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This is represented in Fig. l(a). To simplify the
mathematics and improve the accuracy of the discrete
longitudinal invariant obtained perturbatively later
on, it is convenient to rewrite the above map and
variables so as to refer always to the center of the
cavity, with new variables ~ .. t and P = (P+P)/2.
The new ma~; is obtained by a similarity trans
formationtf =.R'2(k/2)R./f;z(-kl2) and can be written
as - k k

.1/ "~(2) ·1(1·1(2(2) (7)

This is represented in Fig. l(b). An alternative
but equivalent reformulation would be obtained in
stead by always referring to the center of the arc.

r Ansin(n.); g'(O)" r An·n
n=l n=l

With Landau cavities used to increase synchrotron
frequency spread by producing a nonlinear bucket,
one uses g'(O) ~ 0, while for the purpose of maximal
linearization of the bucket in order to reduce rf
noise effects, one uses g'(O) .. 1.

The map ·A'in Eq. (1) can be decomposed into the
following two maps (with barred and unbarred vari
ables corresponding to successive turns)

g(lj/+ 211') .. g(.)

g(O) .. 0
(stationary bucket). Typically g(.) = sin•• with
small amplitude synchrotron oscillations sampling an
almost linear rf voltage g(.) ~.. In both cases
9 I (0) = 1. In general, with higher harmonic cavi
ties one has the Fourier series representation

ABSTRACT

We describe the theoretical formulation behind
an algorithm for synchrotron phase-space tracking
with rf noise and some preliminary simulation
results of bunch diffusion under rf noise obtained
by actual tracking.

1. Introduction
Amplitude and phase noise in the voltage of a

radio-frequency (rf) cavity in a storage ring
induces diffusion of particles in a stored bunch in
the longitudinal synchrotron phase space, in absence
of other damping mechanisms (e.g., synchrotron radi
ation). Such noise in the low-level rf system
severely limited the beam life-time in the initial
operation of the SPS at CERN. 1 A stable oscillator
(VCO) with a very low noise figure and a phase feed
back loop with a carefully chosen loop transfer
function to reduce the overall noise power at the
synchrotron frequency! as seen by the beam, cured the
problem at the SPS. 1

, The study of rf noise and pos
sible cures to reduce the induced bunch diffusion
continue to be important for future large storage
rings such as the SSC in the USA.

The basic theory of bunch diffusion under rf
noise is well developed. 2

, 4 There has also been a
preliminary computer simulation of the effects of rf
noise on synchrotron motion by Mizumachi. s In this
paper we describe a synchrotron phase-space tracking
for a beam of particles seeing rf noise that differs
from the previous workS in three additional aspects:
(a) use of an improved longitudinal phase-space
invariant derived from the discrete synchrotron map;
(b) generation of rf phase noise with temporal auto
correlation taken into account; and (c) inclusion of
the effects of rf phase feedback used to reduce the
noise power seen by the beam. In the following we
describe the theoretical formulation behind the
algorithm used to include these features and some
preliminary simulation results of actual tracking.

* Operated by Universities Research Association for
the U.S. Department of Energy.
SSC-Report 80.

(B)

i- •
j5-1P+PI/2

lb)Fig. 1.

•
la)

For linear rf voltage g(.) ...~ it is easy to
obtain the Quadratic invariant of.l(. The matrix
representation of the linear transformation is

From the usual Courant-Snyder theory, we must have
for the Twiss parameters

(1)
Pn+l - Pn - kg(·n)

.n+l -·n Pn+l,

2. Discrete Synchrotron Map and Invariant Without
Noise
The turn-by-turn finite difference equation for

particle motion in a stationary non-accelerating rf
bucket (~s 0 or 1r) in absence of noise is given by
the map~

where

Pn - 2...hll <Sp ,k ~ 21rhllllpevv • (2)
- Ps n s s

Here Ps and Vs are the momentum and velocity respec
tively of the reference synchronous particle, aPn ~

Pn-Ps, .n ~ <SIn = In - .s are the momentum and
rf phase deviations from the synchronous particle,
h, the rf harmonic number; II, the off-energy func
tion; V the peak rf voltage; and e the electric
charge of the particles. The function g(t) des
cribes the shape of the rf voltage with



..

