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Abstract

This note is based on the work we did in August, 1989 for parameterizing

Irwin factorization kick map. A semi-parameterization method was employed in

which the linear part of the map is three-dimensional (six-dimensional in phase

space) while the nonlinear part of the map is two-and-one-half-dimensional. The

one-half dimension can be eliminated once the parameter (off-momentum) is

updated at the beginning of each turn of the kick map.

• Operated by Universities Research Association, Inc., for the U.S. Department of Energy
under Contract No. DE-AC02-89ER40486.





1. INTRODUCTION

In 1989, Irwin proposed a method of converting a Dragt-Finn factorization [1]

of a Taylor map into kicks. [2] This method is different from another method [3]

in that only the minimized highest-order rotation bases are used as the bases for

all orders while Lagrange multipliers are employed for (a) eliminating the extra

independent bases in order to obtain a unique solution, and (b) suppressing the

higher-order (order higher than the order of the original Taylor map) artificial

terms. If the artificial terms can be suppressed enough and be negligible, then this

method may be promising for fast long-term tracking. Therefore, an investiga­

tion was started right after Irwin's proposal to verify its applicability for the SSC

long-term tracking. In order to enhance tracking speed, a semi-parameterization

method was employed to parameterize the nonlinear part of the Dragt-Finn fac­

torization map and therefore reducing from three dimensions to two dimensions

for the kicks proposed by Irwin. To accomplish this, the one-turn Taylor map

should not involve any RF cavity so that the off-momentum (represented by the

energy deviation 8 = t:.E / E) be kept invariant and so be treated as a parameter.

To update the off-momentum, one simply track the particles over the RF cavities

separately.

Let a closed-orbit Taylor map (can be extracted using Zmap [4] for the SSC)

be extracted up to the n order for a beam line from after an RF cavity to before

the next RF cavity. The map can be expressed as follows (we adapt the same

notational convertion as in ZLIB [5] manual):

n
m : i = D(i) = Mi + L U k(i_),

k=2

where the transpose of the coordinates are

iT = [Zl,Z2, ... ,Zn] = [i T , 8, Pc],

iT = [x, Px, y, Py]'
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and the transpose of the VTPS (vector truncated power series) is

Note that Px , Py, and Po are the conjugate momenta of x, y, and 0 respectively.

U5(z) = 0, that is, the off-momentum, 8, is an invariant since no RF cavity is

involved for acceleration. The nonlinear part of the map are only dependent on

x (x =[x,Px,y,PyJ) and 8, not on Po as we have explicitly expressed ijk(z_)

for k > 1 as nonlinear VTPS of z- = [x, Px , y, Py,oJ. Furthermore, each of the

constant term in U, (i = 1,2, ... ,6) is O.

2. BLOCK DIAGONALIZATION OF M

Before the nonlinear Dragt-Finn factorization can be performed, block diago­

nalization and similarity transformation are necessary such that the transformed

map is semi-normalized in the linear part. In order to parameterize the nonlin­

ear Dragt-Finn generators, the transformed nonlinear part of the map should

be independent of Po and the transformed ug(z) should be a for k = 2, n. We

describe, in this section, the method we used to accomplish this.
~

The linear part of the Taylor map can be generally expressed as a symplectic

matrix given by

m 0)
1 a
a 1

with the constraint that M and N (N is a 4 x 4 matrix) are both symplectic,

that is, M TSM = 5 = S6X6 and NT SN = 5 = S4X4' where mand Ii are vectors

with 4 elements and
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with

(0-1)
S2x2 = 1 0 '

First, we found the first-order parameter- (b-) dependent closed orbit Xc by im­

posing that

and so

where

Then, we found a symplectic generation matrix MI to transform the coordinates

X into the linear-order-b-dependent-closed-orbit coordinates while keeping the

parameter, b, invariant. Po is inevitably transformed to have MI symplectic, i.e.

