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1. Introduction

The temperature of the superconductor in a dipole magnet is a crucial pa-
rameter of a superconducting accelerator. It is determined by the heat deposited
during the operation of the accelerator in different parts of the cold mass, by the
properties of these parts, and by the cooling method. In the present SSC design,
as documented in the Conceptual Design Report (CDR)[1], the heat leak from
outside to the cold mass at 4 K* is expected to amount to about 0.02 W/m. It
is readily absorbed by the liquid helium flowing in the yoke channels and thus
does not directly affect the temperature of the superconductor. On the other
hand, the beam heats the superconductor directly through showers caused by
beam losses and by heating the beam tube, which is cooled at least partly (in
the present design mainly) by conduction through the coil-collar-yoke assembly.
We shall refer to beam-related heat as “internal” heat.

The main source of internal heat at 20 TeV is synchrotron radiation. With
1.27 x 10! protons/ring, 0.142 W/m is deposited along a narrow strip on the
outer rim of the inner surface of the beam tube. At 20 TeV, parasitic heating
of the beam tube contributes less than 1%, but beam-gas interactions have been
estimated to add another 5% of the synchrotron radiation power. However, this
latter value depends on the residual gas pressure, which may vary around the
ring; on particle cross sections at energies up to 20 TeV; and on a Monte Carlo
calculation of shower development. Clearly, it should be considered more an
order-of-magnitude estimate than a solid number. During ramping, additional
heat is generated in the cold mass, mainly due to hysteresis in the iron and in

the superconductor; each contributes about 0.02 W/m.

One reason to prevent the temperature of the superconductor in the SSC

dipole magnets from rising above the design value of 4.35 K is obvious. At

* For simplicity, we write 1 K instead of 1°K, 1 mK instead of 0.001°K, and 1 m-K instead
of 1 meter x 1°K.



4.35 K, the logarithmic derivative with respect to temperature of the “short-
sample” value B, of the central dipole field is[2]

1 dB,,

i ~0.17 K™, (1.1)

Any increase in temperature causes a decrease in the achievable dipole magnetic

field, i.e., a proportional decrease in proton energy.

In the present design and at 20 TeV, the 4 K cooling system works with
a temperature difference of about 170 mK between the coldest and warmest
supercritical helium in the yoke channels{3]. This value has been calculated by
taking into account the heat loads of all elements — not only the dipole magnets
— in a cryogenic sector, and the cooling effect of the recoolers on the 100 g/s

supercritical helium flow in the yoke channels.

The annular passage around the beam tube with the nominal width of 1.4 mm
is traversed nominally .by 1 g/s of supercritical helium; the actual helium flow
is probably smaller, since the passage is obstructed by spacers and additional
insulators. This flow is by far too small to limit the temperature rise of the
superconducting coil along the entire length of a dipole magnet below the value
imposed by heat conduction through the cold mass from the coil to the yoke
channels. The latter value has been estimated [4] at roughly (another) 170 mK.
Carcagno (5] has convincingly argued that the vertical gaps in the collar do not
cause any appreciable mixing of the helium in the annulus and the helium in the
yoke channels. The helium in the annulus may to some extent serve to spread
the internal heat around the azimuth. However, this effect has not yet been
quantitatively estimated; the mixed convection in the turbulent helium flow in an
obstructed annulus defies analysis. Ref.[4] simply assumes that the the spreading

is perfect so that the temperature in the annulus is independent of azimuth.

The above values of temperature differences indicate that, at 20 TeV, the
warmest part of the superconductor might have a temperature near 4.5 K rather

than 4.35 K as aimed at in the design(1]. The simplest (though perhaps not the
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most economical) way to reach the design value would be to increase the refriger-
ating capacity. However, this solution is not satisfactory, because the operation
of a superconducting accelerator depends not only on the absolute temperature
of the superconductor but also on its variations in space and time. The reason
for that is the temperature dependence of the superconductor magnetization, i.e.,
of persistent currents[6]. They affect the sextupole component of the magnetic
field and, through it, the chromaticity of the accelerator, and they are particu-
larly worrisome at low fields, i.e., at injection. There, unforeseen beam losses,
potentially resulting in substantial heat deposition in the superconductor, are
a constant threat. Indeed, this is a major problem for the operation of a su-
perconducting accelerator [7]. Beam losses in combination with the temperature
dependence of chromaticity constitute a positive feedback mechanism driving the
accelerator into instability. This mechanism could push the upper limit of toler-
able beam losses (at least of non-localized ones) well below the value expected
from direct quenching considerations; however, it has not yet been investigated

in detail.

The time dependence of superconductor temperature after a sudden heat
deposition is a more complicated topic than the cooling of the beam tube, and
merits a separate discussion. However, minimizing the heat that flows from the
beam tube into the superconductor is desirable in itself. To the extent that this
is achieved by lowering the temperature at the outer surface of the coils, and
not by increasing their thermal insula.fion, it also helps to cool the irradiated

superconductor.

In the present Note, I discuss two improvements of the cooling method: trans-
verse helium flow and metallic heat shunts. Their respective merits are comple-
mentary, and one may envisage implementing both of them in parallel. To facil-
itate understanding, I first analyze the cooling of the cold mass in the present
design. This analysis is presented in Section 3, preceded by a short Section 2,
which summarizes the thermal conductivities used in the calculations. Section

4 describes one of the several possible ways of implementing transverse helium
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flow, while Section 5 presents a simple heat shunt. The discussion in these two
Sections is on the level of conceptual design criteria and order-of-magnitude es-
timates, i.e., very far from a concrete engineering design. Section 6 offers some
suggestions for experimental tests, while section 7 contains the conclusions and
a few additional remarks. Mathematical details are relegated to Appendices.
Appendices A, B, and C deal with heat conduction; Appendix D presents the

solution of a relevant eddy-current problem.

2. Material properties

All quantitative estimates in this Note depend on the thermal conductivities
k assumed for different materials. Table 1 states the values I work with; they are
essentially identical to those used in ref.[5] , except perhaps for copper. Some
values of k have been slightly adjusted (within their uncertainties), in order to
make them simple fractions of #(Cu). The uncertainties about the conductivities
of copper and Kapton are well known. Actually, high-purity aluminum may be
a better material than copper for the conductor of the heat shunt but, unfor-
tunately, it is more sensitive than copper to mechanical stress[8]. However, the
assumed value of ¥(Cu) should represent a lower bound of attainable conductiv-

ities of both copper and aluminum.
Table 1.

Assumed thermal conductivities k at 4.3 K in units W/(m-K) and their ratios to £(Cu)

Material k k/k{(Cu)
Copper (B=6T) 260 1
Iron 2.6 1x 102
~ Stainless steel 0.26 1x10-3
G10 (or glue) 0.078 3x10*
Teflon 0.052 2 x 104
Liquid He 0.026 1x 104
Kapton 0.0052 2x10°%




3. Heat flux and temperature distribution in the present design

The cross section of the cold mass in the present design is shown in Fig. 1.
In the following, we shall use the term “temperature rise of the coil” for the
temperature difference between the warmest part of the superconductor and the
helium in the yoke channels at the same longitudinal position in the magnet.
We shall assume a nominal deposition by synchrotron radiation of 0.142 W/m of
heat along the beam tube; all values of temperature differences to be quoted refer

to this nominal value of the heat source, unless stated otherwise.

Stainless stesel Helium coolant channels
support shell

Stainless steel
laminated collar

Laminated
iron yoke

Beam tube surrounded
by helium annuius

Main
superconducting
coil

FiG. 1. Cross section of the central part (“cold mass”) of the SSC dipole magnet. The
inner radia of the different parts are approximately as follows: beam tube 1.6 cm, inner

coil 2 cm, outer coil 3 ¢m, iror yoke 5.5 ¢cm, support shell 13.3 ecm.

