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1. Introduction

A measuring coil in practice may have several types of imperfections,which may affect
the accuracyof field measurements.One class of imperfectionsrelatesto coil kbrication.
Examplesin this class are a sag, bow, a twist in the tangential coil, and a mismatch, or
offsetbetween the geometrical centerof the coil and the rotation axis. Another dais of
imperfections relatesto placement of the coil during actualmeasurements.Examplesin this
classarea displacementanda tilt of the coil axis with respectto the magnetic axis. Detailed
analytical formulations are available to deal with the problem of displacement’and sag2.
Out of all the imperfections listed above, the measuredparameters are most dramatically
affected by displacement. As a result, centering of measuredparameters to eliminate the
displacementeffectsis a routine featurein all data. analysis.The other imperfections gener
ally havenegligible effects. Nevertheless,aquantitative estimateof the effectsofother types
of imperfections will be quite useful, kr example,in decidingupon machining tolerances.

The effects of other imperfections noted above are discussedin this note. Analytical
results are presented for each one of these,along with some typical numericalresults. The
formalism for a displacement of axes is basic to all analysis. Someuseful results are re
produced here for ready reference. If Cn andcin are the amplitudes and phasesof the
harmonic fields with respectto a given origin, then theseparametersin a displaced reference
frame aregiven by’

0n exp{inan} = Ct [‘ 1!]
rj1" exl[i{ta& - 1- ne}]

where Cn and àn are the coefficientsin the displaced referenceframe having its origin at
polar co-ordinates To, a- in the undisplacedreference frame. Another useful result for this
note is the voltageinduced in a tangential coil, which is given by3

Vt = E Cn &"‘
2LRq,Nwsint cos[n{wt -8 + c4n}] 2

where R,,=radius of coil, L=length of coil, N=number of turns, ci’ =angular speedof clock
wise rotation, z=angle subtendedby the coil, and 6=the coil center line angle at t = 0.



2. A ‘Typical’ Dipole Magnet:

It is seen from Eq.1 that the strengthsof variousterms in the expansionare propor
tional to CS. Thus, apart from the amountof displacement,the effective coefficientsalso
depend on the actualharmonic contents of the magnetic field. This is true for most of
the imperfections to be dealt with in this note. In order to obtain quantitative resultsin
a situation of practical interest, we shall considera typical dipole magnet characterizedby
harmonic contentsmeasuredin an actualdipole, DSA2O7,Picked arbitrarily. This is a short,
50mm SSC magnet. The magnetic field parametersin this magnetare given in Table I. The
referenceradius,R, is takento be 1.0cm. The normalb, andskew 4 coefficientsareav
eragesof up and down ramp measurementsin a cold run. All the harmonic field parameters
are calculated from these coefficients,assuminga dipole field of 2.5 Tesla. The relationship
betweenb,,4 and [Cn,an] is given by

Cn Cn
un....s_ClcosEHJt "1C1 [flJ

Table I. Magnetic Field Paranrters
of a ‘Typical’ Dipole Magnet

n Cn
Teala

an
degrees

b_1
units

4-
units

1 2.5000 0.004 - -

2 3.34 x 1O 44.207 0.037 -1.337
3 4.20 x i0 1.469 1.674 -0.129
4 6.93 x 10-’ 28.910 -0.012 -0.025

i* 9.08 x iF8 71.747 0.363 0.008
6 4.51 x i0 48.240 0.006 0.017
7 4.78 x 10-6 24.856 -0.019 -0.002
8 2.50 x l0 11.250 0.000 -0.001

9.76 x 10-6 39.674 0.039 0.002
2.50 x i0 9.000 0.000 -0.001

11 3.01 x 10-’ 32.294 0.012 0.001
ii 0.0000 0.000 0.000 0.000
ii 2.50 x io- 13.846 -0.001 0.000

The coefficients as measuredby an imperfect coil may be in large error, but it may be
possible to get rid of most of the error by centering, as we shall see in later sections. This,
however, requires that a reliable criterion for centering be available. In Table I, the field
parameters for n = 12 are made zero, and terms higher than ii = 13 are also assumed to
be zero. Though artificial, this provides a very reliable meansof centering the numerically
calculated data for the purpose of this note. In practice, high order terms may not always
be so reliable. In particular, later coil cross sectionsare expectedto give much smaller high
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order terms. It may be pointed out here that recent results’ on a quadrupole conflglLred
dipolesuggestinteresting possibilities for reliable centering in actualmeasurementsof dipole
magnets.

