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ABSTRACT

We presenta notationfor "smear" that makesits definition clear
andunambiguous.Insteadof proposinga uniquedefinition, we de
fine and recommendthe conceptof the "smearof a function," Sf,
and allow individual researchersto freely choosethe function1. The
notation is clear enoughthat it allows to easilycompareresults for
the smearof different functions. We also recommendthat, for more
detailed comparisons,authors also compute the five basic statisti
cal quantitiesof the distribution. We collect all definitionsof smear
presentlyin use, expressedin our notation, and comparethem. Fi
nally, we present a new definition which we suggestbe usedas a
standardof comparisonamongdifferent calculationsand/orexperi
ments.

* Operated by the Universities ResearchAssociation,Inc. for the U. S. Departmentof Energy.
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1. Introduction

The advent of large circular acceleratorshh2} has brought forward a new
considerationin their design: becauseof their largesize,economicreasonsforce
theuseof superconductingmagnetsof small bore. By their nature,thesemagnets
haverelatively largemagneticfield nonlinearitieswhich causenonlinearitiesin the
dynamics. Ideally, the motion of the particlesshould be aslinear as possiblein
order to ensurethepredictabilityof their behaviorand thereforethe operational
reliability of the machine. The larger the sizeof the bore, the more linear the
particle dynamics,but the moreexpensivethe machine. Too small a bore, and
the machineis unreliable. Therefore,economicreasonsimposethe necessityto
toleratea certainamountof nonlinearityin the particlemotion.

One way to quantify the deviation from linearity in the particle motion is
to measureor calculatethe linear invariants turn by turn. The deviation from
constancythereforeprovidesa measureof the nonlinearity. A quantity that
measuresthe size of this deviation hasbeencalled the "smear." At present,
however,thereareso manydefinitions of smearin usethat comparisonsbetween
different experimentsand/or calculationshasbecomequite confusing. In this
note we presentand recommenda notation that allows a clear definition. Our
recommendationis to adopt the concept of the "smearof a function," Sf,
definedby Eq. 2.5, ratherthan to try to define smearitself. In the casesof

interest to us, namelyexperimentsand simulations{4_6] in circularaccelerators,
is usuallya function of the amplitudesor the Courant-Snyderinva.riants. By

appropriatelychoosingf, we reproduceall "rms.-type" smeardefinitions in use
so far. It is up to eachindividual to spell out which I sheor he is using. While
researcherscannotbe forced to usethe samedefinition of smear,at leastour
notation is flexible andclear enoughthat it makesit possibleto comparedifferent
calculationsandexperimentalresultswith relativeease.
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2. Basic definitions

Consider.theclusterof points in Fig. 1, describe4by the genericcoordinates
u and v. A qualitativedefinition of the smearof this distribution is: "sizeof the
clusterdivided by its distancefrom the origin." In the casesof practical inter
est to us, the points representthe turn-by-turnmeasurementsof the horizontal
and vertical amplitudesor the Courant-Snyderinvariants. If the motion were
perfectly linear and uncoupled,the distribution would reduceto a point, yield
ing zero smear. If the motion were very nonlinear,the points would be widely
distributed, the smearwould be largeand its very conceptuselessasa measure
of first orderdeparturefrom linearity. Thus we areinterestedonly in reasonably
clustereddistributionsin the first quadrant.

V

U

Fig. 1. A sampledistribution of pointswith genericcoordinatesii and v.

Themanydefinitionsof smearin usetodayhavethe samequalitativemean
ing statedabove. For example,the generic coordinatesu and v might be the
horizontal andvertical particleamplitudesa anda measuredat some specific

point in the lattice; [1 or they might be the Courant-Snyderinvariants2J and

24 or the eigen-invariants2J1 and2J2, if thereis linearcouplingj61 or they
might be linear combinationsof the invariants that emphasizeor deemphasize
specific coupling resonances,[5]

or that emphasize,say, the horizontal size over
the verticalsize. In addition,onemight chooseeither "rms" quantitiesor "max-
mm" quantitmes[8912] to define thesizeof the distribution. Here we shall focus
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on rms quantitiesonly and will collect the max-mm definitions of smearin use
in orderto recommenda specific notationfor eachone of them.

