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Abstract 

We utilize Vafa-Witten theorem and Coleman's theorem to show that Quantum 
Chromo dynamics based on confinement and asymptotic freedom exhibits the vector 
mode of chiral symmetry as conjectured by Georgi. 
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We shall begin by summarizing the key results constituting conventional wisdom in 
standard Quantum Chromodynamics (QCD). 

Firstly, in vector-like gauge theories and in QCD in particular, non-chiral symmetries 
such as SUL+R(2) C SUL(2) x SUR(2) or SUL+R(3) C SUL(3) x SUR(3) cannot be 
spontaneously broken. This is the Vafa-Witten result [1, 2]. In QCD with large Nc , 

Coleman and Witten [3] showed that chiral symmetry is broken to diagonal U(Np ) and 
thus, if chiral symmetry is broken, it must happen in such a manner that flavor symmetry 
is preserved. Secondly, chiral SUL(3) x SUR(3) symmetry in QCD with massless u, d, s 
quarks must be spontaneously broken. However, it is difficult to show [4] that chiral 
SUL(2) x SUR(2) symmetry in QCD with massless u, d quarks is also spontaneously 
broken. Thirdly, QCD may very well exhibit the Higgs mode for the vector current and 
the Goldstone mode for the axial vector current i. e., the massless scalars arising from 
Goldstone theorem get 'eaten up' by the gauge vector field which consequently acquires 
a finite mass. This important conjecture was introduced by Georgi in 1989 who called 
it as a new realization of chiral symmetry ("vector mode" ) since it involves both the 
Wigner-Weyl and Nambu-Goldstone modes. This is Georgi's conjecture [5]. 

To quote Weinberg [6], "A recent paper of Georgi, can be interpreted as proposing 
that QCD at zero temperature is near a second order phase transit.ion, at which the 
broken chiral SU(3) x SU(3) symmetry has a (8,1) + (1,8) representation, consisting 
of the octet of pseudoscalar Goldstone bosons plus an octet of massless scalars, that on 
the broken symmetry side of the phase transition, become the helicity-zero states of the 
massive vector meson octet, . ". It is intriguing and mysterious that at the second order 
phase transition at which chiral SU(2) x SU(2) of massless QCD becomes unbroken, 
this symmetry may become local with p and Al as massless gauge bosons". 

As a final point one may observe that the charges corresponding to spontaneously 
broken local gauge symmetries are screened and the vector mesons are massive. This is 
a manifestation of spontaneously broken local symmetries. For instance, the well-known 
example [7] is the Abelian Higgs model: in the spontaneously broken phase, the vector 
field has a finite mass (thus the field is of finite range) and the conserved current does 
not have a total charge in the physical Hilbert space. 

Coleman and Witten [3] have demonstrated that QCD exhibits spontaneously broken 
chiral symmetry by examining the large Nc limit. In spite of the existence of a great deal 
of work on this subject using several such approaches [8], what is lacking is a general 
rigorous proof of spontaneously broken chiral symmetry in QCD. 
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The nature of spontaneously broken chiral symmetry is intimately connected to spon­
taneously broken scale invariance. It has been emphasized by Adler [9] that there are 
two examples of relativistic field theories which exhibit spontaneously broken scale in­
variance where chiral symmetry is also broken. These are Johnson-Baker-Wiley rnodel of 
quantum electrodynamics [10] and asymptotically free gauge theories. This indeed may 
be a general feature as we pointed out recently in our investigation [11] of spontaneously 
broken chiral symmetry in QeD. Let us review this connection briefly. 

Unbroken scale invariance can be expressed as 

QD(t)IO> = 0, (1) 

where the dilatation charge is 

(2) 

defined in terms of Dp.(x, t), the dilatation current. Equivalently, 

(3) 

Invoking Coleman's theorem [12], which is valid for continuous symmetries, we can then 
prove that the divergence of the dilatation current itself must itself vanish identically: 

(4) 

On the other hand, it turns out that we know the divergence of the dilatation current 
as it is determined by the trace anomaly [13] in QeD: 

(5) 

where the second term vanishes for massless quarks in the chiral limit. Consequently 
the beta function must vanish. It is well-known that in an asymptotically free theory of 
QCD which also exhibits confinement, the behavior of /3(g) is such that it decreases as 9 
increases and never turns over. Consequently 9 = 0 is the only possibility and hence the 
theory reduces to triviality. We therefore conclude by reductio ad absurdum tha.t scale 
invariance must be broken spontaneously by the QeD vacuum state 

QD(t)IO> -1= 0. (6) 
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It is important to note that since 9 =I 0 in the standard theory of QCD, scale invariance 
is also explicitly broken by the trace anomaly. In other words, scale invariance is broken 
both spontaneously by the vacuum state and explicitly by the trace anomaly. 

