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Abstract

Coil shapesto produceapproximatelypuremultipole fields in circular regionshave
beenstudied. The proposedcoil shapesarefunctionsof a parameterA whereA < 1.0.
The designmultipole field is found to be of the orderof A and the multipole impurities
arefound to be of the order of A2 or higher.
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1. INTRODUCTION

Accelerator design involves the design of magnetswith pure multipole fields;
dipolesare usedfor bendingandsteeringthe beam,quadrupolesareusedfor focussing
anddefocussingthe beam,sextupolesareusedfor correctionof chromaticityetc. Pres
enceof multipole componentsin the magneticfield other than the desiredcomponent
constitutesimpurity in thefield andwill compromisethe designpurposeof the magnet
through errors. Therefore, it is of interest to producea pure multipole field within a
circular beampipe, or keep the impurities to a minimum.

It is possibleto producea puit dipole field by overlappingtwo cylindrical regions
with the samediameterand with uniform current densitiesj and --i respectively.
In the region of overlapwhich will not be circular, the currentscanceland it canbe
shownthat a pure dipole field is obtainedin this region. SchmuserRef. 1 hasshown
that pure multipole fields can be producedin circular regionsby varying the current
in coils of constantthicknessessurroundingcircular regions,asfolows:

I=Iocosrnq5 1

Pure dipole field results for m=1; quad-field for m=2; sextupolefield for m=3
etc. In practice approximationsto the cosm currentvariations havebeenachieved
by introducing zero current wedgesat appropriateplaces in coils of constantthick
nessesRef. 1. Generationof approximatelypure multipole fields in circular regions
with currentdensitiesof constantmagnitude,but with coils of varying thicknesses, is
investigatedin this report. Follow primarily the notation in Ref. 1.

2. MULTIPOLE EXPANSION

With a current source .1 = jadadçó, locatedat the source co-ordinatesa, the
magneticpotentialfor 2-d field at thefield co-ordinatesr, 0, for r < a is gitrenRef.1
by:

Ar,O= .L!.’j"cos n-9 2

1



Using the expressionfor the current I, Eq.2 can be written as

cos n-9dda 3

Let the coil be boundedby the constantradius a1 of the circular field regionon
the insideand a radius a2 on the outside. Let the magnitudeof the currentdensity
be constantequal to j. The potential Ar, 9 for r < a due to such a coil is given by
thefollowing equation:

Ar, 8 = ! f j’ j.E."a cos n -8 dçb da

Carrying out the integrationover a, Ar, 9 is found to be

Ar,9
= 2r nn- 2 a_2

J2

j {1 - L2] cos n -9 d 4

Expandingthe summation,

= j [_r al [1 - 1y’] cos -9

+ lim [1 - 12] cos 2 - 9
n-.2 nri - 2 a2

- .LI cos 3 -8
3a1 a2

+ r[a12]
cos 4-8

8a1 a2

+
3[1 - 3] cos 5 -8

iSa1 a2

+ r6
4[1 - 4] cos 6 -9

24a1 a2

+ ]d
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The summation hasbeenexpandedshowing the first six terms. The secondterm
in the integral is undefinedas a approaches2. Redefinethis term using L’Hospital’s
rule.

n-2 nn- 2’
- U1n2] =

- ln-i 5

Using Eq.5 , the expressionfor A canbe re-written asfollows:

= .

,/i [_: a [1 - 2.-’} cos - 9

- 1n-- cos 2 - 8
2 a2

cos 3-8

+sai2 [1
- al2]

cos 4 -9

cos 5-8

cos 6-8

+ }d 6

Eachterm in the aboveintegral will be labeledas 11,12.. etc.

The two-dimensionalmagneticfield is given by

B=VXA 7

The radial and azimuthal componentsof .5 can be expressedasfollows.

1OA

r 88

- 8
Dr
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The componentsof themagneticfield in the cartesianco-ordinatesystemaxe given
by

= Br cos8 - B6 sin8

= Br sinO + B9 cos9 9

The following seriesexpansionformulae and trigonometric integral relationswill
be used.

1±r = 1±nx+
nnx2

±
nn-1n-2

1±x = unx+
nn-l-1x2 nn+1n+2

+...ctc

x3

10

p2r

I cosmc cosn d = rSm,n
Jo

/ cosm sinn45 th5 = 0 11
Jo

3. COIL SHAPES

3.1 CaseI, Dipole.

Assumea coil shapeandcurrent distribution asfollows:

a2=ai1+A Icos

cos4
33o 12

cosI

In the aboveequation,A is a constantinput parameter;it is equalto themaximum
thicknessof the coil divided by a1. The currentdensityj hasa constantmagnitudej°
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andits sign changesaccordingto Eq.12. Substitutethe coil shapeandcurrentdensity
given by Eq.12 into the integralfor the potential givenby Eq.6 andevaluateit term
by term. Omit the constant for convenience.