The heat flux through a copper-lined beam tube and the resulting temper-
ature distribution on the inner surface of the beam tube heated by synchrotron
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FIG. 2. Azimuthal distribution of the normalized radial heat flux through the beam
tube irradiated by synchrotron radiation, as calculated by Carcagno(5]. Since the outer
surface of the beam tube is assumed to have a constant temperature, the curves also
represent the azimuthal distribution of the normalized temperature in the copper lining
on the inner surface. The parameters are the RRER of the copper lining and its thickness
t. The product of these two parameters relative to RRR = 50 and ¢ = 2mil is called f,
i, f=tx (RRR)/(2mil x 50).

radiation have been calculated by Jackson [9]. He assumes a constant temperature
in the helium annulus, which makes the problem independent of the properties
of the coil-collar-yoke assembly; however, as mentioned in the Introduction, the
validity of this boundary condition in a real dipole magnet is very questionable.
The two-dimensional treatment of ref.[9] has been extended from Cartesian to
cylindrical coordinates by Carcagno[5]. Fig. 2 presents his results on the heat
flux as a function of azimuth for different values of residual resistivity ratio RRR

and thickness ¢ of the copper lining; the additional quoted values of the parameter



0.03
0.050 ~\0.035

FIG. 3. Isotherms in an idealized cold mass at radii 2em < r < 5.5cm, with no
insulators and unrealistic boundary conditions at the surface r = 2cm, as calculated
by Carcagno[5]. The mirror image of his Fig. 2 is shown here, in order to be directly
comparable to our Fig. 2 where the temperature maximum is also on the left side of the

figure.

f are those of the product (RRR)t? relative to RRR = 50 and ¢t = 2 mil. Fig. 2
could also be obtained from the simpler one-dimensional treatment presented in

appendices A-C (see eq (C11)).

Carcagno[5] has also performed an interesting finite-element analysis of the
temperature field in the coil-collar-yoke assembly, the results of which are repro-
duced in Fig. 3. He has omitted all insulating materials and all contact thermal
resistances. Also, he has imposed an inconsistent boundary condition in the an-
nulus in that he requires the heat flux at radius r = 2cm, i.e., at the inner coil
surface, to be given by the curve corresponding to f = 1.5 in Fig. 2. Since the
latter has been calculated by assuming an azimuth-independent temperature in
the annulus, a heat flux distribution at r = 2cm that is consistent with this
assumption does not depend at all on the flux through the beam tube; in par-

ticular, it cannot lead to a left-right asymmetry of the temperature field such as
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seen in Fig. 3. On the other hand, if the temperature distribution in the annulus
were left free, the helium in the yoke channels would act as the only heat sink
of constant temperature (at a given longitudinal position). Then, the temper-
ature and heat current fields in the cold mass would depend on the geometry
and thermal conductivity of all of its constituents. For instance, if the annu-
lus is assumed to be filled by a stationary solid, the thermal resistance of the
annulus-coil-collar-yoke assembly has to be added to that of the beam tube when
calculating the temperature distribution in the copper lining of the inner tube
surface. The heat then “takes advantage” of the increased thermal resistance to
radial flow in order to distribute itself more uniformly in the copper lining; this
leads to a more isotropic distribution of heat flux through the beam tube than

presented in Fig. 2.

However, Fig. 2 is still very useful if one wants to know the azimuthal dis-
tribution of the heat flux from the beam tube for different values of the total
thermal resistance between the inner surface of the beam tube and the helium
channels in the yoke. We define the thermal resistance/(unit length) as the tem-
perature difference between two isothermal closed curves in the magnet cross
section, traversed by the nominal synchrotron-radiation heat flux/(unit lehgth)
of 0.142 W/m. With our definition, thermal resistances are measured in tem-
perature units. The only problem with that is the risk of confusion between
thermal resistance and actual temperature differential. In the definition of re-
sistance we have to impose a constant temperature on each of the two closed
curves; this boundary condition determines the temperature and heat current
field in the plane between them. In the actual problem that we are trying to
solve, these fields may be different. However, when the difference is either small
or well known, one can still reliably estimate the actual temperature differential

if one knows the thermal resistance.

To minimize the risk of confusion, we shall adopt the symbol ‘mK’ (to be
pronounced, for instance, “millikelvin equivalent” or “quasiemkay”) for the unit

of thermal resistance. Fig. 1 has been calculated assuming a tube resistance of
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31 ‘mK’. It follows from appendices A-C that increasing this resistance by a factor
f, while keeping the copper lining fixed, has the same effect on the azimuthal flux
distribution as increasing the product of the copper RRR and the thickness ¢ of
the lining by the factor f, while keeping the value of the total thermal resistance
constant. The thermal resistance of the beam tube in the present design is
54 ‘mK’ and, if we assume the resistance of the remaining assembly to be, e.g.,
132 ‘mK’, f = (132 + 54)/31 = 6. In Fig. 1, the curve for RRR = 200 with a
thickness of 3 mil corresponds to f = 6. It may be roughly characterized by the

ratio R = (maximum radial heat current)/(average current) = 1.33.

When looking at Fig. 3, it is easy to imagine a temperature field with smaller
left-right asymmetry. However, it is not as straightforward to correct for the lack
of insulators. In Fig. 3, the thermal conductivity of the coils is effectively infinite,
and the temperature gradients are different from zero only in the stainless steel
and in the iron. In reality, the average thermal conductivity of the coils, including
the insulating tapes, is quite low. Unfortunately, it is different in the radial and
the azimuthal direction, which complicates its insertion in standard finite-element
programs. In order to obtain the average thermal conductivity of the coils in the
radial direction, the local radial resistivity at given azimuth has been computed
by properly averaging (in cylindrical coordinates) the insulator resistivities over
both inner and (where applicable) outer coil and neglecting the resistivity of
the copper-superconductor wire. These local resistivities have been inverted and
averaged over the relevant range in azimuth, separately for the azimuthal region
with only the inner coil and the region containing both coils. Within 10%, both

resulting values of average radial coil conductivity are the same and equal to

k(coils, radial) = 0.5 k(stainless steel). (3.1)

The average conductivity in the azimuthal direction has been determined in
an analogous but slightly simplified way, by adding the insulator resistances at

constant radius of 2.5 cm for the inner coil and 3.5 cm for the outer coil. The



average conductivity is obtained by comparing these added resistances with the
resistances of imaginary coils made of stainless steel. The average azimuthal
conductivity of the inner coil is about 1.4 times higher than that of the outer
coil, but for qualitative arguments it suffices to quote a round value nearer to the

lower of the two conductivities

k(coils, azimuthal) = 0.2 k(stainless steel). (3.2)

Thus, contrary to Fig. 3, the average coil conductivities are in reality con-
siderably lower than the conductivity of stainless steel. As a consequence, the
temperature field is different from the one shown in Fig. 3. In particular, there
are large temperature gradients inside the coils, and there is much less heat flow
from the right half of the assembly to the left one. This latter fact is a conse-
quence of a simple rule governing heat flow, analogous to Snell’s law in optics:
from the continuity of the temperature and of the normal component of the heat

current at the boundary between two media, it follows that

k1 k2

tan oy " tan a3

(3.3)

(see Fig. 4). We see that in traversing the boundary from a medium with high
thermal conductivity into another medium with vastly lower conductivity, the
heat current has the tendency to become nearly normal to the boundary surface.
This is the reason why in Fig. 3 the heat current, as it reaches the right boundary
of the left coil (assumed to have very high conductivity), is directed across the
stainless steel “nose” towards the right coil and - in the absence of total reflec-
tion (contrary to optics) — tends to enter the right coil. The opposite situation
occurs with the real coil. The current passing from the left coil into the stainless
steel “nose” will be deflected into the radial direction and will flow through the
stainless steel to the yoke. As a consequence, there will be much less mixing of

the heat fluxes from the two halves of the assembly. Since, in addition, the coil
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conductivity is twice as low in the azimuthal than in the radial direction, the
heat flux mixing within each half will be reduced, as well. These effects tend to
partly compensate for the consequences of the inconsistent boundary condition

at r = 2cm in Fig. 3.

