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Abstract

The decoherenceof betatron oscillations of the kicked beam is calculated
analyticallyin two degreesof freedomby assuminga Gaussiandistribution. De
coherencedue to higherorder chromaticity effect is also discussed.
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1.0 INTRODUCTION

From basiclinearbeamdynamics,a beam,kickedtransverselyfrom its closed

orbit, will executebetatron oscillations. Thesebetatronoscillationscan be ob

servedby a beampositionmonitor, which measuresthe centroid of the particle

distribution. For a linear betatronmotion, the observedbetatron oscillation is

harmonic. Such proceduresarecommonly used to measurethe betatrontunes.

However,if beamparticleshavebetatrontunespreadsdue to chromaticityor to

the effects of nonlinearmultipole elementsin the accelerator,then the observed

centroid of the beamwill be decohereddue to the accumulatedbetatronphase

spreadof particles.Knowledgeof thesedecoherenceeffectscanbe usedmorere

liably to obtain the betatrontunesandto understandnonlinearbeamdynamics.

When detailedphasespacemapsPoincarémapsareneededto study the non

linear betatronmotion, the decoherenceprocessmust be understoodin deducing

the effect of nonlinearmotion.

In the past,Meller et aL1 havederivedanalytic formulasfor thedecoherence

in the presenceof betatrontunespreadsdue to chromaticityand to the betatron

amplitudeof one degreeof freedom. Their resultshavebeenusedsuccessfullyin

analyzingthe dataof thenonlinearbeamdynamicsexperimentsE778.2Recently,

experimentsin nonlinear dynamics,extended to two degreesof freedom, have

beenproposedand approvedin the IUCF CoolerRing. Extendingthe discussion

of decoherenceeffects to two degreesof freedomis thereforeimportant. In this

note, I shall study the betatron decoherenceof kicked beamsdue to the tune

spreadin two transversedegreesof freedomin the absenceof linear coupling. I

shall alsostudythe effect of higherorderchromaticity. Fortunatelymost of these

effects canbe expressedin termsof ananalytic formulawhena Gaussianparticle

distribution is assumed.The discussionincludesdecoherencedue to chromaticity

and due to betatrontunespreadsin two degreesof freedom.



2.0 DECOHERENCEDUE TO CHROMATICITY

Assuming a linear dependenceof the betatron tunes with respectto the

momentumdeviation of the particle, Meller et al.1 showed that the betatron

coordinate,xn, of the kicked beamat the n turn can be expressedas

xn =roF6cos2irvn+p, 1

with

/ a2 2euosinn’8n
2

U

for a Gaussianparticle distribution. Here xo is the initial kicked betatronam

plitude, u., is the synchrotrontune, E is the chromaticity, and a5 is the rms

momentumspread,S = p/p. Thus the rms tunespreadis eo. Equation1

showsthat the measuredcentroidof the particledistribution is oscillating with a

Gaussianform factor with frequencyof 3- turns. The modulationdoesnot affect

the tunemeasurement.The Fourier spectrumof Equation1 is also Gaussian.

The frequencyof the amplitude modulationof the betatron oscillation is

independentof the particledistribution function usedin obtainingEquation2.

For a uniform particledistribution function in the phasespace,we obtain

2J1’.fia a2

r =oFi2;---, 3
v2a .1

where J1 is the Besselfunction, oF1 is the generalizedhypergeometricfunction,

anda is given by Equation 2. Again the betatronoscillation recoheresevery

turns aroundthe accelerator. In generalthe decoherencefactor dependson

the longitudinal distribution function of the beamin the accelerator. Methods

to calculatethedecoherencefactor aregiven in Reference1 andwill be discussed

in the next few sections.
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3.0 HIGHER ORDER CHROMATIC EFFECTS

For a high energyparticle accelerator,the linear chromaticity is normally

correctedto a zerovalue. Higher orderchromaticeffect maythenbecomeimpor

tant. It is known that the secondorder chromaticitydependson the half-integer

stopbandof the accelerator.I will discussthe decoherenceeffect later.

Let us considerthe tunespreaddue to the secondorderchromaticity,where

the tune spreadis given by

2
aa

Avn = - sin 2iru3n + . 4
Ca

Here a is the synchrotronoscillation amplitude of the particle, Ca 15 the rms

synchrotronamplitudeof the distribution, a5 is the rms momentumdeviationof

the distribution, and e2 is the secondorder chromaticity. The betatron phase

spreadis then given by

= 2!vmdm

= e2 .4a2IZ + 2e2a2 sin2irv3n cos2irv3n+

Thusthe transversepositionof a particlewith synchrotronamplitudea and

synchrotronphaseç63 at the turn in the beamis given by

xn = x cos2rvftn+ p + A4pa, s, n. 6

The centroidof the beammeasuredfrom the beamposition monitor is given by

xn = xo J cos2rvpn+ p + Apa, , npa, 3dad3. 7
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When the distributionfunctionpa, of thebeamis assumedto be a Gaussian,

i.e.,

= 2a 8

then Equation 7 can be solved easilyas

xn = r0F6 cos2irvn + p + 9

with

F5 = [o- 42e4n2 + 16r2aa2sin2 2v8n2 + l6r2a4n2]

10
1 4e2cn

= - arctan
2 1 - 4R.2e2c4n2+ 16r2ea2sin2 2irv3n

Since t’s is a small number,we expect that

1
1+4,r2cn2

Equation 9 indicatesthat the amplitude of the measuredbetatron ampli

tude decohereswith an amplitude function I’ and that the phaseis also mod

ulating with the phasefunction of Equation 10. The measuredbetatron

tune is obtainedfrom the Fourier transformof Equation9, i.e.,

rneasured
Ilfi + e2i. 11

The characteristicFourieramplitudewill be exponential.

