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Abstract.

In this paper we find a class of solutions of the sixth Painlevé equation
appearing in the theory of WDVV equations. We describe the asymptotic
behaviour close to the critical points in terms of two parameters and we find
the relation among the parameters at the different critical points (connec-
tion problem). Results on the subject are already proved by some authors
quoted here, who solved the connection problem for a limited range of the
parameters. Other approaches allow to find the asymptotic behaviour for
a wider range of parameters, but without solving the connection problem.
Here we extend the range of the parameters for which we solve the connection
problem and give a unified picture of pre-existing results.
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1 Introduction

Let us denote with PVI, the sixth Painleve’ equation with the following choice of the parameters (in
standard notation of [8]):

_@e-1* _1
o= pay=0, 6=
Namely: ,
&2 .
ay _ 141 1(d_y>_l+1+1d_y
dz?2 2 |y ~—1 dz z -1 y-—=z|dz
ly(y—1)(y — ) z(z — 1)
+2 z%(z — 1)2 (2u - 1)° +(y—sz:)2 » HEC

This choice is important in the theory of WDVV equations of associativity for n = 3 fields. The WDVV
equations can be reduced to PV, [3]

We study the case 2u ¢ Z and find solutions to PVI, with asymptotic behaviour a(®z!=*” for
z—-0,1-al)(1- :z:)l*"m forz — 1, a®) =" for ¢ oo, where (¥ and ¢(® are complex numbers
such that a(® # 0 and ¢ ¢ (~00,0) N [1,00) (here (a,b) denotes an open interval and [a,b] a closed
one). The convergence of z to the critical points z = 0,1, 0o is along spiral or radial paths, according
to the value of 0. We also describe the analytic continuation of such solutions and solve the connection
problem, namely we find the relation among the three couples (o9, a(9).

The existence of solutions with one of the above asymptotic behaviours at one of the critical

* points was proved by Shimomura for generic parameters a, 3, v, ¢ in [17] [9]. The three criti-
cal points were treated separately (actually, just z = 0 was considered, the others being equiva-
lent by symmetries) and the connection problem was not touched. We quote his result: for any
o € C\{(-00,0]N[1,+00)} and any k € C there exist a solution of PVI on the domain D(e) :=

{:z: € C%} [0<|z| <€ le7*z'77| <¢, |ekFz7| < € } behaving in the following way: y(z) = e %z~ (1+

O(|z| + |e~®z'~=7| + |eFz?|). Here € = €(o) is sufficently small and C\{0} is the universal covering of
C\{0}. In the case Ro < 0 and R > 1 the shape of the domains above forces = to converge to 0 along
spiral paths.

We observe that the case ¢ = 0 is not included in Shimomura’s picture. Moreover, it is not clear if
a solution having the prescribed asymptotic behaviour close to a critical point (say z = 0) has a similar
behaviour when z approaches another critical point. And if it does, how are the parameters (o, k)
characterizing the behaviour at one critical point related to the parameters at another critical point?

For 0 < Ro < 1, Jimbo [10] solved the connection problem for solutions having the above asymptotic
behaviour along radial paths converging to the critical points. He made use of the isomonodromic
deformation theory under some genericity assumption on the parameters a, 3, v, §. Exploiting the
connection between the Painleve’ equation and Schlesinger equations, he found the relation between the
parameters o, o and the monodromy data of the fuchsian system associated to PV I. The crucial step
in his proof is a result on the asymptotic behaviour of a class of solutions of Schlesinger equations which
was proved by Sato, Miwa, Jimbo in [16].

Later, Dubrovin-Mazzocco [4] applied Jimbo procedure to PVI, (2u ¢ Z), which violates some of
the genericity assumptions. They classified all the algebric solutions of PV I, in terms of monodromy
data and gave a geometric interpretation of the data themselves in terms of finite reflection groups.