‘1
=

rjo
co

ai[1 -1 +AIcosj] cos -9 d
Icos#I

p 2,r

=joa1r. / Acoscoscos8+SinSin8 dç&
Jo

Using Eq.11, I reducesto

Li = ra1j0Aircosb

Using Eqs.8 and 9, this is found to lead to a pure dipole field Ref.1. Further
the dipole field will be of the order A. Evaluatethe next term ‘2.

‘2 = f r2j01 ln22- cos 2-8 dqi

Using Eq.10, ‘2 reduces to,

2io::1a!cosI_ A2t2 +...Jcos 2-9 4

Using Eq.11, thefirst term in the aboveintegral,which is of the order A reduces
to zero; the higherorderterms of the order of A2 and highermaynot integrateto zero.
The terms 13 I, canbe studiedby the generic term I,.

= j2t

2 aj2
[1 - Lm-2] cos -9 4
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=

nn- 2 ai220 : [1- 1- n - 2AIcosI
+ a - 2Xn

- 1A2 cosJ2

cos nçb-8dçb

= nn_2a_2 A2 [n-2 cos-
a 2Xn A2cosIcosI_

cos nç?-8dq’

As before, the first term of the order of A integratesout to zero; the higherorder
terms survive. Thus, use of the coil shapeand current densitygiven by Eqn.12, a
dipole field of the order A results; the multipole componentswill be of the order A2 or
higher. We canapproximatethe dipole field by keepingA .c 1 andassmall aspossible.

3.2 Case II, Quadrupole.

Assumea coil shapeandcurrent as follows:

= eAk 2

a1

cos2
3 jo 13

Icos 2I

The thicknessof the coil in the centeris not A in this case;but, it can be obtained
from Eq.13. Substitute Eq.13 into the expressionfor the potential A given by
Eq.6 and evaluatethe terms ‘2’1 Ii..

2 =
-

f2
r2j-ln-- cos 2 -8 dçb

f2 r2ioIc05:Alcos2 cos2-8

Using Eq.11.

12 = j0Aircos28

Using Eqs.8 and9, this is found to leadto a pure quadrupolefield Ref.l. Ij
canbe reduceusing Eq.13 asfollows.
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‘1

=
- 2a] cos -8 4

= A2’ -ra1jo ISI [-Al cos2l
- A21

cos2I2
-

cos3

cosfr-9d4

Using Eq.11, thefirst term of the order of A reducesto zero; higherorder terms
of the order of A2 or, higher may survive. Evaluateterms4...4 in a similar way, by
consideringthe generic term I,.

= A 2 aY_2
[i - L71_2] cos n - 8 4

fl2 = e_2k092

= [1- a - 2AI cos2j
- 22&l cos2l2 - a - 2&I cos2l

+
therefore,

= A2 nn-2 a2 cosI
[ - 2AI cos2l

a 22 A21 2l2 + A3Icos2*13
- ...J cos n -9 4

Using Eq.11, the first term reducesto zero; termsinvolving higher powersof A
may survive. Thus, if a coil profile and current distribuition given by Eq.13, a pure
quadrupolefield of the order of A canbe achievedand the multipole impurities canbe
kept to a minimum by keepingA as small possible and less thanone.

3.3 CaseIII, SextupoleAnd Higher Order Poles.

Assumea coil shapeand currentasfollows:
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11- Z1fl]
= Acosrn

[ a2

Or,
-

1 m-2

- Il-Alcos vnII
a J

cos
jjo 14

Icos tnj

In the aboveequation, in = 3 leads to a sextupole, in = 4 leads to an octupole
etc. Substitutethe above coil profile and current distribution in Eq.6 and evaluate

Tm,T1,T2,In etc.

n- 2
12,r j0r’ 1 cos

____

Ifl
= Jo nn -2 n2 cos in

[i -1 - A cos mlm2] cos a - 8 4

When m=n,

jorm 1 ,2 cos m[AI
Im = m-2 I I cos in- 2 a1 Jo i

cos m -8 dqS

- Jo
- tn-2

irA cos mO
mm - 2a1

Eq.11 was usedin evaluatingthe aboveintegral. Using Eqs.8 and 9, this is
found to a lead to a pure sextupoleof the order A for m=3, and to a pureoctupoleof
the sameorder for m=4 etc. When in a, 11,12 and I, will be evaluatedseparately.

P cos a2
I =

- / rio ai[1 --} cos -04
cos inçb a1

2ff cos m4’ -1
=

- [ rjoa1
Jo Icos zn[11AC5 n4ft] cos-8d

.2,r cos A
=

- / rjoaj
cos [__2Ic05 mJ+....] cos-8di
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Since in 1, the first term of the order of A integratesout to zero; higher order
terms may survive.