to have M[S MI = S. The generator M I is given by

and its inverse is given by

( 0)
1 0 ,

o 1

M - I ­
I -

-
-~

1

o

where S = S4X4. The forms of the generator lvfl and its inverse u;' show

that through the similarity transformation, we would still have the two required

properties (8 is an invariant and x is independent of Po) for parameterizing the
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nonlinear Dragt-Finn generators. Performing the similarity transformation we

have

n
m': z= (M l mM~l): z= (M1"lMMdz +L M1" lUk(M

1z),

k=2

or simply,

n
m' : z = M'z + L U'k(z),

k=2

where

(

N 4 X 4
-To
-To

o
1

and a c = a + fiTsf is the momentum compaction. Note that M1 and M~l are

the symplectic transformation generator representing the matrices M l and 111[1"1

respectively. However, for convenience, we have followed the convention that Ml

and MIl operate on the global variables while their matrix representations, M 1

and M 1-
1 operate on local variables. Please also note that U~k(z) = 0 and U'k(z)

is independent of Ps for k ~ 2.

Now that the transverse linear map N is decoupled from the longitudinal

space, the linear part of the map, M', can be semi-normalized by another simi­

larity transformation as follows:
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C'X4
0

~)
-T 1 = MR = NI~-l M'Mf0
-T
0 Q c ell ....

D
- -0

C'X'
0

~) Cl 0

D
....T

1
.... T

1
-T

10 0 0
-T

0
.... T -T 00 0 Qc 0

(NIlN4 x,Nl 5

D
.... T

10
.... T
0 Q c

where

R4 X4 = NIlN4 x 4Nl

is the usual normalization for a 4-dimensional symplectic matrix. The map is

thus transformed as follows:

n
1m : Z = (M~ m' M~-l) : Z = (Mf-l NI'MDz +L Mf-1Uk(M~ z),

k=2

or simply,

n
1m : z= MRz+ L lUk(Z-).

k=2

The form of the matrix MR, which has already been decoupled between

the transverse coordinates and the longitudinal coordinates, guarantees that an

additional transformation by operating Miil on the map would not destroy the

two requirements (8 is an invariant and non-linear part of the map is independent

of Pc) for parameterizing the nonlinear Lie generators. So we made another
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transformation by operating M"R 1 on the map and obtained

n
.... (M- 1 ).... .... '" U.... k(M- 1 ....)2m : Z = R 1m : z = z + L..J 1 R Z ,

k=2

or simply,

n
- - '" U-k ( - )2 m : z = Z + L....- 2 z-.

k=2

(1)

Note that M"R 1 operate on the global variables and its matrix representation

Mi/ operate on the local variables. 2 u; (z) = 0 and 2Uk(z-) is independent of

Po for k 2: 2.

3. DRAGT-FINN FACTORIZATION

We reformed Eq. (1) as follows

n
.... - U-2 ( - ) '" U.... k(- )2m : Z = Z + 2 z- + Z:; 2 Z-,

k=3

where z- = [x, 8] indicates that 2Uk(z-) is independent of Ps,

To obtain the second-order Lie generator, since 2Ul(z-) = 0, we let

so

and so

where

8

(2)

(3)



Note that the second-order Lie generator, 12(z-), is a third-order polynomial of

z-. Note that 12 (z-) is independent of PfJ. Since

exp(: 12(z-) :)z = z+ [12(z-), i] + [12(z-), [h(z), i]]j2! + ... ,

we let
n

2m : z= exp(: Jz(z-) :)z + L,6. 2U k(Z- ),
k=3

where
n
L,6. zUk(z-) = 2m : z - exp(: f2(z-) :)z.
k=3

Then we obtained

n
3m: z= {exp(-: 12 (z-) :) 2m}: z= z+ 3(j3(Z-) +L 3Uk(Z-), (4)

k=4

Eq. (4) is similar to Eq. (2). So we let [13(z- ), z ] = 3U3(Z-) to obtain the

third-order Lie generator given by 13 (z-) = -zTS 3U3(z- )/4 and follow the

similar process as we obtained Eq. (4), we obtained

n
4m: z= {exp(-: f3(Z-):) 3m}: z= Z+4U 4(Z-) + L 4Uk(Z-), (5)

k=5

Through iteration, we finally obtained all the Lie generators

t, (z-) = _zTS i Ui(z- )j(i + 1),

and

(6)

n
.... { ( ./( ... ).) }.--- V-i+ 1( - ) "" V- k ( - )i+l m . z = exp -. i z- . i m . Z - Z + i+l z- + LJ i+l z- ,

k=i+2
(7)
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and so

n
n+l m : i = {exp(-:fn(i-):)nm} :i=i+o+1Un+1(i-)+ L nUk(i-)

k=n+2
= i + 0"( f2 + 1) ~ i = Ii.

