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Abstract

An snalytical derivation of the horizontal smear due to sextupoles and
octupoles js presented. A generalited expression for the horizontal
smear dae to all multipoles is derived. A two degree of freedom calcu-
iation yields the smear due to sextupoles and octupoles. Experimen-
tal observations of the smear induced by special sextupoles have been
made at the Fermilab Tevatron and our calculations agree very well
with the data over a wide range of condjtions. The smear due to ran-
dom and systematic multipole errors in the dipoles, before and after
the insertion of lumped correctors, is calculated for the SSC lattice,
Finally the smear due to random and systematic multipole errors in
the Tevatron dipolies is computed.
Intro tio

For an ideally linear motion, a particle trajectory in the phase
space at a certain location along the ring maps out a perfect ellipee
which is an invariant. In the presence of nonlinearities, however, the
trajectory fluctuates about the ellipse from turn to turn. The rms
fractional value of this 8uctuation is called the single particle smear,

In a collider ring the region around the axis of the magnets where
the particle motion is sufficiently linear defines the linear aperture of
the accelerator. Based on pact accelerator experience [1], the linear
aperture for the SSC has been defined [2] gquantitatively as the re-
gion within which the smear is less than 6.4% and the on-momentum
tuneshift with amplitude is less than .005. These criteria were sub-
jected to experimental verification during the beam dynamics experi-
ment E778 [9] performed in the Fermilab Tevatron. Furthermore single
and multiparticle tracking calculations were used to predict the smear
for various accelerator conditions. These predictions were compared
to the experimental results. The agreement is very good. However,
it is useful to derive an analytic expression for the smear. First, such
& calculation can be compated to experimental and tracking results.
Agreement among the three methods would enhance one's confidence
in the understanding of the particle motion in the linear aperture re-
gion. Second, one could use this formula for the computation of the
smear in a machine, without resorting to extensive tracking.

This paper presents analytical formule for the smear computation
due to both field errors and correction multipole insertions. First order
perturbation theory has been used to calculate the distortion of the
beamn shapes in the two transverse planes due to the nonlinearities,
thus giving rise to the expressions for the smear. In the particular
case of ottupoles and sextupoles the smear is expressed conveniently in
terms of Collins’ distortion functions {4), the contributjon from the two
multipoles being separabie. As we shall see, this is not the case if one
includes higher multipoles. A numnber of applications of these formulz
are presented at the end. Analytic derivation has been performed by
Forest [5] in the complicated Lie algebra notation. Qur formule are
simple.

Smear Due to Normal Sextupoles

First we perform the one degree of freedom analysis. Consider the
situation of only sextupoles in the ring. For first order perturbation,
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the distortion of the horizontal particle amplitude A, at phase advance
¥, is given by (3,6]
5&('#:) = A:{(Al('l’a] 3in e — Bl(‘o":) cos ¢l]
+ [As(¥e)sin3pe ~ By(va)cos 30, ]}, (1)
where (o, is the instantaneous betatron phase such that £ = A, cos .,

¥, is the phase advance and B, Bs, are the Colling” distortion func-
tions:
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and the A’s are the derivatives of the B's with respect to their argu-
ment. Also S{) is the strength of the k-th sextupole defined in Eq. (7)
below. The summations above are over each sextupole located at the
‘modified’ phase advance _,, which is equal to the usual Floquet phase
Yok if Yok 2 Yo, and to ¢hp + 200, If fpp < Pe

The single particle smear at v, is defined as

1/2
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where { ) denotes the average over many turns, or, equivalently over the
instantaneous betatron phase .. From Eq. (1), we get immediately

Sk(#e) = 3 A2 {A3(0e) + BYb) + 460 + Bl¥e)} - (4)

If we consider the distortion functions as vectors R{" = (B, A4) and
R{?) = (Bs, A3) then the smear can be expressed as

Sk(v) = 3 42 {iR(P 4 [ROP) . (5)
From tﬁe definition of the distortion functions, Eq. (2), we get
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Further insight can be obtained from the following property of the
distortion functions: the distortion functions at another point ¥ + Av
downstreamn are given by the vectors Ri’) and B;z) rotated through
angles Ay and 3A1 respectively il there is no sextupole between the
two points. In passing through a thin sextupole of length L — 0 and
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with horizontal betatron function 8, and particle’s magnetic rigidity
{Bp), the B,’s are continuous while the 4,'s jump by an amount 5(3)/4,
Thus the amear will be a constant between two sextupoies but will have
4 jump when a sextupole is crossed. This is demonstrated in Fig. (1)
which is ebtained by plotting the smear as given by Eq. (5) as a function
of the phase advance arcund the machine. Sixteen sextnpoles clustered
in two groups of eight located at phase advances of approximately
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Figure 1: Sroeatr versus phase advance, around the machine, as pre-
dicted from perturbation calculation.

