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Abstract

The vortices in the planar nematic are considered using the field-theoretical
description in terms of the RP? g-model. In the strong-coupling expansion the
vortices interactions are considered and the new type of phase transition is ob-

tained in the mean-field approximation.
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1. THE PLANAR RP? MODEL

It is natural to describe the planar nematic in terms of the RP? = §2/2% 2.D
o-model in the same manner as we describe the planar magnetic in terms of the
52 or §% = SU(2) 2-D o-models. The projective sphere RP? appears because
the nematic’s order parameter—director d—defines only the line in the R3, but

not the direction. Thus the effective Hamiltonian is

1 - -
= @/ 0,d0,d dr = — —Zd d +const de RP2 (1.1)

where we sum over the nearest neighbor bonds 7j in the lattice version. Using
the Berezinsky-Villain formalism[1,2] we can rewrite (1.1) as S? ¢g-model with

auxiliary Z, gauge field:
1 - -
S = 577 Eij (7 — Uijriz)?

= 292 Z ¥ n_, U,, + const , n; € S U,, &€ 7. (1‘2)

The statistical sum takes the form

Z=2 Zw

{U}

2wy = f Ditexp | - 72U / 2 | e )
1] i
where {U} is the class of gauge equivalence. Action (we’ll use later the field-

theoretical terminology) (1.2) at U;; = 1 equals to the 0(3) o-model lattice action

with the continuum limit

80(3) = 1 d T Bpn 6 [ 7€ 52 - (14)

But it is impossible to get the continuum limit of (1.2) in the case of the

nontrivial U;; due to the discrete nature of Ui; € Z3. The continuum limit
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is described by (1.1). The nontrivial configurations of Ujj corresponds to the
classical vortices configurations of field d. These configurations arise because
of nontrivial group m1(RP?) = 71(S%/2Z2) = Z3. Using parameterization d =

(7, —11), it € §? the vortex solution can be written, for example, as

ni =cos g

= sin — 1.5
ng = sin g (1.5)
n3=0

where ¢-angle coordinate on the plane. When ¢ changes from 0 to 27, 7 changes
to — and this is the solution on RP2. As usual (see[3]) this solution has loga-

rithmically large action

1

S=—
2g%

1 . e A

where A is the total area of the plane, @ i1s the ultraviolet cut-off, the size of the
plaquette in the lattice model.

Using the standard argument of the Berezinsky-Kosterlitz-Thouless {BKT)
theory[1,2,3] and comparing (1.6) with the vortex entropy one can lead to a
conclusion about BKT phase transition at g% = 7 /8, but the story is not so
simple. The reason is that S% or RP? o-models are asymptotically free[4]. Thus
g depends on the scale p and in the one-loop approximation

-31— —bln e,
9%(p) p
where p is the correlation radius which defines the mass scale. Taking into
account the quantum corrections the vortex-vortex action (for Z, antivortex and
vortex are the same) equals to
TP b o

S1- = ———In— = —In~ )
1 loop 892(p) naz 4 n P nCL (1 7)

and comparing (1.7) with the entropy In p?/a® we see that at p ~ p, the last is

larger, i.e., the quantum corrections shift the effective charge (or temperature)
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g(p) sufficiently large and vortices will be in plasma phase, where the mass gap
exists. The most adequate description of this phase is the high-temperature
(strong coupling) expansion, which leading approximation is determined by the

two first terms in the expansion I/g*:

LU 1
erm Vi g 4 ;—2- i Uij .
In this approximation the statistical sum Z(y) takes the form:
— 1 - —
Zuny = / Dt H (1 + ;-Z-n.'njU.'j) , (1.8)
ij
where the integration measure Dfi [[; dnj is determined in a usual way:

/ dri-1=1 (1.8a)
[ dnin =0 (1.8b)

[ angat = 20, (1.86)

ete.