Medium 1 Medium 2

FIG. 4. The “refraction” of lines of heat current j'at the boundary between two materials
with different thermal conductivity k.

The GD report [4] called attention to a substantially larger coil temperature
rise than estimated in the Conceptual Design Report[l] . It was immediately
realized [10] that the larger rise was due mainly to new, extremely low values

of Kapton thermal conductivity; (actually, the GD report assumes a 10% lower
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Kapton conductivity than quoted above in section 2). The GD report imposes
the boundary condition of azimuth-independent temperature in the annulus; it
can be criticized in other respects as well. On the other hand, the calculational
tool provided with the report is very flexible and is being presently used by
Carcagno to recalculate the temperature field in the cold mass[11). However, it
is difficult to guarantee the correctness of a large amount of computer code and
of the large bank of data it requires as input. Therefore, a rough check by a

back-of-the-envelope estimate of the temperature rise is still desirable.

This estimate is documented in Table 2. The convective resistance of the four
yoke channels in parallel has been calculated from the Dittus-Boelter equation
as evaluated in ref. [8]. The convective resistance of the narrow annular gap, as-
sumed to be 12 mil wide, between the yoke and the collar has been determined
from eq (8-26) and Table 8-1 in the book of Kays[12] and found to be equal to
the thermal resistance of a stationary helium layer. The temperature differentials
corresponding to these two convective resistances have been estimated by making
some rough guesses about the local nonuniformity of the heat flux; the azimuthal
flux distribution at the collar-yoke interface is most probably more uniform than
in Fig. 3, but peaked at the polar plane rather than at the midplane. No account
has been taken of the ill-defined and (let us hope) small convective resistances in
the coils themselves and between coils and collar; temberature differentials across
boundaries between different materials of the cold mass, as expected from acous-
tic mismatch [13),[14], are believed to be small at 4 K and have been neglected.
The convective resistance of the annular passage between the beam tube and the
coil-collar assembly has been estimated (neglecting obstructions) from eq (8-26)
and Table 9-5 of ref.[12] by taking the Reynolds number Re = 10000 and the
Prandtl number Pr = 0.56.

The temperature differential across the iron yoke has been read off Fig. 3.
It is more difficult to obtain a good estimate of the effective thermal resistance
of the complicated coil-collar assembly. However, one can find its lower and

upper bound. The lower bound is obtained by assuming that the concentric
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Table 2.

Thermal resistances in ‘mK’ and the temperature differentials in mK of the present design

. Thermal Temperature
Bod terf; p
0y or imteriace resistance differential

4 yoke channels in parallel (convective) 0.9 3
Yoke 11
Gap between yoke and collar 0.4/mil 6
Coil-collar assembly (without

one cable insulation layer) 135
Total temperature rise of the coil 155 £ 15
One layer of cable insulation 11
Annulus (convective) 13 19
Beam tube 54 85
Temperature differential between coil

and inner surface of the beam tube 1156+ 15
Total temperature differential

between helium in yoke channels

and inner surface of the beam tube 270 £20

cylindrical surfaces at radia r = 2 cm, r = 3 cm, r=4 cm, and r = 5.5 cm
are isothermal (with temperatures different from each other, of course). This is
essentially equivalent to assuming zero “circumferential” (azimuthal) resistances
in the GD model. The resulting lower bound, obtained by taking all insulators
into account as well as possible, is 112 ‘mK’. This value can be used to find
the upper bound for the azimuthal flux nonuniformity, obtaining f = 5.8, which
corresponds to the ratio B = 1.36. Multiplying this ratio by the resistance of inner
coil, outer coil, and a 1.5-cm-thick stainless steel cylinder in series (with insulator
thicknesses taken at an azimuth of about 40° with respect to the midplane) yields
the upper bound of 190 ‘mK’. This procedure is roughly equivalent to setting all
circumferential resistances in the GD model to infinity and correcting for the

13



upper bound of flux nonuniformity from the beam tube.

From here on, it is anybody’s guess. Our lower bound certainly overestimates
the azimuthal mixing of heat flux in the annulus-coil-collar assembly, while the
upper bound just as certainly underestimates it. Perhaps, taking the geometric
mean of the two bounds, i.e., 146 mK, is as good a guess as any of the tempera-
ture diferential across the coil-collar assembly. About one sixth of the difference
between the two bounds, i.e., 13 mK, may be a fair estimate of the standard
deviation of this value. However, the temperature differential across one layer of
cable insulation (about 11 mK) has to be subtracted to obtain the final value of

the total temperature rise of the warmest part of the coil.

The additional temperature differential between coil and inner surface of the
beam tube is of interest for estimating the temperature of correction coils and the
degassing of the tube under synchrotron radiation. If an azimuth-independent
temperature in the annulus is assumed, the maximum temperature differential
across the beam tube is obtained by multiplying 54 ‘mK’ by the R-factor cor-
responding to f = 54/31, i.e., R = 2. In the opposite extreme, a maximum
f-factor may be estimated to be f = (190 + 11 4 54)/31 = 8 corresponding to R
= 1.24. Taking again the geometric mean of the two R-values as the best guess,
one obtains the values quoted in Table 3; the value estimated for the temperature
differential across the annulus is certainly even more uncertain than the others.

The quoted standard deviations are informed guesses, at best.

The two GD assumptions that are different from ours, i.e., 10% lower Kapton
thermal conductivity and no azimuthal dependence of the temperature in the
annulus, have opposite effects on the temperature rise of the coil. The value
quoted in Table 3 is lower than the GD estimate, but the difference is well
within the combined errors of both evaluations. The comparison with the new

calculation of Carcagno[11] is equally favorable.

In view of a potential replacement of the present brand of Kapton by an

insulator with higher thermal conductivity, it is of interest to repeat the above
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estimates with increased values of k(Kapton) but with all other parameters un-
changed. Choosing two values, one a factor of 3.16 and the other a factor of 10
higher than the present ¥(Kapton), one obtains the values (75 + 4.5) mK and
(55 £ 3.5) mK, respectively, instead of the value 135 mK of Table 3; the quoted
standard deviation represents 1/6 of the difference between the upper and the
lower bound in each case. This translates into a temperature rise of the coil of
95 mK and 75 mK, respectively. We see that even substantially increased values
of Kapton conductivity (which make the average radial conductivity of the coil
higher than that of stainless steel) are not likely to yield the value of 55 mK
expected in the CDR[1] for the coil temperature rise. The temperature differ-
ence between the warmest spot of the coil and the warmest spot of the beam
tube is also reduced to 85 mK and 75 mK, respectively, which leads to a total
temperature differential between helium in the yoke channels and inner surface

of the beam tube of 180 mK and 150 mK, respectively.

4. Transverse helium flow

Transverse helium flow is potentially a much more efficient means of cooling
superconducting magnets than longitudinal flow[8]. For SSC dipole magnets,
transverse helium flow has been advocated by Shutt [15]. Recently, Shutt [16] and
Rehak [17] have proposed a detailed design of the cooling system and calculated
its expected response. The proposal requires minimal changes of the present
design by making ingeneous use of the collar pickup notches* to connect the
vertical gaps in the yoke with the analogous gaps in the collar (the two sets of
gaps are not aligned, in general, according to the present design). The helium
flow is made partially transversal by installing flow-obstructing orifices at the
entrance of the lower pair of yoke channels and at the exit of the upper pair. In
this way, the flow along the magnet is gradually redirected from the upper pair

to the lower one. The expected temperature rise depends on the choice of several

* Fig. 1 is not sufficiently detailed to show that the four notches, which are nearer the polar
plane than the midplane, are actually not obstructed by iron.
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parameters (for example, the diameter of the orifices), but it should be of the
order of 20 mK.

The transverse cooling design proposed by Shutt and Rehak may be criticized
on the groﬁnds that local mishaps, like annulus clogging, could have global reper-
cussions along an entire string of magnets. Also, the helium pressure may have
to be increased more than the minimum required to guarantee sufficiently strong
helium flow. An alternative scheme that may avoid these shortcomings has been
suggested [18], but only as a concept, not as an engineering design. Here, it is
presented again, since it is sufficiently different from the Shutt-Rehak proposal

to merit some attention.

