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The Design of Bellows
For Cryogenically-Cooled Superconducting Magnets

L. J. Wolf

Abstract

Sixteen geometriesof expansionbellows were analyzed,using MSC/NASTRAN. The cases

were carefully chosento span thepracticalrangesof diameter and thickness.The results areplotted

againstdimensionlessparametersgiving the maximum stressdue to expansion, the axial stiffness,

the maximum stressdueto pressure,and the axial forces causedby pressure.Design criteria based

upon plastic analysisare suggestedandexplained. The significanceof bellows thrust is explained.

A meansof anchoring bellows to eliminate theft tendencyto squirm is proposed.
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1.0 GEOMETRY OF A BELLOWS CONVOLUTION

A bellowsis aseriesof flexible convolutionsintendedto containpressurewhileallowing

for the differential thermalexpansion,or contraction,of otheradjoiningrigid pressurevessel

components.The numberof convolutionsin a bellowsis determinedby theamountof expansion

to be accommodated.A bellows may consistof a single convolution,in which caseit is more

commonlycalled an expansionjoint, or of manyconvolutions,making it moreof aflexible hose.

But thekey to the understandingof a bellowsis the understandingof the convolution,which is

shownin Figurei.

b

of symmetry TIP-0189i

Figure 1. A Bellows Convolution.

Eachbellowsconvolutionis composedof two toroidal shell segments:theinner torus,of
negativecurvature,andthepositively curvedoutertorus. Thesetori areconnectedby flat annular
plates.The axial flexibility of the flat annularplate is greaterthan that of the toroidal shell
segments.Therefore,thereis adesireto makethetomidalradii, R, as small aspossible.

Most bellowsareformed by expandingthin, cylindrical tubes.Thereis a practicallimit to
how small the toroidalradii canbe formed.This seemsto be aboutthreetimes thethickness.
For thepurposesof this studytheradii, R, of both theinnerand outertori weretakento be four
times thethickness,R = 4t. Note thatin both casesthe4t radiusis taken from theinsideof the
curvedwall.

Flat annular plate Plane of symmetry

Inner tows

Outer torus
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The ratio of the bellowsoutsidediameterover the bellowsinside diameter,which is the
sameastheradiusratio a/b, wouldprobablynotbe lessthan 1.1, exceptin thecaseof exceedingly
thin walls andthatwould producea very stiff bellows. On the other extreme, it is unlikely that a
bellowswould havea diameterratio asgreatastwo becausethereusuallyisn’t thatmuchspaceto
accommodatea protrusionof that size.Therefore,a/b in this studyrangedfrom 1.1 to 1.9. The
thicknessratios,3 = b/t, rangedfrom 25 to 200.

Becausetheremustbe someportionof a flat, annularplatebetweentheinnerand outer tori,
the criterion > 10! a-i must be met, causinga lower limit to the thickness ratio for some

diameterratios.Thecasesstudiedarepresentedin Table 1.

Table 1. Finite ElementCasesUsedfor MSC/NASTRANStudy.

=Wb 1.1 1.3 1.5 1.7 1.9
= bit
L

200 Case1 Case2 Case3 Case4 Case5

100 * Case6 Case7 Case8 Case9

50 * CaselO Casell Casel2 Casela

25 Casel4 Casei5 CaseiG

*The criterion, 3> 10/ a-i, is not satisfied.

2.0 FINITE ELEMENT ANALYSIS

A finite elementanalysiswasdonebecauseclosed-formsolutionsfor the generalshell

theoryanalysis,including bendingof the shell wall, are unavailablefor a bellows convolution.

While suchsolutionsdo exist for the annularplate,’ thosefor the tori2 arevalid only whenthe

meridionalangleis significantly greaterthanzero. But in a bellowsthemeridionalangleof thetori

doesindeedgo all theway to zero.

Evenwhenan analyticalsolutiondoesexist,asis thecasefor theannularplateportion,it is

algebraicallyinvolved. Onemay as well use the finite elementsolution. In the Appendix, the

closed-formsolution for the flat annularplateis fully developed.It leadsto 12 algebraicinfluence

coefficientswhich mustbe evaluatedin termsof boundaryconditionconstants.Nevertheless,that

closedform solutionwasproductivelyusedin this study to checktheaccuracyof thefinite element

analysis,andasthebasisfor deriving thedimensionlessparameters.