When the linear chromaticity and the secondorder chromaticity are simul

taneouslypresentin the accelerator,then the integral in Equation7 can be

performedto obtain sumsof Besselfunctions. The radial integral becomestoo

complicatedto be representedby specialfunctions. Howevernumericalsolutions

can be obtainedeasily.
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4.0 DECOHERENCEDUE TO THE BETATRON TUNE SPREAD

The betatron tune spreadsdue to the betatron amplitudesalso decohere

the betatronmotion of the kicked beam.Meller et a!.1 havederivedan analytic

formulaof thebetatronoscillationsfor the kickedbeamin one degreeof freedom.

The measuredbetatronoscillation is given by

= -xkFx sin 2rvrn + r +
1 92 , 12

where

Xk = 1x’; 9 = 4irvrrz; = 2arctan9; 13

1 / 2 a2
F

£ I Xj, V
14

1+ 92 exp
2c 1+ 92

Here xk is the kicked amplitude, zv = k1c is the rrns tune spreadin one

degreeof freedom. From Equation 12, we obtain the betatron tune of the

kicked beamas

rneasured v1 + 4kc + . 15

The measuredFourier spectrumis initially a Gaussianand thenevolvestowards

an exponentialform.

5.0 DECOHERENCEIN TWO DEGREES OF FREEDOM

The betatronmotion of the kickedparticlescanbe describedby

Xrz = a cos2irvn + &, + ; azx + J3ZX’ = -a sin2irv1n + cb, +

zn = a cos2irv2n+ q5z + A4; a2z+ /3z’ = -a sin2irvn + c6z +
16

where a, a are the betatronamplitudes,vi,, v arethe betatrontunes, r, tt’z

arebetatronphasesof the particle, and are the betatronphasespread
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given by

= 2irk12a + ka2jn; A42 = 2irk22a + k2an. 17

Here the tune spreadis secondorder in the betatron amplitude duemainly to

sextupolesin an accelerator.The betatroncoordinates,measuredfrom the beam

position monitor, arethengiven by

xn
= f ax cos2vn + x + rpar, xpaz, zdardxdazdz,

zn

= Ja cos2v2n + z + Apa2, zpaz,

where the distribution function of the kicked beamis given by

____ ______

/ xkar .exp 2 sin1 J;
J

____ ______

zkaz .

expI -j-sin4 ;;
/

= /31LsX’; zk = 20

as the kicked amplitudes. Here c, c are rms beamsizes.

distribution of Equation 19, we obtain easily

Using the Gaussian

Xn = XkFxrFrz sin 2vn + Xr + t2
4 err

+1+92 +
xx

2
2k xz

2c1+92

zn = ZkFzxFzzsin

with

4 °zr
2vzn + zr + zz + 92

z
+

2c 1 +
21

Gix = 4irkan; = 4rk1on; 93 = 4irk1cn; 9 = 47rk2cn. 22

=

pa2,çfi2 =

ax
2

exp

a2
22ira2

18

19

a + 4
" 2a

a + 4
k 2cr

with
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cbjj =2arctan6 i,j = X,z

2 21 / x

_____

.62 1t 2c21 ‘92
T xx!rZ

1 / X2 92

_____

k ZrF2zz192 exPc__-i+e2
Zr

2 a21 / Zk VZZ
F2192 exPç-162

Zr

1 / z2

_______

k zz ‘t
Ff2192 exp---1192 I.

Zr /Zr

23

24

Within a short time interval after the kick, the measuredbetatron tunes,

derivedfrom the Fourier transformof Equation21, would be

rneasured V + 4kxxa+ krr4 + 4kxra +

rneasUred
,.., 2 + 4k2c + kxz4 + 4k2a + kzzj.

The amplitude modulation shortly after the kick is Gaussian. Thus the

Fourierspectrumwould alsobe Gaussianin shape. When the condition O$>> 1

is met, the decohereneeof the betatron oscillation obeysa power law. The cor

respondingFourier spectrumis exponential.
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CONCLUSION

The decoherenceof betatron oscillations of a kicked beamis studied in the

casesof 1 higher orderchromaticity effect and2 the betatron tune spreadin

two degreesof freedom. Most of the discussionsin Reference1 remainvalid. 1 do

not wish to repeatthem here. The presentstudy, ageneralizationof Reference1,

should beuseful in dataanalysisof nonlinearbeamdynamicsexperimentsin two

degreesof freedom.
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