The principle is schematically shown in Fig. 5. We assume that the present
1/16-inch gaps at 6-inch intervals are extended in some way through the yoke to
the helium channels. The detailed design of this extension depends on, among
other things, the final mechanical design of the collar-yoke assembly. Simple
baffles, shown schematically by dashed lines in Fig. 5 and in more detail in Fig. 6,
ensure that the entire helium in the annulus around the beam tube returns to a
pair of yoke channels after 6 inches and is replaced by helium from the other pair
of channels. In this scheme, the turbulent flow in the channels should guarantee

complete helium mixing and therefore optimal cooling of the beam tube.

In spite of the increased flow resistance, the present helium flow in the annulus
of 1 gs™! (i.e. a velocity of about 5 cms™) may be attainable with a minimal
increase of the external pressure differential. At present, the helium velocity
in the channels is about 30 cms™!; the corresponding hydrodynamic pressure
p = pv%/2 (p is density, v is velocity) is about 10 Nm~2 or 0.0001 atm. This
value is large compared with the drop in external pressure over a distance of
6 inches, about 1.3 Nm™2. Ensuring that the helium velocity at the entrance
to the 1/16-inch-wide vertical gap is substantially less than 30 cms—! and — if
necessary — that it is substantially larger than this value at the exit from the

next vertical gap should not prove too difficult. Suitable constrictions in the
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FIG. 5. Schematic diagram of the proposed transverse cooling method.

yoke channels could achieve velocity differences resulting in pressure differences

of several N m~2 without drastically increasing the flow resistance of the channels.
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Rivet Stainless steel collar

L

Auxilliary baffles

Main baffles

Beam tube

FIG. 6. A possible design of baffles ensuring the helium flow of Fig. 5. The view in
the beam direction shows the horizontally hatched main baffles in the annulus and the
auxilliary baflles outside the coils. The latter may have to be extended into a yoke gap.
The collar pickup notches would have to be plugged as well. The main baffles are better
discernible in the polar cross section, i.e., in the view perpendicular to the beam. The
main bafles could be welded, instead of riveted to the laminae of the collar.

In other words, they would efficiently redirect the desired fraction of the total
helium flow through the annulus around the beam tube. In Fig. 5, these devices
— yet to be designed in detail — have been schematically indicated by a varying
diameter of yoke channels. (This should not be interpreted as a recommendation

to design channel bores in the iron with varying diameters; they would probably

be deleterious for the unformity of the magnetic field.)

The above arguments about achievable pressure differences could be criticized
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on the grounds that Bernoulli’s equation applies only to laminar flow. However,
while one must distrust its quantitative use in the present context, qualitatively
the arguments should be valid. After all, a simple water-jet vacuum pump works

well in spite of the flow at the exit of its nozzle being turbulent.
The advantages of the proposed scheme of transverse cooling are

1. Minimal obstructions in the yoke channels, i.e., global insensitivity to po-

tential interruption of helium flow around the beam tube in a single magnet.

2. The exploitation of the hydrodynamic pressure to ensure adequate helium
flow in the annulus; this should permit the introduction of transverse cool-

ing with a minimal increase of the external pressure differential.

2 Modularity, which practically guarantees longitudinally uniform cooling,
except for the unavoidable saw-tooth variation with a 6-inch period of the
temperature difference between helium in the annulus and helium in the

yoke channels.

On paper, this would guarantee a temperature rise of the coil as low as 6 mK. This
value would be increased somewhat by “leaks” [16],[17], i.e., imperfect return of
warm helium to the yoke channels. However, the proposed scheme should work
at least as well as the Shutt-Rehak method, i.e., guarantee a temperature rise of
the coil of the order of 20 mK. Detailed calculations and tests would be needed

to make a more reliable prediction.

The major disadvantage of the transverse cooling concept proposed here is the
proliferation of baffles and obstructions inside the cold mass. A hybrid scheme,
combining at least some of the advantages of the present concept and of the
Shutt-Rehak method, might be feasible[11].

5. Metallic heat shunt

A metallic heat shunt serves to decrease as much as possible the thermal
resistance between the beam tube and the helium in the yoke channels, without

relying on helium flow around the beam tube. A prime consideration in its
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design is practicality: its incorporation should necessitate only minor changes in
the design of the cold mass. In particular, the nearly unavoidable mechanical
weakening of the collar should be minimal. We adopt the criterion that this

weakening may not exceed 10 %.

Many different metallic heat shunts are imaginable. Here, I present a simple
one which may serve as a point of departure for better ideas. It requires two

modifications of the present design:

1. The thermal resistance of the collar is decreased by coating the stainless

steel laminae with copper®.

9. Heat is conducted from the beam tube to the inner collar surface by a
copper sheet, longitudinally segmented to minimize eddy currents. This

part of the heat shunt will be called the tnner shunt.

The stainless steel collar has a large thermal resistance. A cylinder of length

l, inner radius r;, and outer radius r, has a radial thermal resistance

- In(r,/ri) _

Ry = okl (5.1)

Cylinders made of stainless steel with inner/outer radii of 2cm/3cm, 3cm/4cm,
and 4cm/5.5¢cm have radial thermal resistances Ry, of, respectively, 35.2 ‘mK’,
25.0 ‘mK’, and 27.7 ‘mK’. The radial thermal resistances of cylindrical sections
occupying an angular width A® are larger than the above values by a factor
2r/AD.

The collar is made of 1/16-inch-thick stainless steel laminae. It should be
possible to coat them on both sides with 1 mil of copper. This would reduce
the mechanical strength of the collar by about 3 % but decrease its thermal
resistance by a factor of about 30. As seen in Fig. 7, the inner shunt should

deliver heat to the collar effectively at the radius r = 3 em. If heat has to

* This has been suggested by R. Schermer.
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traverse the collar between r = 3 cm and its external radius of r = 5.5¢m, about
half of the total azimuthal angle of 2r is obstructed by the outer coil. The
radial thermal resistance of the unobstructed part of the collar is thus Ry =
2(25 4+ 28)/30 ‘mK’~ 4 ‘mK’.

Unfortunately, it may well prove uneconomical to coat individual laminae,
and they would have to be punched from coated sheets.* As a consequence,
the heat current may be forced to pass through a few tenths of a millimeter of
stainless steel before being able to enter copper. This could add a few ‘mK’to
the radial thermal resistance of the collar. Also, the heat flux in the iron yoke
would be slightly more concentrated than in Fig. 3, increasing somewhat the
temperature differential across the yoke. On the other hand, in recent design
modifications of the collar[19], the gap between the collar and the yoke has
been greatly reduced so that the corresponding temperature differential should
be considerably smaller than quoted in Table 2. Thus, a fair estimate of the
temperature differential between the outer surface of the innner shunt and the

helium in the yoke channnels may be somewhere in the range 25-30 mK.

A cross section of the inner shunt is shown very schematically in Fig. 7. The
shunt consists of a copper tube with four extending wings. The wings and the
short parts of the tube connecting two adjacent wings at the polar plane (between
the lines marked A) are the elements that transmit heat to the collar. The
copper tube collects heat from the beam tube. The most important parameter
of the inner shunt is its thickness ¢, which must be determined as a compromise
between the conflicting requirements of minimal thermal resistance and minimal
space occupancy. A compromise giving, if anything, more weight to the latter
requirement is ¢ = 0.2 mm. Using the simple calculational tools of Appendices A-
C and a rough guess of potential azymuthal asymmetry of the heat flux entering
the inner shunt from the beam tube, one arrives at 25 mK as a best estimate for

the maximum temperature differential in the inner shunt. To first approximation,

* On the other hand, this would automatically suppress eddy currents.
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Helium Stainless steel collar

annulus

R

Beam tube

Inner heat shunt

FIG. 7. A schematic cross section of the inner heat shunt. The thickness of the shunt is
exagerated for good visibility. In the different designs discussed in the text, the shunt
is either single- or double-layered between the lines (points in the drawing) marked A
and B, respectively, and either double- or triple-layered between the two adjacent lines
marked A. The lower half of the shunt is built in the same way as the upper half.

this temperature differential is linear in ¢. The necessary segmenting of the inner
shunt may add a few mK, and a few mK more may be needed for the heat flux
to traverse the boundary resistance between inner shunt and collar (see below).
However, the warmest part of the superconductor is also a few mK cooler than
the inner shunt at its warmest spot. Therefore, a fair estimate of the temperature

rise of the coil is

AT =55 mK ,
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with a relative standard deviation of about 10%, to be compared with 155 mK

in the present design (see Section 3).