The finite elementanalysiswas conductedusing the MSC*PAL 2 software3on a

MacintoshII computer.Axisymmetricring elementswereused.In addition to axisymmetry,there

is also symmetrybetweenthe upperand lower halvesof the convolution,asshownin Figure 1.
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Thirty rings elementswereusedto modelhalf of thebellowsconvolution.The resultsof the study

werecompiledinto four dimensionlessparameters,where

a = stress,

A = expansion,

n = numberof convolutions,and

P = pressure.

Thefour parametersare:
nanb2

Stressdueto expansion:
EtA

nKicb2
Bellows stiffness: Et3

Stressdue to pressure , and
irb2P

Forcedueto pressure: F
nb2P

As a check, the MSC/NASTRAN program was used to calculate the stressesand
deflectionsfor thecaseof apressurevesselexpansionjoint on which careful experimentaldatahas

beenpublished.4The NASTRAN solutionconfirmedthe publishedstiffnesswithin 2% and the
stresseswithin 5%. The NASTRAN solution very accuratelyrepresentsreality for an
axisymmetricallyconvolutedshell like abellows.

3.0 STRESSES DUE TO THE EXPANSION OF A BELLOWS

The half-convolutionof the bellows modeledis shown deformed by axial expansionin

Figure 2. The stressesareprimarily due to the bendingof the walls. The regionsof greatest

bendingstressaretheinnerandoutertori, ratherthantheflat plateportion.In eachof the 16 cases,

themaximumstresswasin theinner torus.

Themaximumprinciple stressesfor thecaseof expansionareshownin thedimensionless

graphof Figure 3. Principle stressesare usedsincethey aregreaterthan theVon Mises stresses

and thuscanbeconservativelyaddedto the similar resultsfor pressure.They arepresentedasa

family of fourcurvesfor thefour thicknessratioson alogarithmic scale.No simple curvefitting

routine worked very well; thereforethe curvesare drawn as segmentedlines with corners.
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Itwasnecessarytoinsertacaselb,withana/bratioofl.2aiidaWtratioof200,inordertomore
effectivelysmoothout thebft = 200curve.

4.0 DESIGN CRITERIA FOR EXPANSION STRESS

Stainlesssteelcontracts0.3%from its mom temperaturelength when cooledto the 4°K
temperature of liquid helium. Aluminum contracts 0.4%. This contractionis highly non-linearin
that 95% occursin lowering the temperaturefrom 300°K to the 80°K temperature of liquid
nitrogen. The expansionbellows must be designedto take up not only the contraction of the
bellows itself, but also the changeof the length of the rigid pressurevesselcomponentsto which it

is attached.The idea isto calculatetheexpansionrequired,or thedifferentialexpansionif both

aluminum and stainlessare involved, and to selectan a/b ratio, b/t ratio, and the numberof

convolutionsso asto keepthestresslevel fIvm Figure3 within an acceptablevalue.

For abellowsrestrainedwith a sleeve,thestressdueto expansioncan be permittedto be as

high asthreetimes theyield strengthof thematerial.This seemspreposterousatfirst glance,but it

is baseduponnow well-acceptedelastic-plasticcriteria fully integrated into the Section Vifi,
Division Two,rulesof theASME pressurevesselcode.5Thethree-times-yieldcriterionmight be

F

TI P.O1892

Figum 2. ExpandedConvolutionHalf.

F
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usedwithout sleevesif careful buckling analysisis doneto ensurethat the slendernessof the

bellowsis not sogreatasto causethebellows to buckleafterseveralcyclesof plasticaction. If

three-times-yieldis allowedfor expansionstresses,thebellowswill generateits owncompressive

preloadthat could squirmthebellows.This quitevalid designphilosophyis left to anotherpaper.

5.

4 ----

3.

2 - -

w . -.-. - - -

100-
-- :i.. II . -

a= outside radius
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c-maximum

stress
a = expansion
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p=ioo n - number of convolutions
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Figure3. Maximum PrincipleStressDue to Expansion.

The plasticcriterion to be developedin this paperis to allow theexpansionstressfrom
Figure3 to reach 1.5 timesthe yield strengthof thematerial.This is similar to theCodecriterion

associatedwith the caseof "primary bending."It can be used even when the bellows is quite

slender and not laterally restrainedby a sleeve.It is basedupon a favorable residual stress

1.3 1.7
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distributionproducedby the first loadingcycle, keeping the materialelastic on subsequentloading
cycles.It worksasfollows:

If a bellows is extendedexcessivelywhile stressis measuredat the most highly stressed
point on theinnertons, a curveasshown in Figure 4 results.Sincethereareno suchthingsas
stressgauges,strain gaugeswould have to be used,and the readingsback-calculatedinto apparent

stress.

