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ABSTRACT

A model for the SSC arcsis describedwith multipole lattice field

errors agglomeratedinto 32 lattice points, and with first order lattice

errors and modulation provided by discretetransferelements.Numer

ical solutionsfor long term dynamic aperturestudies are obtained by

multipole kick-drift tracking. The CPU time requiredto trackthrough

one turn is minimal, and comparableto that required to implement

a one-turn fifth-order Taylor series map. Comparisonswith previous

tracking results using a fine grained representationof the lattice are

made, and found to be satisfactory.

The effectsof tune modulation are studied and can substantially

degradelong-term dynamic aperture. The effects of small relativistic

momentumcorrections,usually neglectedfor thelargemomentaat the

SSC,are shown to have negligible influenceon tracking results.
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INTRODUCTION

Trackingsimulationprovidesan essentialtool for the economicaland safedesign

of accelerators,and for anticipatingtheir future performance.Modern colliders such

as the SSCare very complexdevicesmadeup of manythousandsof magneticelements

with substantialnon-linear field errors. The SSC will inject into the main collider at

2 TeV for a period of one hour,correspondingto ‘.‘ iOt turns. With presentcomputer

technology,tracking for millions of turns at theSSC,while CPU intensive,is possible

and hasbeen usedextensivelyvia a program SSCTRK.’ SSCTRK was designedto

fully exploit the computing power of vector processingmachinessuchas the CRAY2

Under collision conditions at 20 TeV, the beam is expectedto be stored for

periods of 1 day, corresponding 108 turns. The interaction physics is dominated

by the beam-beaminteractions,both head-on and long range,and by the IR quads

that are located in very high /3 regions. The effect of the non-linearitiesin the arc

guide fields is small. If only the IR quad effects and beam-beameffects were to be

included in SSCTRK, tracking for i05 turns is possible. However, including the arc

elementsin the SSCTRK program increasesthe required CPU times by one to two

ordersin magnitude.

Speedingup the tracking through the arcsby the useof one-turn mapshasbeen

suggestedby many authors. The expectationis that a map,applied once a turn, is

much fasterthan tracking through severalthousandthin non-linearkick elements, In

fact, this is not correct for mapping with one-turn mapsconstructedfrom truncated

Taylor series. An adequatedescriptionof tracking behaviorfor the full SSC dynamic

aperture requires inclusion of terms up to eleventh order.3 To implement numeri

cally an eleventh-ordermap applied to five coordinatesrequiresat minimum 20,000

multiplies and 20,000 additions. To achieve such coding economy requires implicit

addressing,which adds substantialoverheadto the CPU requirements.SSTRK sim

ulations that include multipoles up to ninth order require roughly 50,000 multiplies

and additions. Thereforesuchone-turn mapping is, at best,marginally better.

To provide speed we used a fully symplectic model of the SSC arc lattice,

obtainedby conglomeratingerrors onto a small numberof lattice points. The model
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includes synchrotron motion, modulation effects, and the effects arising from only

partial cancellationsof first-order errors, It appearsto providea good representation

of SSC tracking behaviorover thefull dynamic aperture.The model can track 3 x i08

turns per day on an IBM RISC workstation, andcould be run on CRAYS or parallel

processingdevicesat least one to two ordersof magnitudefaster.

We describebelow detailsof the simulation model and someresults obtained

from its use with injection optics. A later note will discuss the effects arising from

the inclusion of high-fl lIt quadand beam-beaminteraction effects.

THE SIMULATION MODEL

Error levels for position and field errors for a projectedmachineare defined in

terms of systematic and randomerrors. The random errors are generally assumed

to have a Gaussiandistribution sometimeswith a 2 to 3 a cutoff. Becauseof the

randomnatureof the errors, it is necessaryto generateby Monte Carlo techniques

an ensembleof machines, and to make statistical predictionsfrom this ensembleof

machinesas to what the expectedbehavior of the real machine will be. Even for

an already constructedmachine, the knowledgeof individual errors levels is highly

imperfect. Further, these errorsare likely to change with time, so that again pre

diction is statistical in nature. Therefore the only requirementfor a model to be

used in conjunctionwith a Monte Carlo generator is that it provide an ensembleof

machines with the statistically correct overall ensembleproperties. Herein lies the

main differencebetweenour approach-whichaims to reproduceonly the ensemble

properties-andmore restrictive mapping techniqueswhich attempt to provideexact

case-by-caserepresentations.