Let us now consider the commutator [11] 

(7) 

which defines the scale dimension of the charge Qa(o), the generators of vector SU(N) 
transformations, the flavor (non-chiral) group of QCD. By introducing the operator e iHt 

on the left, e-iHt on the right and 1 = e-iHteiHt in the middle, we immediately establish 
the result for any non-zero time: 

(8) 

It is important to stress that operator relations such as Eq.(8) are unaffected by spon­
taneous symmetry breaking, which is manifested in the properties of physical states, as 
emphasized by Weinberg [14]. Thus Eq.(8) continues to hold even when scale invariance 
is spontaneously broken. Applying this to the vacuum state, we have 

(9) 

In accordance with Vafa-Witten theorem, the vector symmetries remain unbroken and 
therefore it follows that 

Qa(t)IO >= 0, (10) 

but QD(t)IO > remains non-zero since scale invariance is broken. We thus find 

(11 ) 

Introducing QD(t)IO >= 1<P1 >=110 >, we thus have the result 

(12) 

If we apply Eq.(8) to the state 1<P1 >, and then by repeated application, we obtain the 
result 

(13) 

where n 1,2" ". Clearly, this is satisfied only for the Wigner-Weyl mode. However, 
the states l<Pn > are neither vacuum states nor are they necessarily degenerate, since 
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QD(t) does not commute with the Hamiltonian due to the trace anomaly. Hence we 
must conclude that there are only two choices: either Qa(t)IO > =/:- 0 or Qa(t) _ O. The 
first choice is ruled out because of Vafa-Witten theorem. Hence we conclude that the 
vector charges are screened and consequently the vector mesons must pick up rnass via 
the Higgs mechanism. We thus reach the conclusion that Georgi's conjecture is true. It 
is the clear unique choice in QCD exhibiting both asymptotic freedom and confinement. 

Let us proceed further and introduce the axial-vector charges satisfying the commu­
tation relation [11] 

[QD(t),Q~(t)] = -idQ5Q~(t), (14) 

defining the scale dimension of the axial charge. We should bear in mind that Eq.(14) 
continues to hold even when dilatation symmetry is spontaneously broken [14]. Eq.(14) 
when applied to the vacuum state leads to 

[QD(t), Q~(t)]IO > = -idQ5Q~(t)10 > . (15) 

We now seek to establish whether or not chiral symmetry is spontaneously broken, 
by the method of reductio ad absurdum. Assume to the contrary that chiral syrnmetry 
is exact, that is, Q~( t) 10 > = O. Then we obtain the result 

(16) 


since QD(t)IO >= 1<1>1 >. By successive application of Eq.(14) to states 1<1>1 > etc., we 
thus arrive at the result 

Q~ l<I>n >= 0, (17) 

where l<I>n > are defined by QD(t)I<I>n >= l<I>n+l >, n = 1,2,···. Clearly this result can 
be valid only for the Wigner-Weyl mode and will be true only for the vaCUUDl state. 
Since the states l<I>n > are neither vacuum states nor are they degenerate, it follows by 
reductio ad absurdum that there are only two choices: Either Q~(t) =0 or Q~(t)IO >=/:- O. 
The choice may depend on the details involving the number of flavors [15, 16 ]: we know 
that for the special case of NF = 3 QCD is realized in the Nambu-Goldstone mode 
whereas for N F = 2, confining but chiral symmetric mode is allowed [17] as pointed out 
by 't Hooft [8] and Weinberg [4]. 

Hence we conclude that for N F = 3, QCD at zero temperature exhibits chiral sym­
metry in the N ambu-Goldstone mode as a spontaneously broken symmetry while the 
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vector symmetry is realized in the vector mode in the sense of Georgi. That is, vector 
symmetry remains unbroken, the charges are screened in which case the vector mesons 
acquire mass by Higgs mechanism. 

The vector mode of Georgi has several attractive features, including an extensive and 
clear analysis of both the group theory aspects and the phenomenological consequences 
as explained in ref.(5).Phenomenological results such as the relation between m; and f; 
are consequences of a symmetry of the theory in such a manner that corrections to such 
results can be systematically investigated. 
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