Onset of Yield

1 to 2
partially plastic

a
o to 1
fully elastic

Expansion p

Figure 4. ApparentStressat the InnerTorusDueto ExcessivelyExpandinga Bellows.

From 0 to 1 the stress increaseslinearly with expansionbecausethe material is below the
yield point and is everywhere elastic. The bending stressdistributions produced through the
thicknessof the wall areshownby the accompanying stressblocks. Beyondpoint I of Figure 4,
the materialbeginsto yield and becomeplastic at thesurfaces.When this happenstheactualstress
of the materialcan no longerincreaseand is stoppedat the yield stress.But, the core remains
elasticand the stressprofile asshownfor points 1 to 2 develops.

Gross deformation

2 to 3
fully plastic 3

±1.5a

4

2

0
2
0
I
a,
C
C

I ±ay....

Outertorus yields

Inner tows yields through

through

-ay

-a

T1P41909
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As theexpansionincreases,the elasticcoredecreasesandregionof plastificationintrudes

more andmore into theelastic core.But, so long as an elasticcoreremains, thereis very little

deviationform theoriginal straightloadingline, 0-1, in Figure4.
At point 2, thereis a sharpchangein theloadingcurveasthe wall of the bellows at the

innertonsyields throughandbecomesfully plastic. The stressblocksshownfor points2 to 3 are

now rectangular.The wall of the bellows has no further reservestrength.By the theory of

plasticity,the apparentstressatpoint 2 canbe shownto be 1.5 times the yield. From 2 to 3, the

bellowsconvolution is transferringa greaterproportionof the load to the outer tons. The bellows

will no longer seemto be as stift thoughit continuesto requireadditionalforce in orderto expand

it further.
When point 3 is finally reached, both the outer torus and the inner torus have yielded

through andfull "collapse" can take place.Collapsemeansthat thereis very little increasein
resistingforce, as theexpansioncontinuesto get larger. At this point therearetwo yield zones
actinglike plastichingelines,extendingaroundeachconvolutionof thebellows.The differencein
apparentstressbetweenpoints2 and3 representstheadditionalreserveplasticstrengthdue to the
redistributionof thebendingmomentfrom theinnerto theoutertorus.

Grossdeformationis notin itself afailure conditionof a bellows. In fact, sinceabellows
mustbe rathergrosslydeformedin orderto be manufactured,the addeddeformationmight not
evenbe noticeablewithouttakingmeasurements,andmay notevenbeof cosmeticimportance.

Whentheforcecausingtheexpansionis releasedfrom anyvaluebeyondpoint 2, a residual
stress,asshownin Figure5, will bepresent.This is a favorableresidualstressdistribution. Now
it is possibleto restressthematerialto an apparentstressof 1.5 of theyield strengthwithout any
further plasticaction dueto the factthatsomeof thematerialin exactly theright placeshasbeen
prestressedin thereversedirectionto 0.5of theyield strength.

It is a rare cryogeniccomponentthat will seeeven a thousandcyclesof cooling and
warmingthroughoutits lifetime. Therefore,theendurancelimit associatedwith high cyclefatigue
doesnot comeinto play. Due to expansion,bellows fail by low-cycle fatigue, which is the
crackingby thesuccessiveembrittlementwhich is seenwhenbendingapaperclip backandforth.

In order to have low-cycle fatigue, one must have alternatingplasticity. Alternating
plasticity is successivecyclesof stressbackandforth, beyondyield in tensionto beyondyield in
compression.This cannotoccurif thebellowsis extendedonly in one direction andback to zero
repeatedly,andtheabsolutevalueof stressis keptbelow l.Say.

Sincethin 304 stainlesssteel sheetcan havea yield greaterthan 120,000psi at room
temperature,andevenhigherat cryogenictemperatures,designexpansionstressesof 200 ksi are
entirelyreasonable.But onemustacceptthefactthatyielding will occurduringtheearlycycles.
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Figure5. StressDistribution. Dueto a favorableresidualstress,thebellows wall
remains elasticafterthe first loadcycle 50%beyondyield.

5.0 AXIAL STIFFNESS OF A BELLOWS

The axial stiffness,K, of a bellows is sometimesamatterof concern.This finite element
study produced thestiffnesscurvesgiven in Figure6. Thesecurvesgive rise to two observations.