We follow the widely usedandacceptedprocedureof representinglargecollider

lattices as successionsof thin multipole elements,separatedby first-order drift-bend

elements. The thin multipoles elementsgive discretesymplectic kicks to particles

traversingvia their multipole fields B,,

B,, = an + ib,,r -f iy"

An SSC half-cell contains a quadrupole,a chromatic sextupolecorrector,and

five bend magnets. All of thesecomponentsmay be incorrectly placed, or contain

systematicor random multipole errors. The representationof these errors is now

described.

Systematicerrors

Systematic errors-following a schemesuggestedby Neuffer-are lumped so

that the average,first, and secondmomentsof the errorsare maintained. Using this

procedure,a seriesof multipoles of order a, and strength,u at points tj, where t is

the displacementfrom cell centerand 2t0 is the half cell length, are replacedby three

valuesSi,,, 82,,, 83,, at the beginnings,midpoints and endsof thehalf-cells, suchthat

Si,, + S2,, + S3n
= f sndt,

t0.Sln + tO.S3n = Jtsndt

t.Sin + t.S3,, = Jt2sadt

where the integration is over a cell from -t0 to -l-to

This correspondsin the limit of many discreteerrors

in the ratio 1:4:1. This procedurecan be analytically shown

frequenciesshifts good to a few percent.

The SSC is constituted of FODO half-cells, with r/2 phaseadvanceper cell.

The machineconsistsof interaction clusters connectedby two arc sectors. The new

elementin the procedureis to further lump the systematicmultipole errors for each

sector into a ir phaseadvancecell consistingof four FODO cells with sixteen quad

and mid-cell positions. For a sector of N cells, the errorsare distributed suchthat

the quadand mid-cell errors in the four FODO cells areN/4-what they would have

been in the simple lumping scheme-with the remainderof the sector now left free

of errors.

to distributing errors

to provide non-linear
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This schemegivesfrequencyshifts that to first order arestill closeto thosefound

from analytic calculation. It further correctly incorporatesthe lattice symmetries.

The r/2 condition providesthat only phaseadvance,and not beta-beaterrors,are

introducedto first order. The lr condition causesterms from even multipole termsto

cancelto first order. Thesepropertiesarevalid for systematicerrorsdistributed over

many betatronwavelengths.

Randomerrors

Randomerrorsusea similar lumping schemewith Gaussian,not linear, addition.

Formally, eacherror on a given dipole at the ith position in a cell is lumped via

a set of weightsw,, onto theend and mid-cell positions, where n runs from 1 to 3,

correspondingto the threecell positions,with

Sn = >w,,sj . 4

The set of weights, to,,, was chosento be symmetric about the midcell posi

tion, and to give unchangedaveragesand first moments. Further requirementson

the weight set were that the lumped errors at the threecell positionsbe statistically

uncorrelatedand, for the casewith constanterrors, that the ratio of S,,s reduce to

1:4:1-the sameasfor systematicerrors. This choiceof weights provides a represen

tation of lattice behaviorcorrect to better than io%. The resultanterrorsarefurther

condensedfrom the N-sectorcells onto four cells per sector by Gaussianaddition.

While theabove schemecould be directly implementedin the MonteCarlo gen

erator, a much simpler but entirely equivalentprocedureis available. The weighting

schemewas specified to make the 5,, uncorrelated. Thus the Sn are Gaussian,and

independentlydistributed, and a statistically identicalensembleof lattices can bedi

rectly generatedwith a randomGaussiangenerator,using the rms valuefor each S,,

The rms values can be derived directly from the Wnj, and are in the ratio of 1:2:1.

Tins is the actual procedureusedin the program.