Therefore, neglecting terms with order higher than !l, we had (in terms of global

variables)

M - 1M '- l M M'M M-1M'-lM M'Mm = 1 1 R 2m 1 1 ~ 1 .1 R m f 1 1,

where

mf = exp(: h(i-) :)exp(: h(i-):) ... exp(: fn(i-) :). (8)

4. KICK FACTORIZATION BASES

Followed Irwin's Work, we first decided the total number of kicks necessary.

Recall that each of the Dragt-Finn factors, fi(Z- )'s, is independent of Pb , i.e.

its longitudinal dimension (8, Po) has already been in a kick form, we only need

rotation basees in the transverse dimension. Since the same rotation bases are

used for each of the Dragt-Finn factors, Ji(i- )'s, the minimum required number

of kicks is determined by the highest-order of Dragt-Finn factor, fn(i-), which

is given by [2]

{
(f2 + 3)2/4 if n is odd

K>
- (!l + 2)(f2 + 4)/4 if n is even.

Once the total number, K, of rotation bases is chosen, the next step is to

choose the rotation bases. We used random number generator to generate the

two sets of rotation angles, f)xk and (}yk, k = 1,2, ... ,K. Note that 0 ::; Bx k < 7r

and 0 ~ f)yk < tt for all k's. If two of the angles are too close in a set, that
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set of angles were regenerated until no two angles are too close based on a pre­

determined criterion. We then calculated the rotation bases, which were given

by

Cyk = cos ()yk,

Syk = sin ()yk.

New local base coordinates were then formed by letting

Xk = Cxkx + SxkPx

Yk = Cyky+SykPy

The task of this section is to construct from the Dragt-Finn factorization given

in Eq. (8) a kick factorization of the form

m g = exp(: 91(x1+ ) :)exp(: g2(x2+) :) ... exp(: gk(Xk+) :) ... exp(: gK(XK+):)

(9)

such that

where m f is given in Eq, (8) and xk+ is defined as xk+ = (xk'Yk,fJ) with the

'+' to emphasize that the third dimension, S, although appears, has no effects in

determining the rotation bases.

5. KICK FACTORIZATION OF THE SECOND-ORDER

DRAGT-FINN FACTOR

The task is to find 29k(xk+), for k = 1,2, ... ,K such that

K

L 29k(xk+) = h (i-),
k=l

11



that is,

K n m

L L f3tm o xi: Yk {)O = L L L aT~mo X
T PXn

-
r yS pym-s 80,

k=l n+m+o=3 n+m+o=3 T=O s=o

if we take the explicit power series for 29k(xk+ ) and f 2(i - ). Therefore, the pur­

pose is to find all the f3r: m o for k = 1,2, ... ,K, and for all possible combinations

of n,m,o such that n + m + 0 = 3 (note that both of 29k(xk+ ) and h(i-)

are 3rd-order polynomials). Simply speaking, for each possible combination of

n, rn, 0, the task is to find all the f3;:mo for k = 1,2, ... ,K such that

K n m

L f3r: m o xl: Yk =L L a::s
m o xT

px
n

-
r yS pym-s.

k=l T=OS=O

(10)

Note that the third dimension, 8, is a common factor on both sides of the" "

sign, and so has been taken out of the equation. Therefore we have exactly the

same equation as Irwin's except an extra superscript, "0", appears for f3r: m o and

aT~mo to indicate that there are more coefficients than a non-parameterized case.