First, for the dimensionlessparameterschosen,thestiffnesscurvesfor all therangesof b/t
fall closelywithin a curvedband.When theresultsfrom a flat annular plate the data points in
Figure9 areplotted,they too fall within that band. The flat annularplatewas oneof the checks
usedfor the finite elementanalysis.The supportanalysisusedfor the flat plate is given in the
Appendix.

Second,thestiffnessfalls off dramaticallyasthediameterratio increases.The curvesare
plottedon a logarithmicscalemaking themappearlesspronounced.But by simply increasingthe
diameterratioa small amount,onecansignificantly reducethe stiffness.

6.0 STRESS DUE TO PRESSURE

Thedeformationof ahalfconvolutiondue to pressureis shownin Figure7. In thecaseof
pressure, there are threeregionsof high stress: the two tori and themid-spanof the flat plate.
Again, the higheststressis at the inner torus, usually at the point whereit attachesto another
convolutionhalf.
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Figure6. StiffnessofaBellows.

The stressesdue to pressurearegivenin dimensionlessform in Figure8. Here again the
maximumprincipal stressis given. A family of curvesrepresentstheincreaseof stresswith the
diameterratio.

The maximumstressdueto pressureoccursat theinnerradiusof thebellows,just asin the
caseof expansion.But it is importantto understandthatthe stressfrom bendingat theinner torus
is oppositein sign to thatdue to expansion.ComparingFigure7 to Figure2, onenotesthat the
inner torus in Figure7 is closing,whereasthatfor Figure2 is opening.It is only at theoutertorus
that thestressfor expansionhasthesamesignasthat for internalpressure.

dotted line
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Figure 7. PressurizedConvolutionHalf.

One shouldalsonote whenin comparingFigures7 and2 thatpressuretendsto bulgethe
annularplate. Expansion,while forcing the plateinto a shallowconical shape,doesnot tendto
bulgetheplate. Theeffectsofpressureon thebellowsarevery different from thoseof expansion.

But themost importantdifferenceis that for the samethickness,increasingthediameter
ratio from 1.1 to 1.9 increasesthe stressabout30 times. However,the samediameterincrease
reducestheexpansionstressabout40 times. What one doesto reduceexpansionstressincreases
thestressdue to pressure,andvice versa.

7.0 DESIGN CRITERIA FOR PRESSURE

The stressdueto pressurefalls into thecategoryof primarybendingstressby theASME
code.Primarybendingis bendingthat is not self-equilibriating,as is thecasewith expansion.
Failuredue to primary bendingis seen in the outward bulging of the flat plate walls of the
convolution.In thecaseof pressurethestressshouldbe kept within l.5ay, which allows for the

reservebendingstrengthasexplainedpreviously.

P

Iv x
F
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Figure8. StressDueto Pressure.

However,it is importantto understandthatbellows,if restrainedagainstsquirm,arevery

forgiving aspressurecontainingelements.As the flat annularplatesof theconvolutionsbulgeto
thepoint of grossdeformation,theyactuallyassumeabettershapefor pressurecontainment.They
areunlikely to burstevenwhengreatly overpressured.The worstthatwill probablyhappenis that
they bulgeto thepoint that theconvolutionscometogetherandthebellowslosesits flexibility.

Becausecatastrophicburstingis unlikely, it makesno senseto imposepressurevessel

safety factorson a bellows. Here again,stressingbellows to 1.5 times the yield is more than
conservative.

0.00
I I I I I

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
Diameter Ratio, a-a/b
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The interactionof pressureand cyclic expansionis theoreticallypossiblein the form of

incrementalfailure. In suchafailure scenario,eachcycleof expansionproducesan incrementof

bulgingdue to pressure.Presumably,after many cyclesof expansionwhile the pressureis held

steady,thebellows convolutionsareso deformedthat the bellowsno longerworks. The ASME

codedealswith this situationby cascadingthecriteria.5
In otherwords, theabsolutevaluefor stressdueto pressureshouldbe lessthan 1.5 times

the yield; the sameholds true for stressdue to expansion.This will insure that the two absolute

valuesaddedtogetherwill be no greaterthan3 times the yield. At those stresslevels,incremental

failure cannottakeplacebecausethe shell wall will "shakedown" to elasticaction with repeated

cycles.

