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1.0 INTRODUCTION
Thepurposeofthis noteis to lay the foundationfor a discussionofmagneticlensesquadrupolesin terms

ofopticalquantitiessuchasfocallengths,focalpoints,andprincipalplanes.In opticsterminologya lensis an
optical systemboundedby two ormorerefractingsurfaceshavinga commonaxis. If the lens hasonly two
surfaces,it is calleda simplelens. If the lenshasmorethantwo surfaces,it is calleda compoundlens.Shown
in Figure 1a is a schematicdiagramof a simple lens in an imagingconfiguration.Associatedwith any
simplelensis aquantityknowasthefoca!length,whichwedenoteasf.Thisfocallengthis definedin termsof
four otherquantities,knownasfirst and secondfocal pointsandfirst and secondprincipal planes.

Shownin Figure 1b is a schematicrepresentationof the first focal pointand first principal planeof a
simplepositivelens.By definition, thefirst focalpointofa lens,denotedasF, is the objectpointon the axis
that is imagedto infinity by thelens.All raysexiting from the first focalpoint will propagateparallelto the
axis afterpassingthroughthe lens.Thefirst principalplane,denotedasH, is an "imaginary"planewherethe
light rays exiting the first focal point intersectthe backwardprojectionof the raysexiting the lens. The
distancefrom the first focal point to the first principal planeis equalto the focal lengthfofthe lens.

Shownin Figure1cis a schematicrepresentationofthesecondfocalpointandsecondprincipalplaneofa
simplepositivelens.By definition, thesecondfocalpointofa lens,denotedasF’, is theimagepointon the
axis ofan objectlocatedat negativeinfinity. All rayspropagatingparallelto the axisbeforethe lens will
convergeat thesecondfocalpointafterpassingthroughthe lens.Thesecondprincipalplane,denotedasH’,is
an "imaginary"planelocatedat the intersectionof the extensionof the rayspropagatinginto the lens with
thoseexiting the lens.The focal lengthfisalsoequalto the distancebetweenthe secondfocal pointandthe
secondprincipal plane.In Figure 2 we showthesepoints and planesfor a negativelens. Note that for a
negativelens thefocal lengthfis a negativequantity.
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Figure 1. Schematic representation of a a positive lens in Imaging configuration, b first focal point and
first princIpal plane, c second focal point and second principal plane.
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Figure 2. The negative lens: a schematic, b first focal point and first principal plane c second focal
point and second principal plane.

2.0 THE IMAGING CONDITION

In opticstheseparametersfocal length, focal points,etc.are very usefulbecausethey canbe usedto
describethe way that a lens forms an image. In particular,if s is thedistanceof an object from the first
principalplaneand s’ is thedistanceoftheimagefrom thesecondprincipalplane,thenthesetwo distancesare
relatedby the simple lens equation,i.e.,

1+1_i
S s’f

1

wheref is obviouslythefocallengthofthelens.Suchanimagingsituationis shownschematicallyin Figure3
for a positivelens.
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Figure 3. The Imaging condition shown in terms of focal points, Image distances, and principal planes.
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Theseparametersarealso usefulto usbecausetheyprovidea convenientwayto combinea seriesofsimple
lensesinto an equivalentsingle simple lens. This is accomplishedby repeatedapplicationof the Lens
Equation1 to determinethelocationofthefocalpoints.Thefocal lengthofthelenscombinationis given as

f= 2

wheres and.s/i = 1, ... arethe objectandimagedistancesobtainedduringtheprocessof determiningthe
focalpoints.Thesecommentsarebestillustratedwith an example.

Considerthelens systemshownschematicallyin Figure4a,in whichtwo positivelensesareseparatedby
a nominaldistanceof 10cm. Thefirst lens hasa focallengthfi = 20cm,and the secondlens a focal length
fz = 10 cm. The principalplanesof the first lens areseparatedby a distanceof 2 cm, andof the secondlens
by 4 cm, asillustrated in Figure 4b. Note that for conveniencewe haveattachedan "absolute"scalein
which distanceis measuredfrom thefirst principalplaneoflens1. Webeginby consideringanobjectlocated
atnegativeinfinity, i.e., i =

- r, UsingEq.1 we seethat this objectis imagedat thefocallengthof the
first lens,which is equalto a distance20cmpast thesecondprincipalplane.Thus, .s’ = f1 = 20. This then
becomestheobjectforthesecondlensasmeasuredfromthefirstprincipalplaneofthesecondlens.Inasmuch
asthisobjectilesto therightofHwehave2 - 12. AgainusingEq.1 withf= 10, weobtain2’ =