(19)

(24)

(21)

(20)

I/In+1 - IjIn Pn+1 + ~n+l - ~n .

It is convenient to refer the partIcle phase rela
tive to a fixed ideal rf waveform (with no noise) at

3. Discrete Synchrotron Map With Noise
In the bunch frame, any deviation of the

designed pure sinusoidal rf field is seen by the
particles as a noise in the magnitude and sign of
the voltage. In the laboratory frame we can con
veniently decompose any deviation of the rf voltage
V into a phase error (error in zero-crossing) and an
amplitude error as follows

V ~ Vo(l+a) sin(.+-.~) , (23)

where a and ~ are the relative amplitude and phase
noise values, with their randomness determined by
the nature of the noise source. Since for the same
noise power levels, the phase noise is more destruc
tive than the amplitude noise to the bunch phase
phase,1,s we neglect amplitude noise 1n this article
from now on {a~O} .

The turn-by-turn finite difference equation for
particle motion as given by Eq. (1) are modified in
presence of phase noise to

Pn+1 - Pn -kg(ljIn)

For the general rf voltage given by Eq. (4) with
g'(O) = 0, one obtains

p3 { .. An
H = --- + 4sin3{~) I--

1 2 2 n=l n

_~in3(~)'3 I nA (cos(nljl)-1] •
3 2 n=l n

Ii is easy to check that H in Eq. (18), to order
11 • can be written as 1

OH p3 3
H1 = -[2 + sin j.l r(ljI)] (22)

This is the same as the ·conjectured" Oome-Hiznmachi
nonlinear invariant for the discrete synchrotron
map. s,S We have not only recovered but Improved it
[Eq. (18») and obtained higher order invariants as
well [Eq. (19), etc.] by a systematic perturbation
scheme.

We have tracked particles in the synchrotron
phase space. without noise, for many synchrotron
oscillations using the map ,fgiven by Eq. (1),
and computed the linear quadratic invariant I [Eq.
(10)l, the nonlinear Dome-Mizumachi invariant~ HOM
[Eq. (22)] and the "improved" nonlinear invariants 1

"1 and H3 [Eqs. (18) and (19») given by our perturb
ation scheme h for comparison. The relative devi
ations of H~" and Hs are shown in Figs. 2(a) and
(b). The improvement in the invariant is remarkable
and obvious from the figure.

the various Hn. For the ~tandard cavity kick with
f(.) = l-cost , we obtain6

3

H =_--H--
2

. (,3s i n31l+ p3)+4sin3(~2) (COSIjl-1~2) (18)
1 S lnll

( 17)

(15)

(g)

(12)

(13)

the quadratic

.. 3

r(~) = oI9(IjI)dt • ~+ y(ljI)

and :f:g = (f, g]

where

H(a) = I "nHn
n=1

one can then verify that6 H(-,,} • -H(,,), so that
only the odd powers n = 1, 3, 5•... are present in
the expan~ion. One can derive a differential equa
tion for,R(a) with respect ~o " and using the prop
erties of Lie operators and their adjoint repre
sentation, one obtains6 a hierarchy of equations for

sin3 ~ m ! p : tune of H.
2 4

1
P m sinl" y m sinp ; ca - 0

From Eq. (9). we deduce immediately
invariant of.#

I = .3+(sin31')-1 p3 = t3+(P+P/2sinl')3 . (10)
3

Clearly this invariant degrades as we go away from
the origin in (t, P) - space. since the linear
approximation g(~) •• becomes increasingly less
accurate. The invariant 13 is correct to all
orders in I' (and hence k) but is only quadratic in
(•• Pl. Therefore an expansion in (t, P) is not the
best choice. Fortunately. the temporal synchrotron
tune 11 is usually very small (11 - 10-·) for large
storage rings and provides us with a small para
meter that can be exploited in a convergent per
turbation scheme. It is thus preferable to keep the
nonlinearity in (t. P) to all orders and expand in
11. The resulting invariant will be exact in the
nonlinearity and expanded up to a certain order of
the small parameter 1'. (This is exactly opposite
to the treatment of nonlinear transverse betatron
motion where one stays exact in the betatron tunes
vx' vy' which are large and expands in powers of x,
Px. Y and Py)'