A distribution of points is fully specified by an infinite set of moments; in
practice,of course,we want to measureor calculateonly one or a few relevant
quantities,dependingon the purposefor which they are intended.For example,
comparisonbetweentrackingcodes,or betweensimulationandexperiment,may
requirea more detaileddescriptionof the distribution than,say, a specification
of neededmagnet quality. In all casesof interestso far, and in the foreseeable
future, the specificationof the first five momentsof the distribution is quite
sufficient. Thesearethe two averages

üu, U=v 2.1

and the threecovariances

xq,p = q - 7p - p = qp - q j’ 2.2

where q,p = u or v. The averagefu,v of an arbitrary function fu,v is
definedby

fu,v fu,v = Efut,vi 2.3

which is a turn-by-turnaveragein physicalapplications.

The usual a’s and the correlationC are

= v’xu,u, c, = Vxv,v, C = xu,v 2.4

Note that the correlationcan be positive or negativedependingon the overall
orientation of the cluster. Roughly speaking,C > 0 if it lies along the main
diagonal,C C 0 if it lies alongthe seconddiagonalas is the casein Fig. 1. In
general,C is in the range-cc1, C

We definethe smearof thefunction 1 Sf, by

xf,f 2.5
f2

which is nothingbut thenormalizedrms of the function.
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3. Propertiesof the smearof a function

A nice propertyof 5f is scaleinvariance,i.e.,

SAf = 51 3.1

where A is a constant;this meansthat 5f is not sensitiveto the absolutesize
of the distribution.

Thesmearof a linear function is givenin termsof the 5 momentsmentioned
above. Thus, for fu, v = au + 1w + c, we obtain

Sazz+1w + c = sJa2C+b2U2+2abC
3.2

The function f canalso be a vector function of u, v, if we adoptthe obvious
generalizationof the definition of the covariancesto be

x, g f - j’ . g - g 3.3

For example,for r = u,v, we obtain

34
- 1r! V ü2±ii2

This latter definition of the smear,5r, is perhapsthe one in most straightfor
ward correspondencewith the qualitative definition statedin the Introduction.
The numeratoris an obviousmeasureof the sizeof the distribution and the de
nominatoran obvious measureof its distancefrom the origin; it is insensitiveto
the orientationandshapeof the distribution.

For small-smeardistributionsit is easyto prove that

q2 = q2 x [1 + 052]
22 - .

xq ‘p = 4qq,p x [1 + 05]

where, again, q and p canbe either u or v. Thus one can approximatelyrelate
the five momentsand the smearof amplitudedistributions to Courant-Snyder
distributions,as we statemoreexplicitly below.
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Whateverits definition, the smearmust satisfy the important property of
beinga first order invariant, i.e., it must be invariant undertranslationthrough
linear elementsalong the lattice. This requirementensuresthat the smearis
approximatelyindependentof theobservationpoint randomnonlinearitiescause
relativedeviationsof05 whenthe smearis measuredat different lattice points;
however,nonlinearmagneticelements,suchaschromaticitysextupoles,cancause
largerelativedeviationsin the smearin certainregionsof the lattice, if the phase
difference betweenthem is appropriate. All definitions presentedin the next
section,except S, arelinear invariants.

4. Collection of smeardefinitions

In Table 1 below we presenta collection of definitionsof smear,expressed
with our notation. The Courant-Snyderinvariants2J, 24 are relatedto the
lattice functions by 2J = + 2axx’ + yzx2, and similarly for 24. The
amplitudesa, ay, which have the advantageof being directly measurable,are
relatedto the invariantsby a = /797 we assume,for simplicity, that they are
measuredat a point where a = = 0. If the motion has linear horizontal-
vertical coupling, the eigen-invariants2J1, 2.12 shouldnormally beusedin place

of 2.4,, 24; otherwise,the smeardoesnot vanish at zero amplitude.
[5]

I is
only a function of .1, 4 or .4, .12, the linear-invariancepropertyis guaranteed.
If f is a function of the amplitudesa, ay, somecare is needed.Clearly Sa
and Sa are linear invariantssince the $-functjon cancelsout on accountof
the scaleinvariancepropety;however,Sa + ay and5a arenot.
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Table 1. RMS smeardefinitions.

Name Definition Comments

Si 5a Ref. [3]

52 Sa Ref. [4]

S3 max[Sa1,Say] Ref. [7]

54 1.56 max[Sa, Sa] Ref. [9]

55 max[5J1, SJ]

S6 SJ + 4 Ref. [51

57 5Ji+J2 Ref. [6]

SJ new

Actually Ref. [3] containsonly a descriptivedefinition of smear,without a
formula; the definition 5a in the table abovecorrespondsto Alex Chao’sbest
recollectionof what was thenreferredto as smear.