First-order lattice errors and chromaticity

In any real machine,subsequentto commissioning,the machinewill go through

substantialerrorcorrectionsprocedures;for instance:dipole steeringerrors,quadrupole

errors,cross-coupling,and chromaticity will be largely correctedout. It is possibleto

go throughoperationalsimulation of the proceduresto be used. In a model involving

substantialconcatenation,this can be tedious,and we have chosen insteadto explic

itly input first-order errors or chromaticity into the lattice. This procedurepermits

tolerancesto be placedon the requiredcorrection levels for the lattice.

form

Cross-couplingerrors are representedby a first-order matrix transfer of the

1,0

0,1
R=

0,0

F, 0

,0,0

, F, 0
I

,1,0

,0,1

whereF is a variable that controls the coupling.

Thne shift adjustments, modulation, and alpha or beta-beatare put in via

matrices .R and fl2

1, 0, 0, 0

A+B, 1, 0, 0

0, 0, 1, 0

0, 0,C+D, 1

1,0,0,0

A-B, 1, 0, 0

0,0, 1,0

0, 0,C-D, 1

where AC introduces tune shift and BIJ introduces /3 beat. AC and BD can

befunctionsof time modulation or momentumchromaticeffects.

The matrices areincorporatedinto a variable tuneand/or modulation, and/or

beta-beatsection, using the transfermatrix Rer,. formed by tbe combination
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x phaseadvance x fl3 x
‘-

phaseadvance -

Without errors, thetransfermatrix reducesto aunit transfermatrix. With this

representation,the first-order propertiesof the latticecan be modified orthogonally,

permitting explorationof permissibletolerancesin a correctedlattice.

CPU usage

Six additionsandfour multiplications are requiredto implementa single mul

tipole kick. A transferbend drift requiresfour additions and four multiplications.

Therefore,the total operationsrequiredfor the abovemodelevaluatedfor multipoles

out to ninth order is slightly above 32 x 9 x 4 + 4 or 1380 multiplies and 1380addi

tions per turn. The minimum operationsrequiredfor mapping areoneaddition and

onemultiplication per term. Achieving this minimal set of operationsrequires"indi

rect" addressing,whichadds substantialoverheadto the CPU requirements.A trun

catedone-turn Taylor seriesmap running at equivalent speedswould be, at most,

a fifth-order map 1,008 terms.

CHECKS AND RESULTS

We have checkedthe model againstpreviousfull SSCTRK resultsfor dynamic

aperture,both as a function of tuneandof storagetime. We havealsousedthemodel

to observeeffectsfrom modulationor "finite momentum"correctionterms.

Figures 1 and2 show typical dynamic-aperture-versus-tuneruns for equal hor

izontal andvertical tune, for a full SSCTRI set of simulationsand for the current

model, Figure 1 is run with thedetailedSSCTRK latticerepresentationfor oneseed,

andFigure2 is asimulationusingthemodel for iO turns at 100equallyspacedtunes

andrunfor four differentrandomgeneratorseeds.Theresultsareclosely comparable.

Figure 3 shows a typical "loss" plot obtainedwith the full SSCTRK tracking

program. A loss plot plots points correspondingto the number of turns at which

particle lossesoccurs versusaperture. Tbe set of points are generatedby starting

particles at amplitudesthat lie outsidethedynamicaperture.When a given particle

is lost out of the physicalmachineaperture,it is restartedat a smalleramplitude,and

this processis continueduntil the particleruns stably for a full complementof turns,

This proceduredelineatesan envelopefor the stableaperture. A "survival" plot is a

complementaryplot histogrammingstarting amplitudesfor the particlesthat survive

to thefull complementof turns. The plotsaregeneratedfor a mix of starting phases,

amplitudes,andmachinesdifferent Monte Carlo generatorseeds.