A well-defined perturbation approach for the
higher order (in 11) invariants is provided by the
Lie-algebraic method,6 where one rewrites·.r1 and
ff

3
( k / 2 ) in terms of Lie operators

'3 k k11
1

= exp(:"2 :); 1 3( 2 ) exp( :-'2r(IjI):) (11)

If we can find an H such that,i = exp (:H:), then H
is an invariant. We introduce a "smallness' para
meter a, ultimately to be set to unity, such that
- k - kd"} = eXP(:-ap(t):)RL(a) exp(:-ap(1jI):). (1&)

Assuming the existence of H(a) in the formal power
series (in a) sense as follows

is simply the Poisson bracket operation. y(ljI) is
of order 3 and higher in t, containing purely the
nonlinear part of the rf voltage. The linear parts
of the map can be lumped together, thus giving for
the full map .

k - kII = eXP{:-p(I/I):).h'texp(:-p(IjI):) (14)

where
- k 3 '3 k.ITL = eXP(:-4* :}exp(:-z :}exP(:-4*3:}

= exP(:_ps~nl' 1
3:)

2
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The generated noise sequence {.n} is said to form a
M-point Markov chain. The algorithm gets unneces
sarily complicated for 101>2. In the following we
provide two algorithms for 101 eland 2.
(a) One-point Markov chain algorithm

This is the usual Markov process where the noise
at the nth step depends on only the noise at the
(n-l)th step. The noise generation follows a
simple one-step hopping technique as illustrated in
fig. 3. according to the following linear mean
square estimation procedure

autocorrelation function. It is necessary for the
tracking algorithm to be able to construct random
phase noise at any turn. based on its value(s) at
previous turn(s), such that the generated noise over
a large number of turns is consistent with the known
autocorrelation pattern. This is the classic prob
lem of mean square estimation in noise theory.'

In the limiting case of a memory-less noise
source corresponding to delta-correlation in time.
the noise is trivially generated by sampling a cer
tain (Gaussian. for example) distribution of random
variables, generated by a random number generator
with different seeds, keeping the rms a of the
distribution the same at all samplings.

for finite autocorrelation times. we have to
include memory effects. for arbitrary correlation
pattern with M-step memory. we estimate the noise
~n at the nth step by the linear combination of the
past Mvalues

es H
~ ~ r am ~n-m . (26)

n ~l

Demanding that the error (~n"~s ) be orthogonal to
the data (~n-l' •..• ~n-M) i.e .•

<~n-l - ~ am~n-ml~n-p> ~ 0 for pEl •... 101 (21)
~l

guarantees that the mean square error <I.n .~sl~> is
minimum.' The coefficients am are then determined by
solving the H simultaneous Eqs. (21) for the H
unknowns am's in terms of the autocorrelations
Rm c <.nl~n-m>. for stationary noise. The condi
tional variance at the nth step. given ~n-l,""
.n-M. equals the mean square estimation error'

H
2 2

., I ~ <I·n - I am·n-m1 >
~n ~n-l •..•• ·n-M ~l

the localized rf cavity (thin lens longitudinally).
rather than relative to the jittery rf waveform with
noise. In the frame of this absolute clock run by
the ideal cavity, the synchrotron map with phase
noise may be rewritten as

Pn+l - Pn -kg(~n + ~n)

"'n+l - "'n Pn+l · (25)
This is the form we used in the actual tracking.

The phase noise ~n results from the sampling of
a random process every turn. For tracking with EQ.
(25), one will have to generate sequences of these
random numbers (~n). consistent with the realistic
noise characteristics of a driven rf cavity. We
thus turn to this issue in the next section.
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Stationarity and Markovian character demands RnRm
~ Rn+m which implies the unique solution Rn ~ "0 e~n

4. Generation of Rf Noise for Synchrotron
Phase-Space Tracking
The phase noise of the rf cavity voltage is

characterized by a power spectrum and hence a cer
tain autocorrelation in time (via a fourier trans
formation). The noise seen by a particle turn-by
turn is correlated temporally according to this

2

a.nl.n_l~RO-a1R1~"O(1-a:) (aO~RO) (31 )