When calculating (1.8) we find that the statistical sum Zy} comes to the

sum over the closed contours [5]:

L{et)++L(en) n
1
-3?) 1] v(en, (1.9)

i=1

Z{U}=§: 3 (

n=0 {ci...en}

where ¢y, ..., c, are the closed contours on the plane, with the self-intersections,

generally speaking, and U(c) = [[;;c. Ui; is the gauge invariant phase factor

along the curve, and ¢ is the Z3 analog of the Wilson line exp(s §_ A, dz*).
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We sum in (1.9) on the number of contours n and as usual the natural desire
appears for some expression which depends only on one contour. At first sight

the sum on N in (1.9) leads to the exponentiation:
Zwy =exp |y 3¢ LN 2eUD | (1.10)
[

where e/®({U}) = (¢, {U}) is the phase factor for the contour ¢ at given gauge
configuration {U}. However, (1.10) is not the precise analog of (1.9) because
of some of the troubles arising in the case of the self-intersecting contours. To
avoid these troubles we can either work with the honeycomb lattice, where the
self-intersecting contours do not arise due to the odd number of bonds (three)
which are going out from one point on a honeycomb lattice, or we can remember
that (1.8) is the high-temperature approximation only where the contours with
the multiple-passaged bonds are not taken into account. In any way we get (1.10)

where the sum spreads on the nonself-intersecting contours only [6].

Thus in the high-temperature or strong coupling limit, the calculation of the
some vortices configuration free energy comes to the summation over the closed
contours in the “external” field. This field manifests itself as a phase factor

Ulc,{U}) = &®{UD | where the flux through the contour is
&(c, {U}) =7m,
where m is the number of vortices inside C. The average flux density, i.e., the

flux per plaquette, cannot be larger than 7 evidently (see Section 2). Let us note

that in the case of general contours with self-intersections

$(c,{U}) = Z TG

where n; is the winding number of the contour C over the i-th vortex.



The full statistical sum of the RP? model in the strong-coupling limit is

ZR]n =2S Z Z{U} =2S E e—F{U}

) {U}
= 25 exp [32 e—L(C)ln3g2] Z 3 Zce-f-(c)‘“v’[U(c)—l]
¢ {v)
=Z5-2° ) exp [326-”@1’"39’] [U(e, {U}) — 1]
{v} c
=2a2°2Z,, (1.11)

where the statistical sum of the 0(3) o-model Zg2 is a normalization factor here,
Z, is the statistical sum of vortices and equals to the sum of the zero-, one-, two-,

and etc. vortices contributions: Z, =3 o _o Z {(m) where

70} _ 4

2 2
7(1) =/ de_ga exp | —6 Z e—L(c_(a))ln.’ig (1_12)
c—(a)

2 __1 d*a d*b —L{c_(a,b))In3g°
Z()—-E —6-2—-6—23}{1) —'62()6 ((a )) g

here § = | d’a/€® is the number of possible vortex’s positions on the plane,
and in the sum on c_(a) there are only contours which contain point a (with
odd winding number in the general case of the self-intersecting curves), ¢_(a, b)
means the odd total winding number for two points e and b and so on. The gauge

group volume factor 2°, which we shall omit later, in the case of generad group
G equals to (dim G)S.



2. THE PHASE TRANSITION IN THE VORTICES
SYSTEM IN THE MEAN FIELD APPROXIMATION

Consider now the opposite limit when there are as many vortices as plaque-
ttes, i.e., there is flux ® = 7 at each plaquette. Using equations (1.10}), (1.11) it
is easy to see, that in this situation the total number of the length L contours
with the odd winding number equals to the number of contours with length L

and area § = a?(2K + I), k € Z where a? is the plaquette’s area.

For the configurations with the smaller number of the vortices the mean field
approximation is very natural, when instead of some nonhomogeneous vortices
distribution we deal with the homogeneous flux:

®=r (2.1)

=13

where N = S/a is the number of plaquettes on the lattice and m is the number
of vortices. Thus all information about vortices is coded now only in the one

quantity—the number of vortices m or average flux ®.