3. Effect of Sag in the Coil:

Although the effectof saghasbeen formulated earlier2, it is induded heremainly for the
sake of completeness.A sag resultsfrom finite rigidity of the coil form, and is aggravated
by the needto havea long coil with a small diameter.In analysisof sag,it is assumedthat
the coil has a curved shapedue to its own weight. This meansthat as the coil rotates, the
shape of the coil along its length doesnot change. At each axial position, the rotation axis
coincideswith the localgeometricalaxis of the coil form, but is different in terms of a space
fired referenceframe. This is a valid assumption, specially in view of rather low rotation
speeds.Sagis therefore a complexform of displacement,where the displacement parameter
to depends on axial position and o’ is -90° vertically downward displacement. It should
be pointed out here that a bow in the coil is different from sag,as discussedlater in Sec.9.

if the transverseprofile of the saggingcoil is known, the effectivecoefficients,C,n and
Qeffn may be obtained by integration along the length of the coil. Assuming a parabolic
profile with zero displacementat the ends and a maximum displacement of It at the center
of the coil, it hasbeen shown2 that

1 1-1! fh’" 21-n]!!
C05nexp{snatgn} = E CL j - n!n - I! I. 21 - n + 11!!

x exp[i{t - nj + tcz1}] 4

where 2m!! = 2.4.6...2m,2m + 1!! = 1.3.5...2m+ 1 and 0!! = 1. The differences
betweeneffectiveand real harmonic field amplitudesand phasesare given in TablesII and III.
Two different values of It are considered.One is a rather large sagof 0.030’, and the other
oneis a ‘moderate’ sagof0.010". The valuesin Tables II andHI thus representthe worstcase
values,rather than typicalvalues. The referenceradius R was takenas 1.0cm. Amplitude
errorsin excessof 100% are also shown as 100% in Table II. As expected,the uncenteved
parametershave large errors, particularly for the unaflowed n = even terms. However, after
a centeringcorrection is applied using b -‘ feed down, the errors are dramatically
reduced. Even for the large sagof 0.030", almost all the amplitude and phase errors become
negligib. The situation is evidently very comfortable with the ‘moderate’ sag of 0.010".
The centering radius obtained in each caseis very dose to 2h/3, which is the average
displacementfor a parabolic sag.

It cantherefore be conduded that a saggingcoil within easily achievablelimits can be
consideredmerely as a displacedcoil with an averagedisplacementof 2h/3. This is not a
serious problem in field measurements,provided a reliable meansof centering is available.
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Table11. Amplitude Errorsdue to Sag
in a ‘Typical’ Dipole Magnet

a
L1cfl % for 0.030" Sag ACn % for 0.010" Sag

Before
Centering

After
Centering

Before
Centering

After

CenteriM
1 -0.001 0.000 0.000 0.000
2 12.653 -0.002 4.226 0.000

-0.637 -0.067 -0.123 -0.007r 100.000 0.322 83.760 0.034
5 1.436 0.041 0.421 0.005
6 32.595 -0.028 9.943 0.003
7 19.285 2.946 2.578 0.328

100.000 -0.779 100.000 -0.168
9 -5.481 -0.717 -0.867 -0.080

10 100.000 -0.166 100.000 -0.007
11 1.692 0.282 0.188 0.031
ii 100.000 0.000 100.000 0.000

:ii 0.000 0.000 0.000 0.000

Table IlL PhaseErrors dueto Sag
in a ‘Typical’ Dipole Magnet

it

a14i mrad for 0.030" Sag an mad for 0.010" Sag
Before After

Centering
Before

Centering
After

Centering

1 0.000 0.000 0.000 0.000
2 5.869 -0.009 2.124 -0.002
1 -0.174 0.022 -0.087 0.002
4 -85.431 -0.088 -55.079 -0.021
5 0.839 -0.007 0.291 -0.001