3



--"" where....- OP~+1, k "'n,k + Pn,k

K
(41)

n
1 ~<·n+l> K k=l OP~+l,k

(33)

exp[-(~-a1~1)2/20~ (l-a:)]

(b) Two-point Markov chain algorithm
This is the rather unusual Markov process where

the noise at the nth step depends on the noise at
the (n-l)th and the (n-2)th step and nothing else.
The noise generation follows a connected two-step
hopping technique as illustrated in Fig. 4, accord
ing to the following linear mean square estimation
procedure

(39)

(40)
(b)

(a)~n+l,k = ~ln+l,k - 0I[<"'n+1>-'n+l] + un+l

Pn+l,k = Pn,k - kg(OPn+l,k - ·n+l)

2

exp(-(.-a • -a • ) IZ(002_a R -a R )]1122 1122

5. Discrete Synchrotron Map With Noise and Phase
Feedback
An rf phase feedback loop, used to reduce the

effect of rf noise on a bunch, detects the average
coherent phase i.e., the phase centroid of the bunch
of particles as a Whole relative to the rf cavity
phase each turn and uses this information to correct
the rf phase as the bunch passes through the cavity.'
However, any error un in the relative phase detection
process at the nth turn adds as noise to the synchro
tron motion. In this simple time-domain model of
phase-feedback fOf a bunch of particles k = 1, ... ,
K, Eqs. (25) are modified as follows:

= o~ -A). One can, for example, choose two dif
ferent Lorentzians with different widths (i.e.,
different 01 and ~ corresponding to exp(-OIITI and
exp(-~ITI)]) or any other combination of power laws
to fit the actual power spectrum. Once we have
chosen r 1 and r 2, 00 and noise figures ~1 and ~2 at
the first two steps from a normalized Gaussian dis
tribution P(~) of width cO as before, the linear
mean square coefficients aloe given by a1 = -(r1+r,)
and a1 ~ r 1r2 and the noise ~2 at the third step 1S
sampled from the conditional density distribution

(
2 ~

P ~1.1'~2) ~ [2-(00-al Rl-a2R2)]

n-1
R2

n-2
Fig. 4

n-3

...---
n-4

or R(~) = 0
2 e-GI~I in continuous time, a property

of a one-diQensional temporally homogenous (i.e.,
stationary) Gaussian Markovian process with one-step
memory (Ooob's theorem).' This implies a Lorentzian
power spectrum

201°0
P(",) = 2 2 (32)

[01 + '" ]

Thus this scheme restricts us to fit the actual
shape of the rf phase noise spectrum with the gene
rated noise as above through only one free parameter
01, aside from the overall strength parameter 00'
The two~point algorithm described below allows a
two-parameter fit to realistic noise spectra. The
present scheme is however useful for its simplicity.
Once we have chosen an 01, 00, and a noise figure ~1

at the first step from a normalized Gaussian distri
bution P(~) = (2_°0)-% exp(-~2/20~), the noise ~2 at
the second step is sampled from t~e conditional den~

sity distribution
2 2-',1,

P(.1~1)=(2_00(1-a1)]

which implies the solution Rn = Ar~ + 8r~, where r1
and f 2 are the roots of r 2 - a1r - a2 = 0, and A + B
= 00'

This scheme allows us to fit the shape of the rf
phase noise spectrum with the generated noise as
above through two free parameters r 1 and r 2 (aside
from the overall strength parameters A and B

2e
~nl~n-1' ~n-2 ~ RO-a1R1-a2R2=

2 R R
= 00(l-a1 -A.-a 2)Ro 2 Ro .
Stationarity and the two-point Markovian
demand the correlation Rn to satisfy the
relation

Rn - a1Rn_1 - a2Rn_2 = 0

(34)

(35)

( 36)

(31)

character
recurrence

(38)

Here 01 is the overall gain of the phase-feedback
loop. For ideal gain 01 ~ 1, the rf noise ~n+l

cancels in Eq. (40b) and is not seen by the
particles; bunch diffusion is governed by the
residual phase detector noise u alone.