Figures4, 5, and6 are loss curvesfor a full SSC injection time, corresponding

to 2 x ul turnsevaluatedwith our model, Theycompareresultsrespectivelyfor tune

modulationsat the synchronousfrequency.001, .0025,and .005. Tune modulationis

accomplishedby introducing modulationof theappropriatemagnitudevia the vari

ablephaseshift section,while leaving the restof the machineidentical, Comparison

of Figure 3 with Figure 4 again demonstratesthe close similarity of results obtained

with the model andwith the full lattice,

Comparisonof Figures 4, 5, and 6 demonstratesthe degradationof dynamic

aperturefor largestoragetimes associatedwith increasingtune modulation, The SSC

designspecificationsarefor modulationsbelow Au 10, and thelargemodulation

valuesin Figures4 and5 shouldnot occurin practice.The plots demonstratethat the

functional dependanceof availableapertureon storagetime is not a universalcurve,

Figure?investigatestheeffectof introducingfinite momentumcorrectionterms5

into the tracking code. Theseterms arisebecausethe variablesoperatedon by first-

order benddrift sectionsare displacementsand transversemomentadivided by lon

gitudinal momenta,pg/pj. The correspondingvariablefor thin-lensmultipole kicks is

transversemomentadivided by total momentapj/po. Formally, prior to a thin-lens

multipole kick, the variableshould be transformedby pj/po and, subsequentto the

kick, transformedback by a factor p0/pt using the valuessubsequentto the kick.

In the approximationof infinite momenta,thesecorrection vanish. While thesecor

rection factors arevery small for largecolliders, it hasbeenarguedthat such small

effectsmight causeboundedmotion to becomeunboundedandthus causeobservable
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changesto long-termdynamic apertures.The inclusion of such correctionsrequires

the evaluationof squareroots, andincreaseCPUusageby a factor -. 3. As they are

generallybelieved to beinconsequential,most codesomit suchcorrections. To inves

tigatethe effectof this correction,we comparein Figures 4 and? runs,differing only

by the absenceor inclusionof thesecorrections. In a chaoticdomain,exact numerical

agreementis not to be expected. Howeverthe resultsare statistically indistinguish

able, and this demonstratethat it is unnecessaryto include suchcorrectionsterms,

CONCLUSIONS

The model obtained with strong conglomerationof multipole errors onto 32

lattice points providesa good representationof long-termbehavior of the dynamic

aperture.Themodel is symplectic,andis morethan adequateto representarc effects

for interactionoptics at 20 TeV, where beam-beamand IR-quadeffect restrict the

dynamicapertureto about20% of what it would be including only the arcerrors,

The CPU usagerequiredfor tracking oneturn is minimal, andcomparablewith

that requiredfor fifth-order single-turnTaylor maps.

The long-termdynamicapertureis strongly affectedby tune modulation,and

careshould be exercisedthat the nominal limits on modulation arenot exceeded.

Inclusion of "finite momentum"correction termsdoes not result in changesto

dynamicaperturesfor runsextendingto 2 x iO turnsandlittle purposeis servedby

the indusion of such terms.

The modelsimultaneouslyincorporatesthefull rangeof physics,providesresults

closeto thoseobservedwith detailed lattice representations,is fully symplecticand

can be numerically evaluatedfor the full range of turns to be expected in actual

machineoperation. Therefore,it can be used to provide benchmarktests to verify

the precisionof mapping techaiquesappliedover the numberof turns expectedin

actualoperation.
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FIGURE CAPTIONS

1. Dynamicapertureas a function of tune for p1 = p as evaluatedvia the full

elementSSCTRK codeoneinput seed.

2. Dynamicapertureas a function of tune for r = as evaluatedvia the present

model four input seeds.

3. Typical loss curvefor SSCTRK full simulation.

4. Loss curve with 0.001 chromatictune modulation for presentmodel eight input

seeds.The hardlineis drawn for comparisonpurposesandis the envelopeof the

"loss curve."

5. Sameas Fig. 4, but for loss curvewith 0.0025chromatictunemodulation.

6. Sameas Fig. 4, but for loss curvewith 0.0050chromatictune modulation.
E

7. Sameas Fig. 4, but for loss curve with 0.001 chromatictune modulation, with

"finite momentum"correctionincluded.
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