It is easy to see that ® and the contour C area S are conjugate to each other
and we can write Z, (see (1.10)) in the form of the path integral in the continuum

limit (L = Na = const, N — oo, a — 0):

Zy ~ 2(3) = 5}; / ds &3 z(5), (2.24)

where

2(5)= S etmzs iy, (2.2b)

even L

where Z(S, L) is defined as:

Z(S,L):/---/ DFexp{— % j{ ds#(s)
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- ﬁ %}{dsds 8[7(s) —"(s)]}

1 y IV
X [S— 5 f ds A(r(s))r(s)} : (2.3)

[

The second term in the exponent in (2.3) appears because we must work with
nonself-intersecting contours (v > 0) and the é-function picked out the contours

with the area S, where

—

S=—fdf£(f~);

[S)

=[£,7, £=(0,0,1) (2.4)

is the Green formula for the area of the curve C. Using (2.3)-(2.4) we get the
expression for Z(®, L)

_ -14 dS{?2(8)+%f‘i>[f"(8)f(8)]}
Z(@,L):/---f Die

e = § d3§ ds’ §{r(s)—7(s")] ) (2.5)

It can be shown[7] that problem of the Z(®, L) calculation comes to the calcula-
tion of the statistical sum of the n-component gauge theory ¥4, ¥ = (¢1,...,%n)

in the limit n — 0:

a+100
Z(®,L)= L j{ e MZ(®, )

271

A) = lim f / H Dy, Dpte F¥ (2.6)
F) = | df{;(vﬂ'éw+A|¢|2+r1¢|4} .
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Unfortunately (2.5) and (2.6) cannot be calculated exactly at nonzero 7 and
we start from 7 = 0, thus including the self-intersecting contours in considera-
tion. Then we shall use some scaling arguments to obtain formulae for nonself-

intersecting contours only.

Thus at 7 = 0 the statistical sum (2.5), or more exactly the probability
density P(®, L) for the paths in the continuum limit, can be calculated exactly [8]:

- 1 17e®
Py(®,L) = 4 . 2.7
0( ’ ) wLe Sh(%LE@) ( a)
In the limit & — 0,
1
= — 2.7b
PO(O’L) TFLG’ ( 7)

which is the correct probability density for the closed contours with the fixed
point on the plane and corresponds to the normalization condition of the function
Po(S, L) (see (2.2)) [%° dsPy(S,L) = 1/nLe. Then the statistical sum on the

lattice with the coordination number Z equals
Zo(®,L) = ZYPy(3,L) . (2.7¢)

In the Appendix we shall demonstrate that calculation of the statistical sum
on the lattice comes to the calculation of the Green function of the Hofstadter

problem [9].

Using Egs. (1.1), (2.2), and (2.7) for Fy{v} on the square lattice with Z = 4

we get:

def =
Fo(v) =Fo(®)
Lo os
Y Z e—L1n3g24L.LL Ife@__ (2.8)
even I nLe shyled

Remember, that Py(®, L) using in (2.8) was obtained for self-intersecting con-

tours. To be more accurate we take into account the first few terms in (2.8)
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explicitly (for L = 4,6) and starting from L = 8 we substitute N summing on L
by integration. We get then

16 cos ® % + 432) cos ® + 48 cos 2®
(3g%)4 (3g2)®

i 4\' 1 1L®
4
— _—— . 2.9
+6 / dL (392) — Shi_Lq)-l-const (2.9)

—o0

Fo(®) =

The entropy of the configuration with flux @ equals to the entropy of system of

m particles on lattice with N positions, where m/N = ® /7. Thus
_5231n3+(1—3)1n(1_3) , (2.10)
T

® = 0 corresponds to the system without vortices, ® = = corresponds to the

system with one vortex for plaquette.

The total free energy Fg is determined by the (2.9) and (2.10) and the
temperature dependence is contained in the coupling constant ¢ (we can put
g* ~T).

The function F(;E(g, ®) is described in Fig. 1. It is easy to see that at g < g2
(92 = 1,31) the phase transition occurs to the state without vortices (® = 0).