Because of eddy currents, an inner shunt as thick as 0.2 mm would hardly be
acceptable unless segmented. As explained in the CDR[1], the critical effect of
eddy currents in the 0.05-mm-thick copper lining of the beam tube is mechanical
stress during a quench. The proposed inner shunt does not have the backing of a
1-mm-thick stainless steel tube, and one may even require it to be self-supporting.
Therefore, eddy currents should be reduced by the ratio of the yield strengths
of stainless steel and copper, multiplied by the ratio 1mm/0.05mm = 20. The
ratio of yield strengths depends on the detailed composition and state of the two
metals; we take it to be 30. Thus, eddy currents must be reduced by a factor of
about 600. As shown in Appendix D, this can be achieved by slicing the inner
shunt into 2-mm-long segments, except near the polar plane. There, the segments
may be connected along two strips, one at the top and one at the bottom of the
tube. Estimates show that the strips may also be about 2 mm wide. Note that

these conclusions are independent of the thickness ¢ of the inner shunt, for any

reasonable value of ¢.

Clearly, the inner shunt as drawn in Fig. 7 is not a very practical device. On
the way to its engineering design, some thermal and electrical requirements have
to be kept in mind. From a thermal point of view, separating the inner shunt at
midplane into an upper and a lower half does no harm. However, then it could
not support itself under eddy currents. Separating the shunt at the polar plane
into a left and a right half is a bad idea for thermal reasons, because it could no
longer contribute to establish the left-right symmetry of the heat flux outside the
cylindrical surface with r = 2 cm; as a consequence, the temperature rise of the

coil could become substantially larger than the value of 55 mK estimated above.

We conclude that it is probably best to keep the copper tube (segmented
on its sides) as a unity. It would be nice to have it supported on the outside

by, e.g., another stainless steel tube; then one could tolerate considerably longer
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segments. However, this alternative is probably acceptable only if an additional
tube is required for other purposes (e.g., measurements of the magnetic field).
Also, the thermal contact between the tube and the wings might be a more

complicated problem than otherwise.

To have the copper tube supported by the inner coil is probably a bad idea.
It might necessitate additional electrical insulation of the inner coil, thus also
increasing its thermal insulation with respect to the helium in the annulus. While
this may seem advantageous, in that it would better insulate the coil from the
heat generated in the beam tube, it would be deleterious for the cooling of the coil
after direct energy deposition in the superconductor, for instance by a hadronic

shower.

A good alternative to a self-supporting copper tube may be a suitably seg-
mented copper layer deposited on the outer surface of the beam tube (in case the
latter is not equipped with correction coils). Another possibility is an additional
thin tube made of any suitable material, either insulating or poorly conducting,
with such a copper layer deposited on its outer surface. This would facilitate
the establishment of a good thermal contact with the wings. Of course, any

additional tube would take some more space, in a place where it is at a premium.

The simplest wings would consist of two separate segmented copper sheets,
one at the top and one at the bottom, covering the inner surface of the collar
at any radius r < 3cm. Then one would have to rely on the wing-tube thermal
contact along the narrow strip confined between the lines marked A in Fig. 7
and the corresponding strip at the bottom. This seems very risky: each mil of
liguid helium in the gap between the wings and the copper tube would contribute

nearly 10 mK to the temperature differential in the inner shunt.

Much more reliable ways to establish a good thermal contact between the
wings and the tube are welding, brazing, or hard soldering[14]. However, the
assembly of the cold mass would be considerably facilitated if the wings extended
only to the lines marked B in Fig. 7. Indeed, this may suffice if, in addition, the
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collar is equipped with the two sheets envisioned in the previous paragraph. The
high mechanical pressure exerted by the collar on the inner coil along the surfaces
between lines A and B should guarantee a very good thermal contact, while the

sheets would efficiently transmit the heat flux to the collar.

The most extreme possibility is to have the wings in their full length attached
(e.g., brazed) to the copper tube. Then they must be bent at the lines B after
the coils are mounted on the beam tube. This might negatively affect their heat

conductance.

In any of these schemes, a few tenths of a millimeter of stainless steel would
have to be removed from the collar as presently designed, in order to accomodate
the inner shield. Since this removal is required only in places where the collar is

at least 2.5 cm thick, its ensuing additional weakening should be negligible.

The thermal performance of the shunt could easily be improved, for instance
simply by making it thicker, but then one would have to start looking hard
into all remaining thermal resdista.ncem between the beam tube and the helium
in the yoke channels, and perhaps consider copper-coating the iron laminae of
the yoke as well. However, a coil temperature rise of the order of 30 mK should
be achievable, while still leaving sufficient space for a helium annulus, preferably
between the inner shunt and the coil. Even lower values of the temperature rise
are imaginable, if the thermal conductivity of the metal (copper or aluminum)

turns out to be higher than assumed in this Note.

6. What to do next?

Probably, there is still plenty of room for good ideas on how to cool the beam
tube. However, at some point, a decision must be made about which ideas are
to be further pursued and what the final goal is. This decision will have to be
followed by experimental research and development. It would be risky to start the
mass production of magnets before their thermal behaviour has been tested on
prototypes. This requires thermometry and a reliable method to deliver a known

amount of heat to the beam tube. Some suggestions on the latter problem have
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been made previously[20],[21]. In retrospect, I find them more or less sound*

but too complicated.

A simpler method to test the cooling of the beam tube is based on the fact
that heat conduction through a series of concentric cylindrical tubes in good
thermal contact is well understood (see, for instance, Appendices A-C). Take
as an example the cold mass as presently designed. Imagine an auxilliary insu-
lating tube, copper-clad on its outside, snuggly fitting into the beam tube, and
cooled by liquid helium flowing through its bore. By passing a current through
the copper lining of the insulating tube,* a known amount of thermal power
would be delivered. From the measured helium flows and the measured helium
temperatures at entrance and exit, both in the cold mass and in the auxilliary
tube, the thermal resistance of the cold mass could be calculated in units of the

known thermal resistance of the auxilliary tube.

The problem with this method is the convective resistance between beam
tube and auxilliary tube, which would have to be either separately measured or
kept small. Also, we are interested more in the temperature rise of the coil than
in the total thermal resistance of the cold mass. However, if the thermal resis-
tance of the beam tube itself were known (for instance, in the case of a bare beam
tube without insulating tapes, made of stainless steel with well-known thermal
conductivity), this tube could be copper clad on its outside and used as described
in the preceding paragraph. The external copper lining could consist of longitu-
dinal strips, each carrying a different current so as to simulate an azimuthally

nonuniform heat flux.

* Ref.[21] assumes the literal interpretation of Fig. 2, based on the questionable boundary
condition discussed in Section 3. However, the present reinterpretation of Fig. 2 suffices
to make the contents applicable except that, in principle, an iterative procedure might be
necessary to find the heat flux to be injected into the stainless steel tube,

** The copper must be sufficiently thick so that the ohmic heating of the stainless steel is
negligible.
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7. Conclusions

It is both desirable and feasible to improve the cooling of the beam tube
as compared to the present SSC design. Both transverse helium flow and a
metallic heat shunt are promising approaches. They complement each other
in their advantages and disadvantages. A metallic shunt is a passive device
that cannot be disabled by clogging of the annulus or similar misfortunes. On
the other hand, helium is a unique substance because of its large specific heat
relative to other materials at low temperatures. A thorough analysis of the coil
temperature variation after direct heat deposition in the superconductor would
probably prove that some helium flow in the annulus is indispensable. Also,
transverse helium flow may reduce the temperature rise of the coil to lower values

than any reasonably dimensioned metallic shunt.