Thus,weseethatthe imageis formedadistanceof5.45cmpastthe secondprincipalplaneoflens2. In terms
of our absolutescalethis is a distanceequalto 19.45 cm. The focal lengthof the systemis obtainedusing
Eq. 2, with s’ = 20, 2 = - 12, and s2’ = 5.45, Le.,

f = 20 = 9.09.
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Figure 4. a Lens system containing two simple lenses. b The principal planes of the lenses and the

imaging process used to find the equivalent second principal plane and focal length of a single
lens system.
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Thesecondprincipalplaneofthelens systemliesa focallengthto theleftofthesecondfocus.Thus,wesee
that H’ is locatedat 10.36 cm.The first focal point F is obtainedby propagatinga parallelbeambackward
frominfinity throughthesystemto determinethelocationofthepointoforigin oftherays.Froma practical
point ofview thisoperationis bestaccomplishedby invertingtheoriginal systemandrepeatingtheprocessby
which we determinedthe secondfocal point. This invertedsystemis shownin Figure5. Note that in the
inverted systemH becomesH’. Using similar logic asbefore, we determinethat s’ = 10, s2 = - 2,

= 1.18,andagainf=9.09. FromthesevaluesseeFigure5b wedeterminethat in the invertedsystem
this principal planeliesat 6.73cm.Whenthis is transposedbackto the original systemwefind that the first
principal planelies at7.27 cm. The equivalentsinglesimplelens systemis shownin Figure6.
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Figure 5. Inverted optical system a In which the imaging process b to determine the first focal point and
principal plane are schematicaily illustrated.
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FIgure 6. Single lens system equivalent to dual lens system of Figure 4.
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3.0 THE QUADRUPOLEAS A SIMPLE LENS

In this sectionwe extendthe previousresults to describequadrupolemagnetsin terms of optical
parameterssuchas focal lengths, principal planes,and focal points. Shown in Figure 7 is a schematic
representationofa positivemagneticlensoflengthL. A chargedparticlebeamis assumedto bepropagating
from left to right. In this figure the stateof theparticleenteringthe lensis given as[x1,

y1]
andthatexiting the

lens is given as [x0,y0].

Figure 7. SchematIc representation of a focusing quadrupole lens showing the second focal point F’ and
second principal plane H’.

Building on the optical conceptspresentedin Section2.0, we defmethe secondfocal point F’ of a
quadrupolelens asthe locationon the axis wherea parallelparticlebeamenteringthe lenswill focusupon
exiting themagnet.To defmea parallelparticlebeamwesimplysety1 = 0.Wenextdenotethedistancefrom
the outputof the lens to the point wherethebeamcrossestheaxis i.e.,x = 0 as s’. It is a relativelysimple
mattertodetenninethis distancein termsof thelensparametersK andL. To accomplishthis we first track
theparallelparticlebeamthroughthemagneticquadrupoleusing thetransfermatrix for a thick lens, i.e.,

*sinaL 1xt1 - f x.cosaL 1
cosaL °J - [-x1lksinaLy

Wenextusethetransfermatrix fora drift of length s’ andrequirethat the stateofaparticleatthe endofthe

drift beequalto [O,y1]. This resultsin

[:]
= { cosaL

-/ksinJkL

[o] Ii s’
t.Yfj=I.0 1 -

x1cosaL 1 rxicosaL_x’sin
x1asinaLj - -x,s’fksinjkL

From the first of the abovetwo impliedequationswefind

- 1 cosjkL
jksin/RL

3

Again extendingthe opticalanalogyof Section2.0, we definetheprincipal plane of a quadrupoleas a
planeperpendicularto theoptical axis locatedat the intersectionof the forwardprojectionof the entry
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particleray andthe backwardprojectionof the outputparticleray. This planeis shownin Figure 7 and is
denotedasH’. Thedistancefrom this principalplaneto the secondfocalpoint F’, or "focus" of thebeam,is
definedasthe focallength andis denotedasf.Usingbasictrigonometricanalysiswe areableto easilysolve
for this distancein termsof the parametersof the magneticquadrupole,L e.,

tana==t or

cosaL 1 1, or
‘LasinjkLJLx1cosIkLJ

fksinikL
4

Notethatin the aboveequationfor smallvaluesof L i.e., athin magneticlens,weapproximatethe sineof
an argumentby the argumentitself i.e., sin a a andobtain

I-i‘ KL’

which is the well-known expressionfor the focal lengthof a thin magneticlens.

CombiningEqs. 3 and4 we obtain a cleanexpressionfor the distances, i.e.,

= fcosaL . 5

The locationof the secondprincipalplaneof a focusingquadrupolemeasuredfrom the entranceof the
magnetis given as

XII? = L - f- s’ = L -ii - cosfkL or

-

- i - cosjkL 6
asinaL

To determinethe first focalpointF andprincipalplaneH we simply invertthe systemandpropagatethe
beambackwardthroughthemagnet.However,dueto thecompletesymmetryofthe systemwewill obtainthe
exactsameparametersasjustdescribed.In otherwords,thefirst principalplanewill belocatedadistanceXII’

from the exitof themagnet.Consequently,whenexpressedin termsof the distancefromthe entranceof the
magnet,the location ofthe first principal planeis given as