4.5 x 2r and 14.5 x 27 cause these jumps in the smear. In the special
situation of having only one sextupole in the ring, the smear becomes
& constant of motion.

Next we treat the two degree of freedom case. In two degrees of
freedom the distortions of the horizontal and vertical amplitudes A,,
A, at phase advance tf,, to first order in the sextupole strength, are
given by [3]

6 A, = AJl{ Ay 8in e — By cos 9, ) +(Assin 3, ~ B cos 3¢5, )]

~A[2(Asin . — B cos o )+ (A, sin o, — B, cos .. )
~ {Aqring_ ~ Bycosp_)], (8)

bA, = -2A, A (A sine, — B, eosp. )+ (Agsing. — Bycosp_ ).
(9)
The distortion functions B,, By, and B, are given by
1 3 ,
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B(ye) = TR g % cos (Yl — e — 70, ), (10)

and the A's are given by the derivatives of the B's. Here 5 = 2y, 1,
and v3 = 21, & vp. The sextupole strength 5™ is defined by
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In two degrees of freedom one can define three different kinds of
smear:
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where the subscript P stands for X and V. Using Eqs (8} and (9)
one can express the three smears in terms of the Collins’ distortion
functions as follows

(11)
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For the explicit expressions of the smear in terms of the sextupole
strengths and phases, see Ref. [7).

Smear Due to Normal Octupoles

The one degree of freedom calculation is performed first. The distor-
tion of the horizontal amplitude A, due io normal octupoles is given
to first order in the octupole strength, by

§A; = AJ[( A sin 4, — By cos 4ip,) + 2( Az sin 2¢, -

where i, is the instantaneous betatron phase, and 4;, By, A;, B; are
the Collins’ distortion functions. The B's are defined by

B; cos 2¢,)] (16)

st
Bi(4¢,) = hm . Z -*—cos Yo — %o ~ %),
By(2¢,) = m Z _" o8 2(¥p, — Yo — 7Tu). (17)
The octupole strength S3) is defined by
BYL
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Hence the horisontal smear given by Eq. (3) is
Sk = 348 {(A1+ BY) + 4(43 + B])} (19)
or
sk = 3 AL (iR + 4RO} (20)
where,
5, SPeit i |2 ) 9290, l
|R(1’}| = li—l' [R?)l S’ (21)

16isindxy,| 16| sin 2%, |
In two degrees of freedom the distortions of the horizontal and ver-
tical amplitudes, 4, and A, respectively, are given by
§.A, = A3[(Aysindp, - By conde,) + 2( Az 0in 20, — Bj cos 2¢, )]
—3A=-A:[2(Ai sin 20, — By cos 2¢, )
+(Azsin2p, — Bacos 294 ) + (A sin2p_—~ By cos2p_)], (22)
§A, = —3A2A4,[2(Assin2¢, - By cos 2¢,)
+(A3sin2p, - Bycos2¢, ) - (A4sin2p_ — By cos2¢0. )]
+A{2( Agsin 20, — By con 29, )+ ( Ay sint 4p,— By cos 4, )1 (23)
The distortion functions Ba, By, By, By, Bz, and By are given by
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Here v3 = v, £ v, and Y3 = ¥, = ¢,. The octupole strengths S and
3 are defined by

561 = [("-ﬂv) 2, e pm [(”)G-'E% . 9)
Then the three different smears given by (12) are
Shx = 3 A(AL+ BY) + 443 + BIY] + JALIA(A3 + BY)
+ (A3 + B}) + (A1 + B])| - 124245 (A2 45 + B3Bs),  (26)
Sty = ALCAZ + BY) + (A3 + BY) + (41 + BY))
+ 3 ASUAR + BY) + (A3 + BY)] — 124343 deda + BeBy)  (27)
" Sky = 3AIAU(43 + BY) - (41 + B, (28)



Horizontal Smear Due to All Multipoles

In this section, we shall present a formula for the horizontal smear
with the contributions from all higher multipoles without resorting to
the use of distortion functions. The complete derivation can be found
in Ref. [7}.