Thenotionof safetyfactoris not really applicable in thecaseof expansionelements.Safety

factorsin pressurevesselsareintendedto producethicker shellwalls, therebylowering stress.But

while a thickerbellows wall will lower thestressdueto pressure,it will increasethe stressdueto

expansion.Whateverhelpsfor pressurehurtswhenexpansionentersthepicture.

Insteadof safetyfactors,it is advisableto useductile, high-strengthmaterialsup to and

beyondyield to thefull plastic strengthof theshellwall. Thereis no justification to do otherwise,

even from the standpointof micro-leaks.Micro-leaks,if they are going to be present,would

alreadyhavebeenproducedby the severeformingprocessesnecessaryto manufactureabellows.

The only reasonfor keepingbellows stresseslow is the avoidanceof corrosion fatigue. But

corrosionfatigueis not likely to be aproblemin thepresenceofhelium.

8.0 BELLOWS FORCE DUE TO PRESSURE

A bellows exerts an axial force when pressurized. Figure 9 shows this force as a

dimensionlessnumberin termsof thediameterratio. If the bellowsis experiencingpositive internal

pressure,the force at its inneredgeis compressive.In Figure9 it is called the thrust force. If the

bellowsis experiencingavacuum,theforceat theinneredgeis tension.
Likewise,therewill be a reverse forceat the outeredgeof theconvolution.Underpositive

pressurethat forcewill be tensile,andis calledthedrawforcein Figure 9.
In Figure9, oneline is drawn which representstheflat annularplatesolutionsfor the inner

edgeforces. A secondoneis drawnrepresentingtheouteredgeforces.The datapoints, in thecase

of thegraph,are the results of the finite elementanalysesof the bellows convolution.They fall
almostexactlyon the annular plate curve.This is truefor all thicknessratios studied.

12
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Figure9. Forceson Mjoining ElementsDue to aPressurizedBellows.

9.0 SIGNIFICANCE OF THE THRUST OF A BELLOWS

The term thrust is usedto mean the push from a bellows. But, that term is not usedby

everyoneto meanexactly the samething. In this paper thrust, F1, is usedto mean the force
providedby the inneredgeof a pressurizedbellows. It is givendirectly by the lower curveof
Figure9. It doesnot include the hydrostaticforce, xb2P,developedover the inside areaof the
bellows. Figure 10 illustrates thedifference.
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Containment
shell forces

Bellows

The two magnetcold massesare supported horizontallyon four posts.Oneposton each
magnetallows the cold mass to slide and expandhorizontally. The otherpost is fixed to the
containmentshell in orderto transferthehorizontalload to thecryostatshell.

The bellowsconvolutionsmust be restrainedby the force, F, which is obtainedfrom
Figure9. This forcewill put thecontainmentshells into an axial compressionof F1 inboardof the

two fixedposts.

The elliptical headon the containmentshellmustbe restrainedby theforce,i&P. It will

putthecontainmentshellsinto axial tensionouthoardof thetwo fixed posts.

The fixed postsprovidethetotal of theheadforceandthebellowsthrust, F1+ i&P, while

no panofthecoldmassis acteduponby thetotalof thetwoforces.

10. A PRACTICAL MEANS OF AVOIDING BELLOWS SQUIRM

Squirm is theonly truly catastrophiceventthat canhappento abellows. It occursbecausea

bellows, when constrained at its inner edge,is aself-actuatingcolumn.Whenpressurized,it tries

to expandbeyond its supportswith thecompressionforceshownin Figure9. If thebellowsis too

slender, it buckles elastically and squirmsoff to the side. The relatively thin-walled bellows can

tearwhereit is attachedto thepipe.

Figure 11 showsa simple anti-squirmconnectionfor abellows that should be easyto test

experimentally.Mathematically,theforce,F, is tensionon theouteredgeof theconvolutionof a

bellows, and compressionon the inner edge.If one acceptsthatthe causeof bellows squirm is a

self-generatedcompressiondueto pressureon thevery flexible columnformed by the bellows,

thenchangingtheattachmentforceflum compressionto tensionshould stabilizethebellows.

Aession - F /
4-Tension -

Magnet cold mass

Supportreactionforce -P
= F + nb2P Fixed posts

TIP-Ol 902

Slide posts

Figure 10. Two MagnetCold MassesConnectedby Bellows.
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p . P

Anti-squirm

This bellows tends to get shorter; F0 is This bellows tends to get longer; F is
tension and is a stabilizing force, compression and is a destabilizing force.