An attractive possibility is to combine transverse helium flow with a metallic
heat shunt. It would offer the advantages of both cooling methods and, under
some circumstances, lead to an even lower temperature rise than each method
by itself. A value in the vicinity of or even below 20 mK does not seem out of

the question.

None of these possibilities should detract attention from a search for insu-
lating tapes with higher thermal conductivity than the presently used brand of
Kapton. This search is as important as ever, because a tape with higher thermal
conductivity would improve the cooling of the superconductor after direct energy

deposition.

Naively, reducing the temperature rise of the coil with respect to the helium
in the yoke channels to the level of 20 mK seems hardly worth the effort in view
of the 170 mK temperature difference between the coldest and warmest helium in
the yoke channels along an arc sector. However, the long time constants needed
for a change of the helium temperature in the yoke channels make the latter
difference less important than it seems. Again, to substantiate this remark,

‘one would have to discuss the temporal response both of the superconductor
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temperature after a sudden energy deposition, and of the chromaticity correctors

in the accelerator.
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Appendix A. A one-dimensional approximation for a two-dimensional

heat-conduction problem

Consider the time-independent heat-conduction problem presented in Fig. 8.
The figure shows two slabs of infinite extent in the z-direction, length L in the
z-direction, thicknesses t; and t; in the y-direction, and thermal conductivities
k1 and kg, respectively. At the surface y = 0, the temperature T is fixed and
normalized to T = 0. A heat flux with z-dependent density j(z) [W/m?] is
injected into the upper slab at the surface ¥ = y;. The boundary conditions at
the surfaces z = 0 and « = L are yet to be specified.

y
A

y2: ‘ — ,
Stab 1 B 7o

2

T=0
FIG. 8. The coordinate system and some of the notation used in the analysis of heat

conduction in two slabs.

This is essentially the problem treated by Jackson [9] and Carcagno(5]. The
differential equation for the temperature field is

8*T  #T
322 + Ex i 0, (A1)
and the boundary conditions are
T(y=0)=10 (A2a)
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T

kl%‘ - ?62 (A42)
Y ly=m Y ly=p14
oT

ka— = j(=z) . (A2¢c)
% ly=p,

Here, y1- and y34+ designate the limits as y approaches y; from below and above,

respectively.

Let us introduce the temperature U(z) defined as the temperature in slab 2,

averaged over its thickness
L %
U(z) = E/T(m,y) dy . (A3)
n

By integrating eq (A1) with respect to y between y; and y2 one obtains

y=yx+)

Using the boundary conditions (A2b) and (A2¢) one gets

#u 1 (or
dz?  t, \ Oy

=

J3U+j(x) _kooT

dz?  kpty  kata Oy =0. (44)

y=ih-

Until now, the calculations have been exact. At this point, we introduce the

approximation
or U(z) (A5)
O ly=ys- t
which converts eq {(A4) into
d*Uv U(z) |
m-ﬁ-a(m‘)—-—bz-—-—o (A8)



with

_ i@
a(z) = Toats (A7)
and
LU (A8)
k1

The approximation is good if the temperature in slab 2 varies only slightly in
the y-direction and if the heat current in slab 1 flows nearly in the y-direction.
This is the case if the following sufficient conditions (perhaps not all of them
necessary) are fulfilled:
a) T(z,y=y)—T(z,y=y1) < U(:r) on the open z-interval |0, L[.
b) k1 < ke (see Fig. 4 of the text).
¢) |dU/dz| <« U{(z)/t; on the open z-interval ]0,L[. The latter condition
means that the temperature U changes appreciably only over distances that
are large compared with thickness ¢; of slab 1. In general, its fulfillment

will depend on the parameters of the problem, i.e., a(z), b, and L. Often
condition c) will be fulfilled if

c’) t1 € b ie Kty € kots.

For instance, conditions c¢) and ¢’) are well fulfilled in the case of the copper-
lined beam tube treated by Jackson and Carcagno using the full two-dimensional

equation.
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Appendix B. Solution of the one-dimensional problem

The general solution of eq (A6) for a = 0 (i.e., of the corresponding homoge-

neous equation) may be written in the form
U(z) = Ae*/b 4 Be—2/b (for a = 0) . (B1)

A and B are integration constants; their value depends on the boundary condi-

tions at the surfaces z = 0 and =z = L.

An interesting case arises if a(z) is a §-function of z such that the solution

(B1) of the homogeneous equation applies but the boundary conditions are

dU/d$|x=0 = —J/(kat2)
dU/d:z:|x=}5 =0.

(B2)

Here, J [W/m)] is the (total heat flux)/(unit length in the z-direction) injected

into slab 2. Then we have

_ Jb cosh[(L —z)/b]
V(@) = tots — smb(L/b)

Jb 1 t 1
VO = 5 i (@78 =\ Fakety nb(L]B) (83)

1 1 .
U = I\ tiata sinh(L/b)

An interesting quantity is the temperature difference DU(z) = U(0) — U(z)

cosh[(L — z)/b]
cosh(L/b) |

= U(0) = U(L) cosh|(L — z)/b]

between the point z = 0 and any other point z in slab 2. We have, of course,
DU(O) = 0 and

DU(z) = U(0) (1 -

1
DU(L) = U(0) (1 - M) .

The latter quantity is the maximum temperature drop in slab 2.

cosh{(L — z)/ b])

cosh(L/b) B4)
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In two limiting cases, these expressions assume particularly simple and intu-

itively understandable forms:

ay L/b > 1
Ulz) =UO),  UO)=J klj:m . U@)=0 (BY)
DU(z) =U(0)1 -e2/%,  DU(L)=U(0). (B4)

Here, the temperature decreases exponentially with increasing = and approaches
zero for large z; the “decay” constant is . The maximum temperature U(0)
at 2 = 0 is the same as if the flux J were conducted through the good heat
conductor 2 over a distance b. If one considers the properties of slab 1 as fixed
and those of slab 2 as variable, U(0) = DU(L) scales with 1//kst2.

bYL/b <« 1
2
U(z) =U(0) = ngtt;L = /'cIl_tll} (to l.order) (B3")
_U0)z(L—=2/2) Jz(L-=2/2)
oo = ¥ B katsL (to 2.order)  (B4")
oy < UOL _ JL :
()= 252 2kats .

Here, the temperature along slab 2 is, to first order, constant; to second order
it is a decreasing quadratic function of z with a minimum at z = L. The
maximum temperature U(0) is, to first approximation, the same as if the flux
J were uniformly distributed over the entire slab length L; U{(0) scales to first
order with 1/L. However, DU(L}/L, i.e., the average temperature gradient in
slab 2 scales with 1/(k213).

From eq (B1), the general solution of eq (A6) may be obtained for any a(x)

by well-known methods. If a(z) = @ = const,, i.e., j(z) = j = const., the general
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solution of eq (A6) is
t
U(z) = Jk_ll + Ae*/ + Be~2/ (BS)

H, in addition, a flux J is withdrawn from slab 2 at # = 0, the boundary condi-
tions (B2) apply but with the opposite sign of J. By comparison with eq (B3)

one realizes that eq (B6) assumes the form

Jb cosh[(L — z)/¥]

_ it
Ule) = k1 kot  sinh(L/d) (B6)
If L/b < 1, eq (B6) takes the limiting form
U(z) = Q-‘—k/l'-)—tl + DU(z) , (BT)
1

with DU(z) given by eq (B4"). This time, the temperature is maximal at z = L.
There is a good physical reason for the quantity DU(z) of eq (B4") occurring
in eq (B8). When heat is injected uniformly along slab 2 and conducted away
at one of its ends, the temperature variation along the slab must be of opposite
sign but otherwise of the same form as when heat is injected at one of its ends

but conducted away uniformly over its length.