= i - cosJkL 7
Isinv’kL

Wenowexaminethe situationfor a defocusingquadnipole,which is shownschematicallyin Figure8. In
this figureweshowa parallelparticleray enteringthequad,whosestateis denotedagainas [xe, o]. Theeffect
ofthisnegativelensis to deflect,or "defocus,"the beamawayfromthe axis.The stateofthe particleray asit
exits this elementis denotedas [z0,yc]’ The relationshipbetweentheinput andoutputstatesis obtainedby
using the transfermatrix for a defocusinglens, i.e.,
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Ixol cosh/kL *sinhL rx,1 I X1coshfkL

17°] = - sinhJkL coshjkL
Li

= V
X25inhfiL

Equatingcomponents,we see

= x1cosh/RL and Yc = x1asinhfkL,

whereYo is the slopeof the outputray. However,from the figure wealso seethat

Yo
= 7,

which we will take advantageof shortly. For a negativelens, the secondfocal point F’ is obtainedby
projectingtheexitparticleray backwarduntil it intersectsthe "optical" axis.Againaswedidfor thepositive
lenscasethe secondprincipal planeH’ is locatedby the intersectionof theextensionof the input particle
rayandthebackwardprojectionof the outputparticleray.Thisplaneis denotedasH’ in thefigure.Fromthe
geometrypresentedin Figure 8 weseethat

=j=Yo=XIv’ksiflh/kL 8

or

1 9
‘ asinhjkL

A slight rearrangementof Eq. 8 gives

d = x xlcoshikLf[

Finally, we haveseeFigure 8

s’=d-L or

s’ fcoshaL-L.

The locationof the secondprincipal planewhenmeasuredfrom the entranceof the magnetis given as

XII’ =f-s’ =f-fcoshjkL + L,

1 - cosh/iL
10

JksinhaL

Again,usingargumentsof symmetrywedeterminethatthe distancefromthe entranceofthemagnetto the
locationof the first principal planeH is givenas

- coshaL - 1
-

. 11
iRsinhaL
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quadrupole lens showing the second focal point F’ andFigureS. Schematic representation of a defocusing
the second principal plane K.

3.1 Example1

As an examplewe considera SuperconductingSuperColliderSSCarcsectorFODOquadrupolewith a
magnetic length of 5.2 m and a magneticgradientof 205.6TIm, which correspondsto a value* of K =

3.0819 x i0 m-2. Whenthis magnetis usedin the positivemode,Eq. 4 tells usthat the focal length is
equalto 63.2742 m. The first and secondprincipal planesare located 2.618 21 m and 2.581 79 m,
respectively,from theentranceofthecomponent.Whenusedin thenegativemodeweobtainafocallengthof
61.5407m, with thefirst andsecondprincipalplaneslocatedat2.58209m and2.61791m, respectively.In
Figure9 weshowthismagnetin thepositivemode.Wehaveplacedthis magnetbetweentwo drifts oflengths
117.38m and131.23m, respectively.Theselengthswerechosensuchthat theimagingrelationshipofEq.1
is satisfiedi.e., s = 120ands’ = 133.85.Severalparticlesattwodifferenttransverselocationsfromtheaxis
were thenpropagatedtrackedthrough this system.Note that the particlesdo indeedobey the imaging
condition.
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Figure 9. FODO quadrupole in focusing mode shown in an imaging configuration.

*This valueis obtainedfor 20 TeV by multiplying the gradientvalueby 1.49898 x l0.
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3.2 Example2

Let us now considerthe SSC BaselineInteractionRegionIR QVD/QVF quadrupoles,which havea
magneticlengthof 14.252m and a magneticgradientof 180.01 K = 2.6983 >< l0. Whenusedin the
focusingmodethesequadshavea focallengthof28.54m, with the first andsecondprincipalplaneslocatedat
7.47 mand6.78m, respectively,from the entranceof themagnets.Now let usplacetwo ofthesemagnetsin
tandemseparatedby a distanced, asillustratedin Figure10. Using techniquesidentical to thoseusedfor the
optical systemshown in Figure 4, we constructTable 1 for various separationdistances.Note that all
distancesfor H andH’ aregiven in metersandaremeasuredfrom the entranceof the first quadrupole.

TABLE 1. SEPARATION DISTANCES.

d H H’ ‘

5 24.01 9.50 22.53

10 31.25 7.23 26.16

15 41.25 2.25 31.16

20 55.99 -7.49 38.53

25 79.87 -26.36 50.47

Shownin Figure 11 is sucha systemwith a separationdistanceof d =

imaging,with $ = s’ = 2f.
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Figure 10. Schematic representation of two QVF quadrupoles separated by a distance d.
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Figure 11. Two QVF quadrupoles separated by a distance of
configuration.

10 m and used In a one-to-one imaging

0 13.44 26.88 40.32 53.76 67.20 80.84
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