To solve Eq. (10) for f3r: m o , k = 1,2, ... ,K (n,m,o fixed), the key is to

take xJ:Yk' k = 1,2, ... (n + 1)(m + 1) as complete bases (can always be proved

afterwards). Note that K was chosen such that (n+1)(m+l) ~ K for all possible

combinations of n, m, 0, such that n + m + 0 :s n + 1. With the new complete

bases, we can obtain

(n+l)(m+l)
T pn-r s pm-s _ """' Cnmo xn ym

X x y y - L...,; r sk k k

k=l

for each combination of r, s, where r = 0,1, ... n, and s = 0,1, ... m, and

(n+l)(m+l)
n m ~ nmo n m

XjYj = L...,; qjk Xk Yk
k=l

12
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for each of the extra rotation bases xjYj, j = (n+ 1)(m+1)+1, ... K. Substitute

Eqs. (11) and (12) into Eq. (10) we have

(n+l)(m+l) K

L f3k
nm o xi:Yk + L f3pmo

k=l i=(n+l)(m+l)+l

(n+l)(m+l)

L qrkmoXkYk
k=l

n m

=LLar~mo
r=O s=O

or after rearranging

(n+l)(m+l)
~ Cnmo n m
L.J rsk xk Yk ,
k=l

(n+l)(m+I) n m

~ ~~ anmocnmoxnym
L.J L.J L TS rsk k k'
k=l r=O s=o

An easy solution would be

(13)

n m

f3nmo = sr: = ~~ a nmo C nmo
k k L.J L rs rsk,

r=O s=o

and

k = 1,2, ... (n + 1)(m + 1)

f3nmo - 0
k -, k = (n + 1)(m + 1) + 1, ... K (14)

However, such solution would, sometimes, result in large artificial higher-orders

in the final kick map. So we follow Irwin's minimization method to introduce a

set of Lagrange multipliers ).. j, j = (n + 1)(m + 1) + 1, ... K so as to introduce

(k - (n + 1)( m + 1)) constraints to eliminate the extra independent bases xjyj,

j = (n + l)(m + 1) + 1, ... K for a unique solution of f3t mo, k = 1,2, ... K. The

Lagrange multipliers are introduced to minimize the sum of the squares of ,BJ:mo ,

k=L2, ... ]{.
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With the introducing of the Lagrange multiplier, an equally valid solution as

opposing to Eq. (14) would be

K

!hn m o = j3k
n m o

- L Aj qito

j=(n+l)(m+l)+l

j3 nm o _ \
k - Ak,

k = 1,2, ... (n + l)(m + 1)

(15)

that is, let the coefficients j3t m o, k = (n + 1)(m + 1) + 1, ... K, of the extra

independent rotation bases be Lagrange multipliers instead of 0 given in Eq. (14).

Since these Lagrange multipliers are introduced to minimized the sum of the

squares of j3rm o , [2] k = 1,2, ... K. We therefore got k-(n+1)(m+1) constraints

by setting the derivative with respect to each of the Ak , k = (n + l)(m + 1) +
1, ... K, as follows:

(n+l)(m+l) ( K )

L 'firm o
- L Al q[km o

k=l 1=(n+l)(m+l)+l (16)

for j = (n + l)(m + 1) + 1, (n + l)(m + 1) + 2, ... K.

Equation (16) has a total of K -(n+1)(m+1) linear equations of K -(n+1)(m+1)

variables Aj'S. The linear system can be easily solved using standard numerical

libraries. We therefore get a unique solution for f3k
nm o given by Equation (15).

Note that other combinations of n, m, 0 such that n + m + 0 = 3 can be ob­

tained by following the above process. Once we have gotten all the f3rm o ,s for

k = 1,2, ... 1<, and all possible n, m, 0, such that n + m + 0 = 3, we have gotten

2gk(xk+) for k = 1,2, ... K such that

K

L 2gk(xk+) = h (7:-),
k=l

that is, the kick factorization for the 2nd-order Lie factor is finished.
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6. KICK FACTORIZATION OF THIRD-ORDER

DRAGT-FINN FACTOR

Now that we have gotten

2m g = exp(: 291(xl+):) exp(: 292(x2+):)

... exp(: 29k(xk+):) ... exp(: 2gK(xK+) :),

our next step is to expand 2mg into a Taylor map and then convert the Taylor

map into a Dragt-Finn Factorization map up to 3rd order. Let it be

Then we have

zff(z-) = f 2(z-)

and

3f3(7:-) = f 3(7:-) - 2f[(7:-) f- 0 in general.