The function DU(x) of eq {B4") in its second form is also a solution of the
eigenvalue problem in U'(x) = dU/dx, that arises from eq (A6) with its second

term a constant and its third term put to zero, i.e.,

d2 .
§$_2’+a=o, (BS)

combined with the boundary conditions (B2) but with the opposite sign of J.
The eigenvalue is a = J/(kat2L).
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This eigenvalue problem may be generalized for an arbitrary a(x). Its solution

is

U =U(0)+ (a:—/c(u)du) F,

0
with

o(z) = %/zla(u) du
0

and

F=%

7 J
= /a(u)d = —.
o kats

As an example, if a(z) = a(0) cosh{(L — z)/h], one obtains
U(z) = U(0) + h? a(0) (cosh(L/h) — cosh[(L — m)/h])

sinh[(L — z)/h]

o2)=1- = Hi7h)

F = h a(0) sinh(L/h) .

(B9)

(B10)

(B11)

(BY)

(B10')

(B11')

Since the eigenfunction determined by the eigenvalue problem is not directly U(x)
but U’(x), the constant U(0) in eqs (B9) and (BY') is still arbitrary. This reflects
the separation of the original limiting solution for L/b <« 1 into two terms of

different order (cf. egs (B3") and (B4")).
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Appendix C. Generalizations

First, we remark that from the one-dimensional point of view the function
j(z) is the surface density of heat generated in slab 2. One may imagine gener-
ating it, for example, by electrical current, in which case one may have another
slab 3 on top of slab 2 (see Fig. 8). If slab 3 has properties similar to slab 1, i.e.,
it fulfills conditions a), b), and ¢) of Appendix A, the treatment of Appendices A
and B may easily be extended to the new situation with three slabs. Properties
of slab 1 enter eq (A6) only via parameter b, where they appear in the combi-
nation R(1) = t;/k;, the thermal resistance per unit surface of slab 1. Slab 3
presents another thermal resistance in parallel with slab 1; therefore, R(1) has

to be replaced by
1

ki/t1 + ka/ts (c1)

R(1,3 in parallel) =

Similarly, if slab 3 with the required properties is placed below slab 1, and if the
heat bath T' = 0 is at the bottom of slab 3, the thermal resistances R(1) and
R(3) act in series and R(1) has to be replaced by

R(1,3 in series) = t1 /k; + ta/ks . (C2)

If the properties of either slab 1 or slab 2 vary in the z-direction, eq (A6) is not
valid, in general. However, if these properties vary only little over a distance b,
the solution of eq (A6) with an z-dependent b is still a good approximation to the
exact solution of the two-dimensional heat-conduction problem. An even rougher
approximation consists of solving eq (A6) with a constant b and introducing the

z-dependence of b in the solution.

All such approximations essentially depend on the assumption that the heat
current flowing from slab 1 into slab 2 at a given position x depends only on the
temperature U at the same value of z, i.e., on assuming the essential correctness
of eq (Ab) albeit possibly with a different physical meaning of parameter ¢;. This

new #; divided by some new kj represents an “effective thermal resistance per unit
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surface”, which is a useful concept for qualitative reasoning. However, one has to
be aware of the fact that, in general, a two-dimensional heat-conduction problem
‘cannot be reduced to a one-dimensional problem. If one insists on talking about
the quantity “thermal resistance per unit surface” under any circumstances, one
has to accept the fact that its value may depend, e.g., on the choice of j(z).
When this dependence is strong for the range of different j(z) of interest, the

concept itself ceases to be useful.

It is of obvious interest to generalize the foregoing treatment to the analogous

cylindrical problem presented in Fig. 9.

>

Cylinder 2 Cylinder 1

FIG. 9. The coordinate system and some of the notation used in the analysis of heat

conduction in two concentric cylindrical shells.

The transformation

z=¢ y=—ln% (C3)

converts the two-dimensional Laplace equation in cylindrical coordinates r, ¢ into
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eq (Al). The heat bath with temperature T = 0 is at r = rg; i.e., eq (A2a)
remains valid. The same is true of eq (A2b) but, obviously, in it we may replace
y by r if desired. If we want to keep the physical meaning of the flux density‘
J(z), eq (A2c) has to be replaced by

or .
kzs; r—rs = -2 (04)
or
orT
kz— = jf‘z . (04,)
ay y=y2

Eq (A3) now reads

1
1

¥2 "
1
—— [Tty = i [T@dr/r ~ - [Tay)ar.
n 1"2

U(z) =

(C5)

The approximation involved in writing the latter form is well justified if
ta € ro. Eq (A4) should be modified in that j is replaced by roj and {; is
replaced by y2 — y1. Eq (A5) now reads

or s U(z:)

O lymy,. Y1~ W0 (C6)
gso that eq (A6) remains in its- original form but
r2J rdj
= Tz —w) > (7
and
\/(yl - yﬂ)(yz —yi)k2 _ [(nro _rll;::l)tzkz _ (C3)

Again, the approximate forms of the above expressions are valid if t2 < ro.

Notice that b is now dimensionless and a has the dimension of temperature, as
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required in view of eq (C3). Since, with the above modifications, eq (A6) remains

in its original form, so do its solutions. In particular, eq (B3) in the form

Jrab cosh[(x — z)/b]
2kats sinh(= /b)

U(z) = (C9)
is the Green’s function of the problem defined by eq (A6) and the boundary
conditions

dU/dwlz:O = —JT2/(2k2t2)

(C10)
dU/dz|w='_ =0.

Eq (C9) should be applied to azimuthal angles ¢ = z in the interval [0, 7], the
values of U elsewhere being obtained from symmetry and periodicity require-
ments. The factor 2 in the denominator of eqs (C9) and (C10) is understandable
since, contrary to the situation presented in Fig. 8, the total heat flux J divides
itself in two: one half flowing towards positive z-values and another half flowing
towards negative z-values. The temperature distribution V(z) in slab 2 for the

case of an arbitrary z-dependent j(z) can be obtained from eq (C9) in the form
z'=

Viz) = / ﬁ?U(x-z')dx'. (C11)

gi=—x
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Appendix D. Eddy currents in a thin cylindrical shell
of finite length

This calculation assumes a homogeneous external magnetic field §ez¢, with
the constant time derivative Bz (comstant in space and time!) perpendicular
to the axis of a cylindrical shell of radius r and thickness ¢ < r. It neglects all

transient effects and could thus be called a “quasistatic” approximation. The

extent of its validity will be investigated below. The geometry is presented in
Fig. 10.

FIG. 10. The coordinate system and some of the notation used in the analysis of the
cylindrical shell.

Maxwell’s equations require

divy=0 (D1)

curl B = ~§ext , (D2)



while Ohm’s law states
7=0E. (D3)

In customary notation J, E, and o designate the electrical current density, field,
and conductivity. Combining eqs (D2) and (D3) yields

curl7 = —0 Bz . (D4)

In cylindrical coordinates z, 7 = rf (—x < 8 < x), eq (D1) and the relevant
component of eq (D4) read

% + %’77'1 =0 (D5)
% - % = aﬁug cosf . (D6)

Here, j, is defined as
Jn = Jjycos@ — j,sind . (D7)

In a cylinder of finite length 2a with its ends at z = +a, j, has to be even in =
and odd in 7, while j, has to be odd in = and even in 7. Furthermore, 7" has to
fulfill the boundary conditions

je(z=%a, n) =0 for any @
. 'y (D8)
In(z, n= ;};Er) =0 for any =z .
We define a new vector 7’ by
iz = jz — a’Beztr sin 8
(D9)

ip =Jn -
It has the same symmetry properties as 7' but, instead of eq (D8), it fulfills the
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boundary conditions

ig(zr =%a, 7)) = —0 Byt rsinb for any 7
. (D10)
in(z, n= j:gr) =0 for any z .
The vector 7 satisfies the two-dimensional equation
2 o\,
(5?4'5-173)! =0, (D11)
which has a solution
iz = _a’Beztar cosh z sin &
cosh ¢ r
B (D12)
. Tzttt . T
g = — cosh & sinh - cos §

that fulfills both the required symmetry properties and the boundary condi-
tions (D10); (do not forget that § = n/r !). From eq (D9) we obtain

. 0Beztr
T _ ——
I cosh £

(cosh 4_ cosh E) sin @
r r
(D13)

. 0Beztr . . T
jq = ———=—— sinh = cos ¥ .
cosh ¢ r

The solution (D13) satisfies — miraculously enough - also eqs (D5) and (D6).