6. Tracking Results
Initially we have used single particle tracking

in a special way to simulate multiparticle diffusion
under noise, in order to save computer time. A
single particle is given a fixed initial phase-space
coordinate and tracked for M revolutions in the ring
using Eq. (25) for a noise sample generated with a
given seed. The noise is uncorrelated from turn-to
turn, being generated from a Gaussian distribution
with a fixed 0. We repeat this process N-times with
independent noise samples (seeds) and obtain a set
of N phase-points of Mth revolutions. The improved
third-order invariant I = H. (Eq. (19)] is calcu-
lated fOf these N-points and the average <I-I>
= AI and variance «1-1)2>',1, = 01 is calculated as
steps spaced by M revolutions, to see how the N test
particles spread and drift in phase-space with time.
Here the bars represent an average over the test
particles and the brackets an average over noise
samples. This situation is expected to be similar
to the motion of a multiparticle distribution, where
each particle receives a noise kick which is inde~

pendent of all the others, leading to similar growth
rates. This latter multiparticle tracking has also
been performed and comparison of the two confirms

4
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the above expectation, as shown by the results plot
ted in Fig. 5. The growth of 01 scales with the
strength of noise 0noise and the agreement of the
above two stays preserved. The actual tracking
included 2xl0 2 revolutions in the ring.

The long term transport coefficients of diffusion
<In-l 0> <(I n-l o) 2>

A. = nT and A2 = nT (42)
r r

(Tr = revolution time) can be derived from short
term single particle tracking with independent
noise samples for several synchrotron periods. The
results have been compared to a direct numerical
iteration of the Lie-algebraic map §(n) for the
motion with noise (EQ. (24) or (25») given by

In =.k{n) 10

«(n) = exp(:-POf :)exp(:P f :) .
• • 2
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(43)

n+l n+1
+ I I [!/~-lpo,rk~-lpO' lOll fif j + ..•

i=l j=i+l

and then performing averages over noise samples.
Here #0 is the map without noise. The agreement of
the two results are exact within computer accuracy.
Using Eq. (43), one can also verify analytically
that the coefficients A. and A~ in EQ. (42) satisfy
the usual fluctuation-dissipatIon relation A =-~

aA2/a10. This is consistent with the observ~d ze¥o
slope of Al as a function of time (Fig. 7), since
the slope of 01 vs. time (Fig. 5,6) is found from
tracking to be relatively independent of 10 for the
amplitudes considered.

The effect of the single step correlation (Eq.
29) on the growth rate of 02 for an ensemble of
particles is shown in Figs. 16a and 6b. In this case
an ensemble of 42 coherent particles, distributed
along Hs(t,P) = Hs(120 degrees, 0) has been tracked
for 200 synchrotron periods. Figure 6 shows the
re~ults for ~ = 0 (zero turn-to-turn correlation),
whIle the results for ~ ~ 0.5 are shown in Fig.
6b. The observed effect is in agreement with the
results obtained from averaging the square of the
analytic equation (Eq. 43) for the appropriate noise
model.

n+l
I [#~-'PO' 10lfi

i=l

7. Cone 1usi on
We have described some theoretical aspects of

synchrotron phase-space tracking with rf phase-noise
and feedback effects. Preliminary tracking results
are consistent with expectations and validate the
algorithm. The effects of phase feedback are
presently under investigation.

References

1. D. Boussard and T.P.R. Linnecar, Proc. 12th Int.
Conf. High Energy Accelerators, fermilab, Aug.
11-1&, 1983, pp. 226-228.

'.45tE-'5
'.2~.n211E-11

Fig. 6(a)

5



11. d_,1 .1 ~_rrl I ••d., .••, r.1I1 ., lr"cl 1••••3.

«SIOnR-I)/I)••Z RHD '1' :
'.lttll:·l~

1.lttl-l. I-

•. SIU-IS

'.In..

Fig. 6(b)

-

6

~1t • __lIel ZII e_ql 131 l~".1 pel-Ill 11_., ""hi- .1" rH

I""RIUR"' 'I''.l'''-U •
Dl/On- '.2111-11

'.IUI-n

'.lIu-n ._.::.;:

'.I"I-n -

'.\"I-n
'.""1 '.41." • .•U" 1.11-" I.U-,'

Ftg. 7