The question about the order of this phase transition is still open.

Now we use some simple scaling relations to take into account the fact that

we must work with nonself-intersecting contours. Then for & = 0 we have instead

of (2.7a)}

_ 1
P(®, L) = TR (2.11)
where
RZ LQI/

and critical index v = 3/4 for the plane[10].
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Jfree energy

Figure 1.

For & # 0 we can rewrite (2.7) in the form

By 1 iR%® 1 iL%®
= == — f— = . 2.12
P@=00="Tm & [§R2®] wL% shiL?® (2.12)

We use the fact that ® and S ~ R? are the conjugate variables. Using (2.10) and
(2.12) we get finally the free energy F:

_ 16cos @ + 48 cos 29
C (B (30

o0 L 1row=

4 1 LY d

+3 f dL | — ) - .4 —
3g° nL% sh 1@

d b d ®
— —ﬂjln; + (1 — ——) In (1 - —) + const . (2.13)

s ™

FZ

The F* dependence on g and @ is described on Fig. 2. Now we see that critical

value of g 1s g = 1.21.
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free energy

Figure 2.

Thus we obtain the new phase transition in the RP? model (the planar ne-
matic) in the mean field approximation. This picture agrees well with the quali-
tative arguments concerning the vortex-vortex interaction. Namely, two vortices

repulse each other thus there is tendency to diminish the average flux.
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APPENDIX A

Let us show, that Eq. (2.5) at 7 = 0 in the discrete version comes to the Hof-

stadter equation, describing the hopping of 2-D electron in the uniform magnetic
field.

The recurrency relation for the statistical sum Z (é, ®, L) takes the form:
2(R,3,L+1) = / A g(B— B)es¥RR z(R 8. 1), (A1)

where g(R.,R") is the probability of the one step transition. Taking into account
that in the discrete version of the Eq. (A.1) the simple change is needed:

/dﬁ,g(ﬁmﬁ')(...)—rz W(E-B)...), (A2)
where W(R — R") is the local hopping matrix, we get the Hofstadter equation:

- 1 . -
Z(z,y,@,L + 1) = Z{e%'A":Z(:z:,y - 1,‘1>,L)
+ e_%)‘zZ(w,y +1,®,L)
+ 6_%/\3’2(27 - 1,y7 (i)rL)
+ e Z(z + 1,y,&>,L)} , (A.3)
where @ is the flux and (A.3) is written in the gauge A= 1/2(—Hy,Hz), Ha® =
®, here a® = 1.

Eq. (A.3) cannot be solved exactly for all . The solutions are known only for
the rational ®/7, which is reason for the appearing of the well-known “Hofstadter

butterfly” [9]. Here we write as an example the number of the closed contours on

the lattice at ® = 0 and ® = =:
Z(® =0,20) = (CE)?

L
Z(®=02L)=> CrcpCcim . (A.4)

m=0

13



N

10

REFERENCES

. V. L. Berezinsky, JETP 59 (C907); 61 (C1144) (1970).

. J. Villain, J. de Phys. 36, 581 (1975).

. J. M. Kosterlitz and D. J. Thouless, J. Phys. C 6, 1181 (1973).
. A. M. Polyakov, Phys. Lett. B (1975).

. B. Niephuis, J. Stat. Phys. 34, 731 (1984); in “Phase Transitions and Crit-
ical Phenomena,” Vol. I (Academic Press, London, 1987); M. den Nijs,
Phys. Rev. B 27,1674 (1983).

. B. Duplantier, Saclay SPhT/89-162 (preprint),
. F. Tanaka, Progr. Theor. Phys. 63, 143, 164 (1982).
. D. C. Khandekar and F. W. Wiegel, J. de Phys. 50, 263 (1989).

. D. Hofstadter, Phys. Rev. B 14, 2239 (1976); J. Guillement, B. Helffer,
and P. Treton, J. de Phys. 50, 2019 (1989).

. P. De Gen, “Scaling Ideas in Polymer Physics,” M (1982).

14