The total current I circulating in the upper (or lower) half of the shell is

T a
1=t [listz =0,n)ldn =t [ lin(ain = O da . (D14)
0 0
Eq (D13) yields
. 2 1 .
I = 0Buyr't (1 - ) . (D15)

Our main interest is to compare the maximum values of |j;| at constant r,

z = 0, and |f| = 7/2 for two cases: .
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1. a long cylinder with a = a; > r, and
2. a short cylinder with a = a, < r.

We call these two values j***(long) and j7***(short). We have

in®* (long) = 0Bentr

_ 0Byt a2 (D16)
Ja%%(short) = -—-%—"- .
They are in the ratio
sMGT 2
R = Jz **(short)  aj (D17)

jrez(long) 272 °

For the two cases, the ratio of total currents Ryt = I(short)/I(long) = Ruyqz is
the same as given by eq (D17). Perhaps an even more relevant quantity to be

compared with j™%*(long) is the average j; at |§] = 7/2. One finds

a2 BL 300 =/%a =0, < r)ds _ o}
" i7%(long) 3,2 °

(D18)

Eddy currents lead to volume force densities f, which cause stresses in the
shell. The critical force density is the maximal radial force density fJ*** caused
at |8] = /2 by jz in the external magnetic field B.;:. Compared with that on
a long shell, f%* on a short shell is reduced by the ratio Rpmqay of eq (D17), and
the average radial force density f** at |6] = n/2 is reduced by the ratio Ry of
eq (D18).

Eddy currents produce their own magnetic field Eeddy, which, in principle,
can be computed from eq (D13). However, we are not sufficiently motivated to
carry through the rather tedious calculations. The main points can be made by
evaluating o_nly the maximal value of B.44y at the center of the s_hell, i.e., at the

-

origin of the coordinate system. There, B.4q4, is antiparallel to B.: and has the
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strength

- a
100 Bezs tr? cosh & — cosh £ zsinh £
cddy = ) co:;: a (r / R3 dz + o dz (D19)

0 0

with R? = z? + r2. The first and second integral represent the contributions of
Jz and jy, respectively. An analysis of the limiting value of cddy 28 @ — oo leads

to the well-known expression

Begtt
Byt (long) = E2=— (D20)

This originates uniquely from the cosh £ term in the first integral of eq (D19).

In the other extreme, for a = as < r, an expansion in z/r shows that

ﬂOUBezt t ai

Bggay(short) = 3.3

(D21)

In this case, j; and j, each contribute half of the above value, and the ratio with

respect to B33¥(long) is

B3 (short) 243

ddy
Rp1 = 5 :
;"}‘;;(long) T3

(D22)

Actually, of more interest than eq (D22) would be the analogous ratio comparing
a single long shell with a long sequence of short adjacent shells, obtained by
slicing the long shell into short segments. Without performing the calculation,
one might guess that the j, contributions of individual segments add to zero.
The superposition of the j; contributions of the segments certainly contributes

a factor of the order r/a,, and one may conjecture that

2
as

35 (D23)

?
RB,mauy = Ray =

However, a slightly different numerical factor in the above equation would not

be too surprising.
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We are now in the position to estimate the validity of the quasistatic ap-
proximation. Clearly g,,g cannot remain stationary forever. I-Ioweverz one may
expect the quasistatic approximation to be a good one in cases when ﬁ&f varies
sufficiently slowly. The question is how slow is “sufficiently” slow. If all impor-
tant angular frequencies w in the Fourier transform of B.z: are such that the
amplitudes of the corresponding Fourier components are much larger than the
analogous components of B;’}ﬁ;, the quasistatic approximation is expected to be
valid.* For a long shell, eq (D20) leads to the condition

2
pootr

(D24)

w

Since the skin depth at frequency w may be defined as

/ 2
tokin = ’ (D25)
Hoow

eq (D24) may also be exp;'essed in the form

tr € t2n for a long shell . (D26)

The analogous equations for a short shell and a segmented long shell are then

3
% <t for a short shell (D27)
and
ta? 2
- < tokin for a long, segmented shell . (D28)

The numerical factors have been omitted from the last two equations. We see
that segmenting extends the low-frequency domain in which the quasistatic ap-

proximation is expected to be valid to higher frequencies. For instance, a long

* As usual in approximate calculations, one has to watch out for exceptions, such as quantities
predicted to be zero in the approximation.
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shell with r = 2 cm, ¢ = 0.2 mm has a limiting parameter t,.;,, as given by
eq (D26), of 2 mm. If this shell is made of copper with a typical value of mag-
netic diffusivity Dy = 1/(po0) = 3 x 10~¢m2%s~! at a temperature of 4.3° K and
Bert = 6 T, the corresponding limiting frequency v, as given by eq (D25), is
24 Hz. The same shell segmented into 2 mm long sections has about 100 times
higher limiting frequency. Thus, the quasistatic approximation may be of interest

even in some conventional electrotechnical problems of eddy-current prevention.

We close with two more pedagogical remarks. First, in most magnetostatic
problems, Ohm’s law leads to electrostatic fields E,tat that obey curl E,gat =0
and, therefore, never produce an electromotive force. For instance, such electro-
static fields must arise between the adjacent segments of a sliced cylindrical shell,
i.e., charges are induced at the ends of a segment. If one forgets this fact, one eas-
ily arrives at the obviously false conclusion that curl E between the segments is
much larger and directed in the opposite direction from everywhere else. Similar
problems occur in simpler, completely static situations; for instance, which are
the electric charges on the surface of a direct-current-carrying wire of arbitrary

shape far away from the source of electromotive force?*

Second, the assertion that eddy currents in a thin cylindrical shell are “mirac-
ulously” simple (at least in the quasistatic approximation) should be substanti-
ated. The analogous problem in a rectangular parallelepiped can be solved by a
method similar, but not identical, to the one presented here. The origin of the
coordinate system is placed at the center of the parallelepiped, and its sides of
lengths 2a, 2b, and 2¢ are a.lig:ned parallel to the z, y, and z axis, respectively.

The constant time derivative gezt of the external magnetic field is directed along

* I have not yet found a standard textbook on electromagnetism treating such problems;
although, admittedly, they are of little practical importance, they often cause considerable
conceptual difficulties.
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the z-axis.* The current density 7" is given by j, = 0 and

Jg = ZJ: cos(knz) sinh(kay)

n=0
o0
Jy = ng cos(lpy) sinh(lyz)
n=0
with
Ly
s
and
: . (-1
z _
In= 20Besta (akn)? cosh(k,b)
¥ = —20B,s: b (=1)" .
In ¢2t? (bly 2 cosh(lna)

(D29)

(D30)

(D31)

It can be easily checked that this solution has the correct limiting properties,

e.g., that the current lines at small z,y are ellipses, or circles in case a = b. In

the latter case || has the known value |J'| = ¢ Bezs /2.

A comparison of these results with the previous ones for a thin cylindrical shell

lets us appreciate the simplicity of the latter. A more detailed analysis reveals

some interesting qualitative differences between the shell and the parallelepiped

in their response to segmenting.

* Due to the linearity of the problem, the solution for any other direction of Beyz¢ can easily

be obtained by superposition.
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