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THE ANALYSIS OF THE SYSMMETRY TOLERANCE
IN THE CASE OF

n-CAVI’flES FED BY A SINGLE KLYSTRON

YongxiangZhao

This noteshowsthegeneralanalysisfor n-cavitiesoperatedIn parallel withfeedback

loop Involved. StrictmathematicaldemonstrationIs given.In twocavity caseIt is reduced

to theresultderivedby F PederserqllThis note is an extensionofhis work.

For SSC coffider RF system, different scenarioshave been proposed in sequence.

The totai number of cavity rangesfrom 8 for the baselinescenarioto 32 for normalcon

ducting single cell scenario. The numberof cavitiesfed by each klystmn rangesfrom 2

for superconductingsinglecell scenarioto 16 for nc single cell scenario. It is of concern

how much symmetry tolerance is allowed for the parallel operationof cavities, espe

cially in the casethat feedbackloop is employed to reduce the impedanceseenby the

beam,which is importantfor suppressionof instabilities.

FIg. 1 illustrates an analyticmodel. We assumethe beamcurrent is the samefor all

cavities, and the total voltage V seenby the beam is simply the sum of the voltageof
eachcavity. The generatorcurrentfed to eachcavity may be different due to the error of

coupling structure or powerdivider. This results in different transmission function A

A1 = 4/VfrJ. The cavity dimensionsand tunning statusand the coupling rings may

Vdr

Fig.1 Feedback loop with a few cavities in parallel
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also have errors, which result in different Z1 and Bt, where Z1 denotes &th cavity

impedance,and B1 the feedbackfactor of i-th cavity and is dimensionless.

Assumethere aren cavitiesin parallel, from Fig. 1 we have:

V =V1

"it =

AJV&-Vp 1

VF ZVn

V1 BV

where Lis the sum of all 11=1 to it?. This setof linear equation has two andonly two

independentvariables:Vd,.and Ii,. Then the cavity voltagecanbe solved as:

V = ZbJb+KVdr 2

Zb Is the impedance seenby the beam and K is the effectivevoltagegain. Sincewe

arehere only interestedin the feedback loop, to assumeVO won’t Influence the gen

eral results.DroppingVand solving aboveequationyields:

Vi = JbZci_AiZcILBf’f l=I,2.& 3
1=1

This is a linearequationsetand can be expressedby a matrix equation:

a11+1 a12 V1 Z1

a21 a22+I a V2 = 4

0n2 +I V Z

where:

A2*B 5

As canbe seenfrom Appendix, this is aPiB+1 type matrix. Its solutionis straightfor

ward: In
= L ;f&.

A - I

I A

=
- {Z4,1+ Eajij - LZ.aq} 6

A f-I f=i

and A=l+La3j 7
f-i

The whole voltageseenby the beamIs:
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fl j A A A

V = LVt = tLZcj+ EL aJfZCI-aUZC} 8
i-i " 1=1 i=if-i

Substituting5, the impedanceseenby the beamcanbe expressedby:

V Ct 9
15 1 + JA!BjZCI

where

z,t=Lzct 10

is the total cavity Impedance.and

= j LzCiZcfAr4iBf = L EZciZcfAijBi
i=if-1 i=ij-1

= L LZCIZcJArA? Bf-B, 11
I if a 1

In order to expressit in an explicit form of error, weassume:

A1A0I+A. EA,.1O 12

B1 = B0 I+Abj, LAbL = 0

The subscript o Indicatesaveragevalue, so the sum of theserelativeerror must be

zeroas shownin the above right handside. Consequently it yields:

LLAaIISbjO 13

EEASSb= nF.AoJSbt 14

Above equations arealso valid if one of the factorsis replacedby A or another com

bination. Substituting them into equation 9, aftersomealgebraic manipulation, it can

be rewritten as:

- Z1+A
b l+GZ0l+a

15

where:

A = GZ0 tjLiaAi 1 + Azi _3 LAaAI LASAf} 16

ci = ! L Aa1Ab1 + AaAz + Ab1Az + AaAb1Az 17

and
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G =Ac,Bt Openloopgain with unit£2 18

= riB0 Totalfeedback 19

= Total cavityimpedance 20

Obviously, for a perfect system without error, A0 and a0, above equation is

reduced to a normalfeedbackequation, which meansthe total impedanceis reducedin

1+GZ0 times.

In normal situation, it is expectedthe relative error are much smaller than one.

From 17 onecan seethat ac’cl, so the deviation of the denominator in 15, is less

important..On the other hand, there is a largefactor OZ, in equation 16, therefore the

asymmetrymay have a significant influence.

Note that all thosequantities are complex. As a practicalcriterion, following Peders

en’s guidellne[1] we require that the absolute valueof A in 16 should not be larger

than 0.2, which correspondsto a phasedeviation less than±110, and the magnitude

deviationless than20%. Obviously, the most importantis the first term.Then the cri

terion can be given as:

_-GZo?LA s5j <0.2 21

or AAb
<

22

where A, Abm are the maximumerrors.Evidently the criterion 22 is conservative.

