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I. Floquet Variables of a Linear System
In this reatment, we will assume that our unperturbed machine is linear. Mathematically,

it means that one turn around the machine at position "s" can be represented by a six-dimensional

matrix:

0 1)17

N ° @

S 0 1)3

M, = (A.1a)

0 U4

o o o o ] g

0 0 0 0O 0 1

N =4 x 4 betatron matrix (A.1b)

The matrix Mg acts on the canonical set of variables:
A= (X, P, ¥, Pyh d) (A22)
a=-2Po_. (A.2b)

Po

Knowing M it is easy to calculate the fixed point f; It is given by:

f,=-(1-N,) ¥8=7"8 (A3)
Let us construct the following transformation of fg:
TV =778 ; T=(x D, ¥ P, (Ada)
P =f-mp +nx-np, +ny (A.4b)

dNew =d (A.4c)
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Denoting by & the vector New, (New, dNew), we can express the new matrix Tg, parameterizing

the motion of E:

El= B-IMB E®

-1
Tg=B M;B
B'Z=F

Quite clearly, the matrix Tq has the following form:
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Finally, we proceed to diagonalize N. Since the machine is stable, it must be true that
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The original matrix Mg can be written as follows:

M;=BARA"B"

(A.52)
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Here, A and B are s-dependent, while R is not. In fact, B carries information which brings the

particle to the local closed orbit, and A contains the betatron lattice functions.

In the next section we introduce the Lie operators associated to Mg.



Part II: Generalization to Non-Linear Systems through Lie Operators
The matrices B, A and R have a certain Lie operator representation. The representation of

B and A will not be needed here, however, we will use the represeniation of R, given by:

R =exp(: -1 0?-%82:) (A.9a)
2 2
q; + P
==, 10, 5) = 5. (A.9b)

Notice that we denote Lie transformation by script letters and their associated matrix representation
by uppercase letters. (If they are linear mappings!) The equation of the mappings corresponding
to (A.8) is just

M=B A RAB (A.10)

Notice that Lie transformations are in the reverse order from the matrices.

Now, let us introduce a multipole kick at s. The kick is given by:

Ap=[A (xy).P] (A.112)
dA(x,y) _ 4L
x D B, (x.y) (A.11b)
dA _qL
r —p—o B (x,y) (A.11c)

This kick has the following representation:
X =exp(CA(xy):) (A.12)

The map of the ring, followed by the kick,l is just:
T
M=M. XK (A.13)

Now, we will attempt to diagonize J'Lg, in the same way we did with the linear part M. That is

suppose there exist C such that

Mg = C exp(-EOD))C, (A.14)



We can extract the tunes from Eq. (A.14). We define a new angle ¥ and a new action through

the rules:

Using Eq. (A.15), we have
nz ¥=CexpC-ECC 3
=€ exp(CEDE
¢ §+E,
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Our problem amounts to the finding of €. We start by rewriting M:::

T 2 -
M=B A RAB exp(i)
ad . .
=8 A Rexp(CAB Axy))A B
aq . _
=B AR exp(A(xy))AB
AxY)=AABXx,ABY)
=A®B); Ay Z By Ay Z)
=AA, 1, +Nn,8, Ay +1,8)
Let us write C as:
C=exp(I')AB

Combining Eq. (A.14) and Eq. (A.17), we must have:

exp(:T:) Rexp(CA%) exp(c-T) = exp(C-F(F.8)2)

(A.15a)

(A.15b)

(A.16)

(A.17a)

(A.17b)

(A.18)
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In Eq. (A.19), I" and A are non-linear functions. Our calculation will only be linearin I”

and A. On the other hand, R is a linear operator and must be handled exactly. This is done by a



few manipulations:
exp(-FT8):) = RR " exp(iT3) R exp(CAL) exp(i-T)
-1 -
=R exp(CR T exp(A) exp(i-T) (A.20)
=R exp(C(R -DT+A+0RD) ..0)
Now, suppose we succeed in selecting I', such that

® -Vr+A=W,@.8) (A.21)

Then, we have attained our goal since:
exp(:-E(, 8):) = R exp(:W,(T, 8)’)
=exp(-K- T- % 8+ W (. 8)2) (A22)
= FO.o =i I+ & 52-W, 09

W, as well as I" are obtained by Fourier analyzing A

A=Y, V, (05 expi i -¢) + Ay(.5).
me0 ™

(A.23)
= XR + KO
Using Eq. (A.23) and (A.21) we have:
Ag=W, (A.24a)
V. (3.5 (A.252)
_— - J, Loa
r-—L_7 - B exp(im+$)
~ 1-KR ﬁ-‘ﬁol-cxp(-im-il’)
The final result is just, using Eq. (A.15) and (A.16):
n: V=p- 9 T,5) + OA%) (A.26a)
or
1=¢' T=7-2L.0@? (A.26b)
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Finally, to first order, we can add all the contributions to Eq. (A.26a) coming form various loca-

tions around the ring. Of course the appropriate f} and Ajj must be used to compute A.



In this paper we specialized to systems with mid-plane symmetry. In that case, the fol-

lowing relations hold:

\/— 0 0 0 0
0 / 0 0 0
A= B, (A.272)
-0 1
0 0 L 7™ 0 0
B, VB

0 0 0 0 1 0

n=0,n,00 (A.27b)