We presentnow the max-mm definitions of smearthat are in use. In these
formulasA = y’J, and not /$J of course,if flz,mn = $y,max one cantakeA
to be v’2maxJ. A and A arethe maximum and minimumof the distribution,
and the averagesaredefinedby A = A + A/2, andnot accordingto Eq. 2.3.

= s/max[A - A,A, -

Ref. [12]

41
1 A-A A-A

ST=-max - , - Ref.[8]
3 A,

The factor in front of S- is purely ad hoc; it was includedin its definition
asa roughguessto makeit agreewith 53 in practicalapplicationsto the SSC*

however,readon.

The "10% criterion" for the linear aperture1of the SSC was first stated
in print with an explicit formula, to the best of our knowledge, in terms of
S in Ref. [8], wherethe linear aperturewasdefinedby S = 0.10. It was then

* Alex Chao,public confession.
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observedempirically,in analyticalandtrackingstudieson a specificSSClatticej’
‘that S!, = 0.10 correspondsto S3 0.064. This provided the motivation in
Ref. [9] where 54 was called Srms for the factor 1.56 in front of S4, since
1.56 x 0.064= 0.10. Thusthelinearaperturecriterion canbe statedasS = 0.10,
or 53 = 0.064, or 54 = 0.10, or 55 = 0.128 seebelow for the explanationof
55 2S3.

It shouldbe remarkedthat the smearis not a statisticalquantity; that is to
say, once the set of all nonlinearitiesfor a given machineis fully specified, the
smear,in either of its rms or max-mm versionscan, in principle, be calculated
analytically to anydesireddegreeof accuracy. In tracking simulationsthe com
putationof the smeartakeson an apparentlystatisticalcharacteron accountof
the finite numberof turns usedto "measure"it experienceshows,however,that
simulationswith asfew as 500-1,000turns yield very accuratevalues. In this
sensethe "rms" qualification can be misleading. In model machineswith ran
dom errorsthe smearis truly a statisticalquantity, sinceit requiresan ensemble
averageoveran infinite numberof machineson top of whateverothercalculation
hasto be performedfor a sampleelementof the ensemble.For thesetypes of
calculationsthe rms versionsof the smearare the appropriateones.

5. Comparisonamongthe different definitions

For small-smeardistributionsone obtains,from Eq. 3.5,

2.4 a /j3
5.1

x2J,2J,

for i,j = x or y. It follows that 5J 25a,, and thereforeS 253.

For one-dimensionalmotion there are severalrelations amongthe different
definitions. In this case,S = 52 = S3 = S4/1.56,Ss = S6 = S = 58 253, and

=

For two-dimensionalmotion thereis no directquantitativecomparisonamong
the severaldefinitions except S5 2S3. In particular, the SPS definitions 56
and 57 areconstructedso that they aresensitive to the orientationof the cluster
of points,yieldingsmall valueswhenthereis coupling betweenthe horizontaland
vertical planesof motion, or betweenthe eigenplanes,respectively. Thus they
respondin a qualitatively different way to coupling resonancesthan the other
definitions, all of which respondsimilarly. As we mentionedabove,the relation
S 1.56S was found empirically for an SSC lattice; it is not meant to be
generallyvalid, especiallyunderthe influenceof significant resonances.
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A numericalcomparisonamong the different definitions, for specific lattice
examples,will beprovidedelsewhereU3loncethis crazinessof the move to Texas
is over.

6. Conclusionsandrecommendations

In conclusion,we recommendthat authors:

1. adopt the definition of the smearof a function, Eq. 2.5, and that they
stateexplicitly their choiceof function f, which shouldbe alinear invariant;
and

2. providethe5 basicmomentsof thequantitiesthat appearin f; for example,
usersof S ought to statethevaluesof .14 , 4, x.Jz, .14, xJ, 4 and

xJ,4.
We also suggestthat the definition of smearS 53 definedby Eq. 3.4

with r = .J, 4 or r = Jj, .12 if there is linear coupling, be adoptedfor
purposesof comparisonamongdifferent calculationsand/orexperiments.This
"standard"smearis insensitiveto the shapeand orientationof the cluster of
points,andis sensitiveonly to its overall size. Also, its squareis directly amenable

[7,1o,ii}
to theoreticalcalculation.
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