)1y + (8* MO, M1 (MM,
o = —4[(*MB, Mo (MM13 + (8* MO, M) 13(MM*)y],
o = —4(*MOM MM + MMO* MO, M3,
= —4[2m* (MMt MMy — (3* MM M3, M*),3),
¢ = —4[m*(8* M8, M" )23 — m*(M'M)z3]u~7%,
oM — g MMIMM MMy Zf)zs,
Q° = Qi +QF +207" +2Q¢ + T Q"” +2Qg",

(7)

where @° is the sum of the pure AI = 1/2 operators in the symmetric phase. In

the leading order of -

the loop diagrams but the renormalization of G1°.

- expansion, the counterterm for ¢ does not come from

@4 is not renormalized in the

same order, because it was born after the loop corrections of Q5. Note that Qf

and () induce an explosive number of new operators, “QNew” from the strong

interaction correction. All of them have to be kept since < f|QVe¥|K > can be

written in terms of < f|Q?|K >, (i = 1,2,4,6), when the chiral symmetry is

spontaneously broken. Indeed, the operator relations given in Equation (6) lead

an equation for any matrix element of K — 7# amplitudes:

3\ .
<Qi(p®) > = <Ql>+642 <Q7;>
2 _ o 3 o
< Q2p) > =< @y >+ <Q1 >
3\ 2
+1287r2(+3M2 2)<Q“

N 3\ F. 2(m2
12872¢ \ Fg ) 2M2%

<QuEY > =< Q5 >, < Qolut) >=< Qg > —59;; <>

(8)



In deriving Equations (8), we use < Qf >=< Q3 — Q¢ > that holds for all the
tree level matrix elements in X — 7w decays. We are now in a position to discuss

the . dependence of the S matrix:

d d d

_Sma riz ©~ -5 Ik : L j

b S Zi:(“duR <Q;> +R,udﬂ < Qi >)
N 9)

= Z (R,"y,.j <Q; >Ry, <Q; >) .

The anomalous dimension matrix 'yf;l in the @1, @2, @4, and Q¢ can be obtained
from Equation (9). We list our result together with that of QCD:

01 0 0 01 0 0
3} 1 0 & 1§ 3x (1 0 b
V== O ; (10)
2r 10 0 0 0 3272 10 0 0
0 0 0 -3 0 0 c
where
1 2  M?
== (14+ 2K _
¢ 2( +3M§—M2,)’
b:l(mgs _.m33> (fzr.)z (11)
2 QM?( M? Fg)’
48T ¢
C = — .
by

We do not expect to obtain an exact cancellation because there are several aprox-
imations done in the course of our calculation. We go up only to one loop level,
we use the 1—\1,: approximation, and the choice of our matching point u ~ 1GeV
may be too small for the QCD perturbation expansion to be valid and too large
for the o model to be valid. In spite of all these points, the fact that the matrices
v and vM have the same general structure is very encouraging. The zeroes of the
matrix elements agree with one another; for nonvanishing matrix elements, their

signs also agree; features like v12 = 721, y21 > 24, Y26 are common properties.



In Figure 2 we give a rough comparison of v{4 and 712 using

27 1 8r% 1
a(pu) = 9 = Mp) = EENS (12)
Aqgep n,

with Agcp = 0.4 GeV and A fixed by choosing as matching point for 712 and
'y% the value po of 1GeV.

Considering the roughness of this computation, we find the result rather
satisfying. The value for A(x) is somewhat small in order to obtain an M, of
900MeV, but we remind the reader that M, is rather sensitive to the presence of
the (Tr(MM?1))? interaction. Also, both a(u) and A(x) are computed with the

lowest order B functions.

We conclude with some speculative comments. It can be shown that both
a(p) and A(p) may have a region of p in which they are both approximately
constants when the Borel summation® of the power series expansion for the j
functions are performed. It is therefore conceivable that there is a finite overlap
region in which a(u) o< A(g). Our results suggest that a nonperturbative com-
putation of v and v would lead to a smooth transition from QCD to the chiral
Lagrangian we adopted. The corresponding figure may resemble that shown in

Figure 2.

Note that the low energy running of the Wilson coefficients may lead to an
additional enhancement (suppression) of R_(R+), where Ry = -1—12%:—& This
may give a further enhancement of the Al = 1/2 amplitude over the AI = 3/2

amplitude.
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Figure Captions
Figure 1:

The diagrams which give rise to counter terms. ® and o denote an insertion

of weak interaction (Q9,Q9), and strong interaction, respectively.
Figure 2:

The u dependence of the anomolous dimensions (712,7{4 ) and the Wilson co-
efficients R:. The following values of the parameters are used: Agcp = 0.4GeV,
A = 1.99GeV, m; = 2.0GeV, and pp = 1.0GeV (the maching point). We conjec-
ture that the higher order contributions to ;2 and 7% will make the transition
between QCD and the linear o model smooth. Note also that we expect enhance-
ment of R— over R4 from physics below 1 GeV. This will further enhance the

AI = 1/2 amplitude over that of Al = 3/2.
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