.2w

‘2=-I r2j0
cos ine 1 a1

la-cos 2-8d
o Icos inl2 a2

2w 2f r Jo cos rn 1
ln[1 - A]cos rn] cos 2j -84

Jo 2lcosmin-2

2w r2j0 C05 in
[-Acos inl-

A2cos inI2

-
cos 2-8 42m-2jcosin 2

Using Eq.11, the first term of the order of A integratesto zero, since in 2;
higher order terms may survive. Terms4. ..I, excepting I,, canbe studiedwith the
generic term I,.

p2w rj0 cos in 1 1 a1 ,z-2

io nn-2lcos inn-2L’a ] cos

2w r 1 cos m
11-1-Alcos

n-21

mn_2a?_2lcos in[
mjcos n-Od

2w r" 1 cos rn In-2

= A nn_2a2Icos in[in_2Ak05 in+....]cos n-84

Using Eq. 11 , the first term of the orderof A integratesout to zerosince in a;
higher order terms may survive.

Thus, if coil shapesusedand current density distribution given by Eq.14, pure
mth pole of order A is derived,mixed with impurities of other multipole components
of the order A2 or higher. The requiredmultipole can be approximatedby suitably
choosingthe parameterA andkeepingit less than one.

4. RESULTS AND DISCUSSION

Numerical computationswere done using the finite element code PE2D Ref.2,
for casea a dipole andcaseb a quadrupoleand the resultsare shownin Figures. 1
and 2 and Tables 1 and 2.
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Figure 1. Numerical Computationsusing Finite Element Code PE2D for Dipole.
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Figure 2. Numerical Computationsusing Finite Element Code PE2D for Quadrapole.
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Table 1. Harmonic CoefficientsFor Casea Dipole

N 11N AN

0 -0.4893 0.4278E-07 -
1 -0.7212E-07 0.1263E-13
2 0.1791E-02 -0.4697E-09
3 -0.1114E-06 0.3897E-13
4 O.1574E-04 -O.6882E-11
5 -0.1526E-06 0.8002E-13
6 0.7859E-05 -0.4810E-11
7 -0.0.1844E-06 0.1289E-12
8 -0.1540E-04 0.1211E-10
9 -0.2018E-06 0.1762E-12
10 0.403E-04 -0.3875E-10

Table 2. Harmonic CoefficientsFor Caseb Quadrupole

N 11N AN

0 0.1325E-07 -0.1155E-14
1 -0.1426E+01 - 0.2493E-06
2 -0.2136E-06 0.5609E-13
3 -0.2102E-06 0.73531E-13
4 -0.2336E-06 0.1022E-12
5 0.5655E-02 -0.2966E-08
6 -0.2924E-06 0.1790E-12
7 -0.3246E-06 o.2217E-12
S -O.3562E-06 O.2803E-12
9 -0.7327E-04 0.6406E-10
10 -0.4165E-06 0.4005E-12

13.



Casea: The folowing datawere usedfor the computations: The radius of the
circular region= 2.65 cms, thecoil thicknessin the center= 0.4 cm this correspondsto
a A = 0.1509, the currentdensity= 3.13 E8 amps/rn2.Dirichlet boundarycondition
was applied at a radius of 4.65 cms. The distribution of magneticpotential is shown
in Figure.1. The field in the centerwas 0.489 Tesla.

The field at a radiusof 1.0 cm was usedto conducta harmonicanalysisusing the
following equation.

B, +i B, = B b +i a4r + i y’1 15

11o in the aboveequationwas assumedto be 1.0 and the valuesof x and y were
input in cms. The resulting coefficientsare shown in Table 1. If the dipole field were
pure, the coefficient B will be non-zeroand the restof the coefficientswill be zero. It
is seenthat B2,B4etc.are not zero. = -0.4893 and 112 = -0.001791. This shows
that the multipole impurities are about 0.37%.

Caseb: The folowing datawere usedfor the computations.: The radius of the
circular region = 2.0 ems, the coil thicknessin the center= 0.7 cms this corresponds
to a A = 0.3001, the currentdensity = 4.6 ES amps/rn2. An iron yoke as shown in
Figure 2 was used. The presenceof iron can be expectedto improve the field. The
distribution of magneticpotential is shownin Figure 2. The coefficientsobtainedfrom
the harmonicanalysisof the field at 1.0 cm radiuswith B in Eq.15 set equal to 1.0
areshownin Table 2. If thefield were pure quadrupolefield the coefficient B shouldbe
non-zeroand the rest shouldbe zero. It is seen that B1 = -1.426 and 115 = 0.005655.
This shows that the multipole impurities areabout 0.397%.

CONCLUSION

It is possible to achieve approximatelypure multipole fields in circular regions,
using coil shapesandcurrentdensitydistributions given by Eq.12 for dipole, Eq.13
for quadrupole-and Eq.14 for other multipoles. The multipole impurities are found
to be of the order A2 or higher; the impurities can be kept to a minimum by keeping
A as small as possible,less than one.
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