W -18.799 0.023 -7.088 -0.003
7 1.356 0.220 0.237 0.025
8 -5.989 -0.152 -5.389 -0.043

9 0.090 0.026 -0.005 0.003
10 -7.102 -0.012 -5.576 -0.012
11 0.126 0.021 0.014 0.002
ii 392.701 0.000 392.704 0.000

:ii 0.000 0.000 0.000 0.000
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4. Effect of Twist in the Coil:

The wires of the coil axe placedinsidemachinedgroovesin the coil form. The angular
location of the coil is characterizedby the parameter 6 in Eq.2. Inaccuraciesin the groove
locations along the lengthof the coil would meana varying 6. It is assumedthat the two
groovesremainparallelto eachother, so that A doesnot change. This imperfectionwill be
referredtoasa twist EffectoferrorsinAwilibediscusaedlaterinSec.6.

Let us consider a general case where S changesrandomly along the length of the coil
arounda meanvalue, 1. It can be shown5 that for small variations, the cosinetermin Eq.2
should be replacedby

cosn{wt - 6+ c4n}1 _-* [.
-

!. ] cos[n{wt - 1+ an}] 5

where eg is the B.MS variationin 6. Eq.5 shows that the phasesof the multipole fields,
canstill be obtained correctlyif oneusestheaveragevalueof Sin the calculaticsis.The

routine coil-calibration procedure should readily yield this averageS. On the other hand,
the amplitudes are affected by a harmonic dependant factor. This result is oppositeof what
one might intuitively expect. The errorsare largerfor higherharmonics.If we set an upper
limit on the allowable error in the highestharmonic of interest, Eq.5 canbe usedto specify
the RMS variation in S. Assuming a maximumerror of 1% for n = 15, cj should be less
than 9.4 mrad 0.54°, which shouldbe readily achievablein practice.

A special caseis that of a uniform twist, where the groovesarestraight and parallel to
eachother,but do not run parallelto axisof the coil. The angleS in this casevarieslinearly
from one end to the other. The twist angle, e is given by differencebetweenS valuesat the
two ends of the coil. It can be shown5 that oj in this caseis e//fl. Thus, the limit on a
unifonn twist angle0 for 1% accuracyin C15 is evenmore comfortableat 32.7 inrad or
1.9°. With this limit, the amplitude errors up to 20-polen = 10 areless than0.5%.

5. SystematicError in 6

It was shown in the previous section that random errors in S are not too serious,as
long as the average8 is accuratelyknown. In practice,theremay be calibraticaerrorsin
determining this L The effect of this systematic error is to change all phaseanglesby a
fixed amount. This is the same-as a rotation of reference frame. If the normal and skew
coefficientsare calculatedin a spacefixed referenceframe, the errorscanbe calculated by
differentiating Eq.3:

= [n + 1a]eo, A4 = [a + 1bj6,s 6

where e is the systematicerror in S. Assuming bI, a, - 0.5 unit, and permissible errors
of 0.01 unit for a 10, we get a limit of es 1 mrad. In practice, these coefficients are
calculatedin a framewhereal = 0, and not in a spacefixed frame. In this case,thereis
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no error at all, since all phaseangles,including c41 arechangedby the sameamount,and
phaseanglesrelative to a1 remainunaffected.

6. Random and SystematicErron in 4:

The treatmentof randomvariation in A along the length of the coil is identical to the
caseof S. Correspondingto Eq.5, wehave in this case5

f’s2 1 . fnA
M"kT ‘i4j.t.T 7

It can be seenthat the toleranceon the RMS ‘variation of A canbe a factor of two larger
than for 6, and should be easily achievedin practice.

A systematicerror in A affectsthe amplitude differently. FromEq.2, weget

ACs fn fnA
Cs =

cot 8

where Ea, is systematicerror in A. The fractional amplitude error reduceswith a in this case.
For a 1% accuracyin C1 with a A = 12° coil, E5 should be less than 2.1 mrad 0.12°.