The task in this section is to find 39 k (x k +), k = 1,2, ... K such that

K

L 39k(Xk+)=3!J(Z-).
k=l

This can be done by following the similar process discussed in section 5. Then

add 39k(x k+) to 29k(xk+) for k = 1,2, .. , K to get

where

3m g = exp(: 391(Xl+):) exp(: 39z(x2+):)

... exp(: 3gk(xk+) :) .,. exp(: 3gK(xK+) :)
(17)

k = 1,2,3, ... K.
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7. KICK FACTORIZATION UP TO n ORDER

Assume we have gotten

i":» = exp(: igl(Xl+):) exp(: ig2(X F2+) :)

'" exp(: igk(xk+):) ... exp(: igK(xK+) :)
(18)

Following the similar process in section 6, we would first expand i m g into a Taylor

map and then extract from the Taylor map a Dragt-Finn Factorization map up

to i + 1 order, i.e. we would have

i m g = exp(: i ff(i-) :) exp(: i ff(i-) :)

... exp(: iJ!(i-):) exp(: iff+l(i-):) +O"(i + 2)

where

for j = 2,3, ... i.

and

The task is then to follow the process in section 5 to find i+19k (Xk +),
k = 1,2, '" K, such that

K

L i+l gk(xk+) = i+lJi+l (i-).
k:::l

Then we get

i+l rng = exp(: i+lg1(X1+):) exp(: i+lg2(X2+):)

'" exp(: i+lgk(xk+) :) ... exp(: i+lgK(xK+) :)

where

(19)

k = 1,2, ... K.
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Iterate the above process until i + 1 = Q. We therefore have the original closed­

orbit Taylor map be represented by a kick factorization map as follows:

M - 1M '- l M M' Mm = 1 1 R m g 1 1

where

or simply written as

(20)

8. KICK MAP TRACK

Equation (21) can be further transformed by taking the rotation out of the

Lie operators to get a global variable form, that is,

where'Rk and 'RJ:1, k = 1,2, ... K, are 4-dimensional (phase space) rotations.

We could combine adjacent rotations to get

m - 'D e:Y1(X,y,D): "T) e:Y2(x,y,8): '0 e:Yk(x,y,8): '0-1 "T)

g - 1'-1 ''-12 ' .. 1'-(k-1)k ''-k ... I'-(K-1)·

Since fh is independent of conjugate momentums (Px , Py , P8) , to advance the

momentum we simply have

for each k = 1,2, ... K
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Therefore,

r, = r, + ,6.P;(x, y, 8)

Py = Py + ,6.P;(x, v, 8)

Pfj = r, + ,6.pf(x, y, 8) for each kick k = 1,2, ... K

where ,6.Px , ,6.Py ,,6.Pfj are given as explicit functional form of x, y, 8. Since at

the beginning of each turn (or after each RF cavity), the off-momentum 8 is

updated and fixed before the next RF cavity, we can substitute the updated 8

into each of the functional form of ,6.P:, ,6.P;, ,6.pf after each of the RF cavity to

convert them into 2-variable polynomial instead of 3-variable polynomial to save

computer time, that is, after substituting 8 into the polynomial in the beginning

of each term we have

P; = Px + ,6.P;(x, y)

Py = r, + ,6.P;(x, y)

r, = Pfj + ,6.pf(x, y)

in each of the kicks to update the conjugate momenta of x, y, 8. Therefore the

nonlinear map m g becomes rotate, kick, rotate, kick, ... , rotate, kick, rotate

for k + 1 4-Dimensional (phase space) rotation and k 3-dimensional kicks. The

linear part are 6-Dimensional. All 6-Dimension coordinates are updated by 6-D

matrix operation.
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