TIP.ol9

Figure 11.An Anti-Squirm Connectionfor a Bellows on the Left.

Intuitively, onecan visualize that onepitch of the bellows on the left in Figure 11 is

squeezedtogetherby the internalpressure.Therefore,the stack of pitches tries to shorten the

bellows, and a tension force is neededto keepit at its original length.On theotherhand,a single
pitch of the bellows on the right tends to be forcedopenby internal pressure.Therefore,thestack

of pitches tends to lengthen the bellows, and a compressionforceis neededto keepthebellowsat
its unpressurizedlength. Pulling on a rope is a stable process,butone needsa very stiff rope to

push on. So, it is with a bellows.
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FLAT ANNULAR PLATE

APPENDIX

For a flat annularplate of outerradius, a, andinner radius,b, actedupon by a uniform

pressure,P, and an edgeforcehavingatotal valueof F, thedifferential equation6is

a [1 r9]}=

wherethecoordinatesystemis asshownin FigureA-i.

P i p

.LUILIUUIIIUIJ.
M1
0

flX’ I

F

H-b,

Figure A-i. AnnuJarPlateGeometry
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Et3D = the plate stiffness=
121 -

whereE = the modulusof elasticity,and p. = Poisson’sratio.
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Solving for thedifferential equation, one obtains

Pr4 K1r2
4 +K21n1+K3 3

where K1, andK3 areconstantsto be evaluated.

The constantsfor this equationfrom Reference6 canbe solved,with a numberof algebraic

stepsomitted here,for the caseswhereM1, M2 F, and P act separatelyupon the annularplate
yielding a matrix of influencecoefficients,suchthat

M1b101 ‘1 11,i 112 I3 1,4 ii M2b I
=

1 122 ‘2,3 ‘2,4

JlFb
4

I 13.2 13,3 13,4
1.bJ Pb

Where = a/b, theI,j canbe expressedin dimensionlessform.

1 [ 1 + 12 1Ii.1 =
n2_l 1+p. l-p.j

- fl r 1 1’
121

fl2_i[l÷p.1_p.j

1 [1_r12 + 2
131 =

n2_fl 2l+p. i-p. 11.1

-- 2 1 + 1 1112
- 12_ l[l + p. 1- p.j

fl 1 r2 1 1
i2,2 2 lLl + p. + 1 p.j

5

12 [12_l - 1 11
13,2 = in-I

fl2....l 21+p. 1-p. n.J

1 r 1 1 C1
113 =-I

4EL
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liii C1
C2]‘2,3 L-

In, 1
13,3 =-I-tln--i

4EL2 11
_1-_C21n-+C3]

where

C1= 1-Ii_ 2
l+p. fl2_1 11

C2-
1+p. 112 1

-- In-,
1-p.2-l t

1 1-p. 1 il
1 + çI 1 n- Iand C3=[

l+p.Jfl2_l lj

11.4 =T4+T5+T6

‘2,4

13,4 T1+T2+T3,

wheretheT1, are constants defined asfollows:

T$2-1I5+p.
2_i]

64 [l+p.1

T2
in 1 C1 C21n-+C31

11

3+p.1 i_2 + 112
6T3=- 16 L2u+p. 1-n

+ 5 +

1 1+p. J
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T5=_iftln1_ 4-- C2]

3+p. 1

______

T6=- I +16 Ll +p. 1-p.

5+p.
+

1+p.

11 1 C1i C2
Ts=_[-!_ Y

3+p.[ 1 1
+16 [l+p. 1-p.

For the casewheretheplateis supportedat both a and b and restrained from rotationat
thoseedgesas well, as shown in Figure A-2,

01.02,and wi = 0.

a
11P-01905

FigureA-2. The AnnularPlatewith Fixed Edges.
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Equations4 become:

10 1 [I 11,2 Ij3 11,4 1 IM2 1
10 r=I I2,1 ‘2,2 12,3 12,4 Ii F r[0 J L 13,1 13,2 13,3 13,4

Pb2 J

LettingPb2=1,

111.4 1 r 11,2 I,3 11M1 1
12.4 } = I 12,1 12,2 12.3 RM2 F 8

113,4 J [ 13,1 13.2 13,3 jlFb J,

which canbe solvedfor theedgemomentsM1 andM2 and the force, F.

The matrix equation wassolvedfor a/b ratios from 1.1 to 2. The inner edgeforce, F, is
plotted over Eb2P asa dimensionlessfactorin Figure9.
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