7. Random and Systematic errors in the Coil Radius:

Randomerrorsin the coil radiusarea resultof machiningerrors- both in the coil form
outersurface,as well as in the wire groovedepths. Also, a typical multiturn coil, suchas
the tangential coil, hasseverallayers.Thedifferent layer. canbe viewedascoils of different
radii. The effect of thesemultiple layersis the sameas a coil of varyingradius. Once again,
a calculation similar to that in the previoussectionsshows5 that

ACn [an-l S
Cs

‘
2

.

where the averageradius iL is assumedto beknown accurately.To keepthis a dependant
correction below 1% up to a = 15, we should have the R.MS variation op 0.005" in a coil
of 0.5" radius.

Let us apply the resultin Eq.9 to the special case of a multilayered coil, where the
only variation in R is assumed to be due to different layers. All other fabrication errors
are neglected. Let there be N layers of a wire of diameter d. If 111 is the radius of the
innermost layer, subsequentlayers will have radii R1 + 1, R1 + 2d The mean, it. and
RMS variation in this caseare5

L=R1+21d, o-k=N-1 10
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The fractional errors in variousamplitudesaregivenby

ACs nn_1ppld’l’ 11
Cs 24 ‘ ‘kR

As expected,the errors given by Eq.11 vanishif the coil hasonly one layerN = 1. To
obtainsomenumericalestimates,let us considerthe tangentialcoil in the F-mole. This has
five layers of a 0.006" diameter wire, and it = 0.482". The amplitude errors in this caseare
0.3%forn=5 and l.4%forn= 10.

If thereis an error in knowing , thenthe fractionalerrorsin the amplitudesaregiven
by ‘- nts&/A4. This errorcouldbe significantfor largen. For .nniple, an errorof 0.001"
in a coil of 0.5" radius would give a 3% error in a = 15.

8. Offset in Rotation Axis:

If the rotation axi, of the coil does not coincide with the geometricalins of the coil
form, then Eq.2 no longercorrectlygives the voltage induced in the coil. Let ro, o be
the polar co-ordinatesof thegeometricalcenterof the coil form at time t = 0, measuredin a
referenceframehavingorigin at the centerof rotation. The parametersro, #o areassumed
to be constantalongthe length of the coil. In other words, thecoil is perfectlystraight, and
not bowed. -

Fig.1 illustratesa crosssectionof the coil where the locationsof thewires are shown at
variousinstants in one rotation. The trianglesare formed by joining the rotation center,the
coil form center and the centerof the coil. The invariant vertex is obviously the rotation
center. The small dashed circle is the path traced by the geometriccenterof the coil form.

The instantaneousflux through the coil can be easily calculated by transforming the
field parametersto the geometricalcenter. The only complication in this is that the angular
position, $ of the coil form centerchangeswith time as the coil rotates.Nevertheless,the
transformationgiven in Eq.1 remainsvalid at all instants. The expressionfor induced
voltage can be obtained by differentiation. After somesimple algebra,and a rearrangement
of terms,it canbe shown6that the effectivecoefficientsin this casearegivenby:

fitS
Jeffs exp{sna4n} sin =

Cs
a nn’ L 1!] sin !t exp[i{nan - a -£4’o - S}] 12

where 6 is once again the angular position of the coil at t = 0, measuredin a referenceframe
with origin at the geometrical centerof the coil, and not at the rotation center.
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Someinteresting featuresof the summation in Eq.l2 should be noted. First of all, the
effectivecoefficientsfor a given harmonicdo not dependon other harmonics.In other words,
there is no feed down due to this offset. Secondly, the offset ro is scaledby the radiusof the
coil, 11, rather than the referenceradius R. Finally, the snynniation goesfrom 1 to a, rather
than from a to oc. Thus, for the caseof dipole field, a = 1, only one term contributes, and
the snnnnation reducesto the usual expressionfor the casewithout offset. The dipole field
amplitude and phasearethereforenot affectedat all by offset. Another interestingfeature is
that a harmonic voltagedoesnot vanish evenif sinnS/2 is zero. As an .ran’ple, a dipole
buck winding S = 180° will also seea quadrupolefield. Withciut an offset in rotation, a
dipole buck winding would be insensitive to the quadrupolarfield [see Eq.2]. This result
can in fact be utilized to actually measurethe amountof offset in a given coil.