The irrotational magnetic flux density can be written in general as

e
By +iB. = Bo 3_(ba + ign)(z + iy)", (29)
n=1
where b, and a, are the normal and tkew mﬂtipok coefficients, re-
spectively, of order 2(n + 1). For example,

1 9B
= W5 az“" . {30}

In the above, the vertical bending magnetic flux density By as well as
the field gradients of the focussing F and D quads have been excluded.
Thus, Eq. (29) contains the conttibutions of all field errors as well
as other inserted correction multipoles only. Since we are concerned
with the isolated horizontal phase space only, Eq. (29) simplifies to
By = Bo 33y bp2™ -
Then the smear § dne to all higher multipoles, is giver by
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Here A is the normalized amplitude, A = (2I5y)!/?. Taking the thin
lens approximation we define the strength of the k-th multipole, S, of

Jength L — 0 as
n_ &_6_1_ £ {#+2)/2
= = (Bp) (.30) Aol .

where [ = 2m — 1/2m for the 4m/4m + 2-th multipole. The coefficients
7870 and f1*™ are defined by

m-1)_ _P 2m ) _ 2p+1 2m+1
1 4 T 23myy; (m—‘P) * f; 22m+1(2m+1) m-p (33)

for the 4m-th and (4m + 2)-th multipole respectively,

(32)

Applications

The first application is on ET778. Experiment E778 studied the non-
linear dynamics of transverse particle oscillations. Nonlinearities were
introduced in the Tevatron by 16 special sextupoles, The smear was
measured for different sextupole excitations (0 to 50 amperes), differ-
ent tunes (19.38 to 19.42), and 3 kick amplitudes (5, 8 and 10 kV).
Tracking calculations were done to simulate the experimental condi-
tions and the smear was extracted from these calculations. We used
Eq. (5) to compute the smear for the E778 Tevatron iattice for various
conditions. The agreement between observation and prediction from
perturbation theory is very good, as Fig. (2a) demonstrates. Also
Fig. (2b) displays the comparison between perturbative calculations
and tracking predictions. The agreement is also very good..

As & second application we shall calculate the smear in the Tevatron
due to random and systematic errors in the dipoles. The Tevatron
dipoles contain higher order multipole harmonics. The mean value of
each multipole component is called the systematic error while the tms
value constitutes the random error. We used Eq. (31) to calculate the
smear and the errors are taken from Ref. [10]. For By = 4.4 Tesla,
at fip = 100 m with dipole length L = 6.12 m, at an amplitude of
A = 5 mm and tune of ¥ = 19.23, the smear in the Tevatron due to
random errors is 8§ = 1.04%. This result is in very good agreement with
the measurements of the smear in the ‘bare Tevatron’ (nonlinearities
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Figure 2: Smear vs sextupole excitation. Comparison between pertur-
bative calculations (solid line) and (8} experimental data {E778), (b)
tracking calculations. The 3 curves correspond to0 2.25, 3.6 and 4.5 mm
in amplitude.

Smear (%)
No cortrection. T7.09 + 2,53
by, by, by random and systematic present.
No correction. 7.07 £+ 2.50
Random b;, bs, by present.
No correction. 0.39 + 0.00
Systematic by, by, by present.
Correct random and systematic by, by, by. 0.43 £ 0.22
Random and systematic by, by, by present.
Correct random by, by, by. 0.43 £ 0.22
Random b3, b3, b4 present.
Correct random by, 0.71 £ 0.2
Random b;, by, by present.
Correet systematic by, by, by 0.000% & 0.00
Systemstic &, &;, &, present.

Table 1: Summary of the results of the analytic computation of the
smear in the SSC, with and without correction elements.

turned off) performed as part of E778. For the same etonditions, the
smear in the Tevatron due to systematic errors, as calculated from
Eq. (31}, is § = 0.80%.

Finally we calculated the smear in the SSC due to random and sys-
tematic by, by and by given in Ref. [7). We assumed an ‘arcs only’ SSC
lattice with 320 cells and 12 dipoles pet cell. The tune was 81.285
and the amplitude was 5 mm. Then we inserted correctors according
to Neuffer’s three lumped correction scheme [8] and recalculated the
smear. The results are summarized in Table 1. The value of the smear
fluctuates by large amount depending on the seed used. As a tolerance
in design, cne should allow the smear to vary by as much as say two
deviations from the mean within the good field region.
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