In this paper we prove that Jimbo [10], and Dubrovin-Mazzocco [4] procedure can be extended to
any complex o9 ¢ (—00,0) N [1,00). While in [10] and [4] the convergence of z to the critical points is
along radial paths, the extension of the result to any ¢(¥) & (—00,0) N [1, 00) forces us to consider spiral



paths whenever R < 0 and Ro > 1. Thus it turns out that the solutions we find can be identified with
those studied by Shimomura: in this way we give an extended and unified picture of both Shimomura
and Jimbo’s works, and we solve the connection problem for Shimomura’s solutions. Actually, we prove
that a solution behaves as stated above simmultaneously at the three critical points, we give explicit
formulae which connect the parameters (0¥, a(®) with the monodromy data of the fuchsian system
associated to PV I, by the isomonodromic deformation theory and so we obtain the connection between
the parameters themselves. We also describe how these parameters change under analytic continuation
of the solution (this point was carefully analyzed in [4] for 0 < Ro < 1 and is crucial for the classification
of algebric solutions).

The notes are organized as follows. In section 2 we give the results with a few comments. In section
3 we derive them. In particular, lemma 1 of section 3 is the generalization to any complex ¢ & (—o0,0)N
[1,00) of Sato-Miwa-Jimbo result [16] used in [10] [4]. Section 4 is an Appendix on the monodromy data
of the fuchsian system associated to PV I, by the theory of isomonodromic deformations.

Acknowledgments: 1 thank prof. B. Dubrovin for being always ready to discuss and give me
hints. I’'m indebted to M.Mazzocco for many discussions, and for drawing my attention to the works of
Shimomura. In this paper I often refer to [4], where the case 1 < Ro < 1 is studied.

2  Results

2.1 Local Behaviour

In these notes we suppose that
2u g Z

A solution y(Z) of PV1, is a meromorphic function of the point # belonging to the universal covering
of P1\{0,1,00}. Usually, one starts from the local study of a branch y(z) of the solution, where
z € P'\{0,1,00}. Studying a branch means that z can’t describe loops around 1, 0, and co. Thus,
some branch cuts are necessary (for example |arg(z)| < 7 and |arg(l — z)| < m, see figure 2). The
global solution y(Z) is obtained as the analytic continuation of such a branch along curves encircling the
singularities 0, 1, oo .

Let o and a denote two complex numbers, with the restrictions

o€ Q:=C\{(~00,0)U[l,+00)} a#0

Our firt aim is to show the existence of solutions of PV I, which behave like a '~ as z — 0 in a suitable
way. Thus, we concentrate on a small punctured neighbourhood of z = 0, and the point % can be read
as a point in the universal covering of Cg := C\{0} with 0 < |z| < € (¢ < 1). Namely, & = |z|e??8(*),
where —oco < arg(z) < +oo.

In order to specify the way z tends to zer0, we introduce a domain contained in the universal covering
of Cy (we denote the universal covering by Cy). If ¢ = 0 we define the domain

D(go=0)={z€Cost 0< |z| <€}
If 0 # 0 we observe that

So arg(z)

|27] = |2|”'®),  where ¢'(z) := Ro — og [2]

We define a domain in which 0 < ¢'(z) < 1. Let 61,8, ¢ R,0< 6 < 1 and:
D(e;0,61,62) :={% € Cost. 0< lz| <€, e %99z)% < |77 <e%z]°, 0< & <1}

Here ¢ is small enough, depending on & (in particular, from the proof of theorem 1 which follows, we’ll
see that € — 0 if & — 1). The domain can be rewritten as

Ro log |z| + 6.0 < Soarg(z) < (Ro — o) log |z| + 6,50

Figure 1 shows the domains. Note that if 0 < R < 1 the domain contains any sector of width
less then 27 (provided |z| is sufficiently small). Also note that D(e;0,61,02) = D(e;0 = 0) for real
0<eo <l
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Figure 1: Domains D(g,0) and paths of convergence (Imo>0 in the
figures where it is not zero)



When we consider a branch y(z) of a solution y(Z) we have to restrict arg(z) to a < |arg(z)| < b
with |a — b| < 27. Thus in the following we’ll always understand that 6, and 6, are chosen in such a
way that the values a < arg(z) < b are contained in D(e;0,6,,6)

Theorem 1: Let 2u € Z. For any o € ) and for any a € C, a # 0, there exists a branch y(z;0,a) of
a solution of PV I, whose analytic continuation in D(e;0,8:1,0,;) has the asymptotic behaviour

y(&;0,a) = a7 (1 + O({xié)) as & — 0 in D(¢;0,61,62) (1)

Here 0 < § < 1 is a small number. If 0 < Ro < 1 the branch y(z;o,a) itself has the above behaviour as
z -+ 0 in any sector of width less then 2n.