Figs.2and 3 show the effect ofa 0.005" offset in rotation axis on theharmonic amplitudes
and phases.The radius ofthe coil was assumedto be 15mm. Onceagain,this offsetis perhaps
larger than what can be easily accomplished. Typical amplitude errors are of the order of
a few percent. The phase errorsare typically about 1 mrad and do not depend much on
the harmonicnumber. If terms correspondingto £ = a and £ = a - 1 only are considered
in Eq.12, then the errors are proportional to the offset. In order to keep the amplitude
errors to below 1%, the offset should be less than 0.001". However,one can probably tolerate
much more than 1%, since typical overall measurementaccuracy may approach only a few
percentin most cases. It may be a worthwhile idea to obtain the offset parametersas part
of routine coil calibration procedure by using the dipole buck winding in a quadrupolarfield,
as explained earlier. Theseparameterscan then be used to correct the measuredfield in any
magnet,if at all necessary.

9. Bow in the coil:

The coil form in practice may not turn out to be perfectly straight. An archedcoil may
result, for example,due to stresseson the large outer machined surface of the coil form. As
opposedto a saggingcoil, which is flexible, a bowed coil is rigid, If we consider a transverse
section of the bowed coil, it would rotate about a space fixed rotation axis, rather than
the local geometricalcenter of the coil form. This is opposite of what happens in sag, as
explainedearlier in Sec.3.

Just as the formalism for a displacement of axescan be used to analyzethe problem of
sag seereference2, the formalism presentedin Sec.8for offset of rotation axiscanbeused
to analyze the problem of bow. Such a detailedcalculation,however,appearsunnecessary
in view of the small errorscausedby theseimperfections. For a given amount of bow, the
effects will be smallerthanthosecausedby the sameamountof offset, for which estimates
were presentedin the previous section. In analogywith the caseof sag,a bow of magnitude
h may be considered as an offset of roughly 2h/3 seeSec.3. If measurementof offset is
made a part of coil calibration procedure as suggestedin Sec.8, the measurementwould
reflect overall offset parametersencompassingthe effectsdue to an offset, aswell asdue to
a bow in the coil.
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10. Tilt in Placementof the coil:

The imperfections discussedso far in the earlier sectionswere essentiallyfabrication
errors. Evenwith an otherwiseperfect coil, the rotation axis in actualmeasurementsmay
not coincidewith themagneticaxis. In general,thecoil rotationaxiscanhavea displacement
and a tilt with respectto the magneticaxis. The problemof displacementis well known
and measureddataareroutinely centered.The tilt of rotation axis is generallyneglected
becauselong coils placed in small bore magnetswith small radial clearancedo not allow
for anysignificant tilt. Onceagain,a quantitativetreatmentis still usefulin decidingupon
tolerances,particularlyin dealingwith largeaperturemagnets.

Let usconsidera coil placedin a magnetsuchthat therotationaxisis not parallelto the
magneticaxis. We shallconsiderthe simplecaseof puretilt, wheretheaveragedisplacement
ofthe coil is zero. Any generalcoil placementcanbeconsideredasacombinationof puretilt,
and a pure displacement.If we look at a transversesectionof the coil, therotationaxis will
be displacedand not offset from the magneticaxis by r, it, which vary alongthe length
of the coil. This is the sameasin sag,discussedearlier. Thedifferenceliesin themannerin
which r, o- vary alongthelength. In the caseof tilt, the displacementr varieslinearly. It
is zero in the middle of the coil, and is maximumsay,ro at the two ends.The parameter
a can takeanyvalue,but is fixed for the first half of the coil say, ito, andis b ± r for the
otherhalf. Integrationalongthelengthof thecoil gives7theeffectiveparametersasseenby
the coil:

= E’ Ct [ 1-

11]

ro’’ exp[i{tc4t suo}1
13

The primein the snmmationin Eq.13 denotesthat thesnni,nationis to becarriedout
only for valuesof £ suchthat 1- a = even. As defiedearlier,ro, it0 arethedisplacement
parametersat the endsof the coil. The unusualsninniation in Eq.13 has interesting
consequencesasdiscussedin the following paragraphs.