Above equationsshow that the maximum error limit requireddoesnot dependon

the number n. On the contrary, from statisticsthe largerthe n. the smaller the A, pro

viding 22 is satisfied.Besides,we found that the asymmetryof the cavities is less

importantthanthat of the couplings or the power dividers as the error term At is not

entered in equation 21. As shown In 16, it enters only In 3rd and 4th order minor

termsand thus Ignored.

Nevertheless,it should not concludethat one may pay lessattention to the symme

trization for multi-cavity operation, becauseit usually requires multi-stages of power

divider and their errorsarecumulated,so that to realizethe criterion 22 needsmore

cautiousness,thoughthe criterionitself is to someextentconservative.

Now let’s considerthe caseof two cavities. In this case

A11 "a2Aa, AbJ -Ab2=Ab, Ai ‘Xz2àr
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then equation 15 deducesto:

- Zcil+GZoAAolA2
Zb_ l+GZ1+AA+AA+AA

0 aS az bz

This is the sameasderived by Pedersen[11, exceptsomenotations are different. The

criterion 22 is also the same.

The author would like to thank Dr. D. Coleman for the beneficial discussionsand

his comments.
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APPENDIX Characteristics of .AB+ 1 -type matrix

if a matrix of order rj has its elementsin the following form:

airAjBj Al

thenits determinantmust be zero:
a11 a12

a21 a22 a2 =

Demonstration: from Al, evidently wehave:

AS

It reads: the products of two elementsequal to each other if their two sub

scripts have same number.At aboveexample,both productshave41 in the first sub

scriptandJ,min the secondsubscript.

Thereforefor any two order sub-determinant,wehave:

-o A4
9yn 9/nt

Since higher order determinantis always a combinationof lower order determi

nants,obviously A2 is also true for any order determinants.

In order for identification, let’s namethis particularmatrix.

Definition: An SB-type matrix Is a matrix of which the elementssatisfsr Al. An

AB+1 type matrix is anSB type matrix exceptall diagonalelementsareplus one,i.e.:

a114-1 a12

a21 a22+1 a2fl A5

a1 a

Proposition: The determinant and subdeterminantsof an AB+ 1 type matrix can

easilybe evaluatedaccordingto following equations:

= -aft 1 *J A6

A11 = 1+ E akk-au A7
k= 1
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Ti

1+ L akk A8
k= I

It reads: the subcleterminantof element a for I * J , %* is equalto its conjugate
elementexcepta sign, i.e. -aft. The value of n order determinantA is the sum of

all diagonalelementsa, plus 1. For element a0, its subdeterminant is simply La
subtracting itself.

Demonstration: We can use mathematical inductive method. For 2-order matrix,
aboveequationis straightforward.For 3-order situation we have:

a21 a23 a2 a23
- =-a21-

a31 a33+1 a31 a33

a21 a22+1 a21 a22
A13 =-1j =-a31 AlOa31 a32 a31 a32

Similarly, one canseeequation A6 is valid for any U. We can alsodemonstrate A7

and AS by the sameway:

1111=
- a22+I a23

a32 a331
All

=

Al2

Evidently, it is also true for A22 and A33.
We can then prove the validity of A6 to AS in any order n, providedthey arevalid

for n-I order. As a demonstration,let’s checka 5-orderdeterminant.

a11+1 a12 a13 a14 a15
a21 a22+1 a23 a24 a25

a31 a32 a33+I a34 a35 A13

a41 -42 a43 144+1 145

a51 52 153 154 a55+I

For A11, the subdeterminantof a11, theresult is straightforward:

A11 = 1 + a22 a33 +

__

+

sinceA11 is an AB+l type determinantwith n-i order, that is similar asAl3 except

erasingthe first row and first column, so AS is applicable and only a11 is missing.
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Similarly, it is true for anysubscriptii 11 to 5. This proves the validity of AZ for next

higher order.

The equationAG is provenasfollows:

a21 a23 a24 a25

A12- -l’x a31 a33+1 a34 a35 here i=l,j2

a41 a43 a44+1 a45

a51 a53 a54 a55+1 A14
=

- t21 A22 + a23A23+ a24A24 + a25A25}

= - a21Ha33+a444C55- a23a31- a24a41 - a25a511
=

- a21

Note that here we’veapplied AS for iS, and A6 forA31, A41, A51, wherethe conju

gate elementsof 1, a24, a25 area31, a41, aj respectively.The latterargumentis cor

rect because their subdeterminantsare exactly the same as that of the following

determinant:

111+1 13 14 a15

31 a33+I a34 a35
A15

a41 a43 144+1 4

51 a a54 a55+I

which isan AB+l typedeterminantand the equationsA6 to AS areapplicable.More

over, A3 hasbeen applied for cancellingitems. Similar processcanbe usedfor other

subscriptsUj. This provesthevalidity of A6 for nexthigherorder.

At last, AS canbe deducedfrom A6 andA7 asfollows:

A5= a11+lA11 + a12A12+ a13A13+ a14A14 +

= azi+iJ i+a22+a33+a44+as&_a12a21 - 113131 - a14a41 - a15a51

= I +a11 +a22+a33+a44+a55

Ti
1Ick A16

k-I

Thus we found that an AS+l type matrix is pretty easyto handle as its results

shown in A6 to AS.
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