Let us considerthe case of a dipole magnetfirst. The symmetryof a dipole makes
a = 2,4,6,... unallowedterms. Thesetermsin an actualmagnetwili thereforebe small,
and thus most likely to be affectedby feed don from higher harmonics. If we consider
effect of tilt on an unallowedterm, thenEq.13 saysthat only unailowed terms contribute
to the feed down. This, coupledwith the fact that the feed down terms are at least of
secondorder in ro/R, shows that one canneglectthe effectsof a modesttilt on unallowed
harmonics.Similar argumentshold for the allowedterms,wherefeeddon is from only the
allowed terms. Numericalcalculationfor the ‘typical’ dipole with a - 0.005" displacement
of the coil at theendsgives amplitudeerrorsof less than0.1%and phaseerrorsof less than
0.1 mradfor almostall the harmonics.

In the caseof a quadrupole,the allowed terms from symmetryare only a = 2,6,10
Theonly. harmonicswhich arelikely to be seriouslyaffectedby tilt are thereforea = 4,8,...
wherewe shall havean allowed term feedingdown to an unallowedterm,althoughonly in
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secondorder. Numerical calculationsfor the calibraticn "air magnet" confirm this. The
effect is most prominenton a =4, where a tilt of less than0.5° can give rise to a measured
amplitudeof a few units, evenif no octupolecomponentis actuallypresent.

11. Conclusions:

Various typesof possibleimperfections in a measuringcoil havebeenstudiedin this note.
The analyticalresultspresentedin Eqs.4 to 13 can be usedto estimatethe measurement
errors for a given imperfection,or to specifymechanicaltolerancesfor a given accuracy.Nu
merical calculationsfor typical magnetsof interest show that theerrors should be negligible
evenwith modesttolerances.The errorsdue to moderatesagcanbe corrected by centering.
The most significanterrorsaredueto useof a multilayeredcoil Sec.? , and offsetin rotation
axis Sec.8or a bow in the coil Sec.9. Although very little could be done to reducethe
construction errorsbeyondcertainpracticallimits, the resultsfrom this work couldbe used
to correct the data for most of the errors.

Acknowlegement:

The author would like to thank PeterWandererfor numerousdiscussions,suggestions
and critical commentsthat led to this work in its presentform.

References:

1. Multipole Ezpansionfor a Displacementand Rotation of the CoordinateReference
Me.,, 3. Herrera,BNL MTG Note 250, November16, 1982.

2. Effectof Sagin Tangential Coil on Multipole Coefficients,J. Herrera, BNL MTG Note
179, January20, 1982.

3. Comparisonof Radial and Tangential Coil Voltage; J. Herreraand K. Willen, BNL
MTG Note 150, September 10, 1981.

4. Testof G.D. Centeringin DSOSO4,AnimeshK. .Jain andPeterWanderer,SSC Tech.
NoteNo. 98, SSCL-N-781,December11, 1991.

5. Randomand SystematicErrors in Measuring Coil Parameter;AnimeshK. Jam, BNL
MTG Note626, December24,1991.

6. Effect of Rotation Axis Offset on Multipole Coefficients,AnimeshK. .Jain,BNL MTG
Note 62?, December24, 1991.

7. Effect of Tilt in Placementof Measuring Coil, AnimeshK. Jam,BNL ICC Note 628,
December24, 1991.

10



BORE TUBE

Figure 1: Locationsof coil witws as the coil fonn rotates about an axis offset from the geo
metric center. The small dashedcircle is the path tracedby the geometriccenter.

COIL FORM
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TANGRIIAL COIL it VOLTa

Figure 2: Amplitudecriers due to a 0.005" offset in the rotation axis of a tangential coil.

EFFECT 07 ROTAtiON AXIS Onr BY o.oor
TAIrAL COt 121 VOLTa

Figure 3: Phase errors due to a 0.005" offset in the rotation axis of a tangential coil.
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