Theorem 1 is valid if the convergence of z to zero is along a “regular” path, like a radial path (when it
is possible) arg(z) = b constant, or a spiral-shaped path Qo arg(z) = (Ro — £)log|z| + S0, 0 < ¥ < 5,
contained in D(e;0,61,02). Along the paths with £ = 0 ( and o # 0) the theorem must be slightly
modifided by substituting the constant a by a function a{z) = O(1) as z — 0. This function will be
explicitely computed in the proof of the theorem.

The solutions y(z) of theorem 1 can be compared with those found by Shimomura [17]. They are
actually the same, with a slight change of the domains. In figure 1 we also draw the possible paths along
which z — 0.

A remark on the notation: in the following, I will omit 6;, 8 writing the domains. Also, we say that
two matrices M and N are conjugated if there exists an invertible matrix 4 such that M = A"1NA.
Finally, we denote by I the identity matrix.

2.2 Parametrization of a branch through Monodromy Data

As it is well known, in the case 2u ¢ Z there is a one to one correspondence between a class of equivalence
of admissible triples of monodromy data (2o, Z1, %) of the fuchsian system associated to PV, in the
theory of isomonodromic deformation, and a branch of a solution (see section 3 and the Appendix).
Two triples (zo, 1, Zoo) and (zg, £1, L) are equivalent if their elements differ just by the change of two
signs. A triple is admissible if just one z; = 0. The following relation holds:

22 + 2} + 12 — 2021200 = 45in®(7p) (2)

We expect that for any (o, a) of theorem 1 we can find a set of monodromy data, and conversely for a
set of monodromy data satisfying (2), eventually resctricted by some additional conditions, we can find
0 =0(Z0,T1,%To0) and a = a{Zo, T1,Teo)-

Theorem 2: Let 2u ¢ Z. For any o € §1 and for any a # O of theorem 1, there erwists a triple of
monodromy data (Zo,T1,ZTe) given by the following formulae:

i) 0 #0,+2u+ 2m for any m € Z. Leta::—%, s# 0.

zo = 2sin(5o)
5 == [t (24 @) o+ )] ®

1
_ 1 —~ino 2
mm—~[m(2—F(0)e F S-W,’,—,‘;)}

where 2 cos?(Zo) 1670 (242 )*
0s?(Zo
flo) = cos(mo) — c:;s(%u)’ Flo)= f(G)F(l —p+ %)221“(u +5)2
i) o=0

Ty = 0
z? = 4sin’*(rp) (1 - a)

z2, = 4sin’(mp) a



We can take any sign of the square roots

ii) o = £2u+ 2m. Let again a =: —41—3
wil) o =2u+2m, m=0,1,2,..

zo = 2sin(mp)

16“""“1"(;1—+—m+1‘)2
TmiD TGt \/3

Too =1 T e~ TH

#i2) o = 2p +2m, m = —1, -3,.
o = 2sin(mp)

2 1 1
cos?(mp) 16#+m T (p+m+1)2T(—2u—m+1)T (—m) Vs

ry = —
Too = 1Z1€5H
wl) o = —2u+2m, m=1,2,3, ..

zo = 2sin(wu)

_ 187H*TD(—ptm+i)?
1 = =Tzt nTm - VS

Too = iT1€"H
1wid) o = -2u+2m, m=0,-1,-2,-3, ...
zo = 2sin(mu)

w2 1 1
cos?(mpu) 16= K+ T (~p+m+1)2T(2u—m)T(1—m) /5

I =
Too = 1T €7 4TH

In all the above formulae the relation T3 + 12 + T2, — ToT1Too = 4sin’(mp) is automatically satisfied.
Note that o # 1 implies o # £2 ~

Conversely, for any set of monodromy data (To, T1, Teo) such that T3+z24+z% —ToT1ZTo0 = 4sin’ (mp)
there exist parameters o, and s := —1/4a (or a) obtained as follows:

I) Generic case
2(1 — cos(wo)) = 3

f(a) (2+F( ) s+ _F(cr) s) z? 4)

Fio) (2 F(0)e™™ 5 — piayersos s)

Note that f(o) may be rewritten as

4-z32 4 — z?
2 — 2 — 2 cos(2mp) 2:% + 22, — ToT1T0o

flo) =

Any solution o must satisfy the restriction o # £2u + 2m for any m € Z, otherwise we encounter the
singularities in F(o) or 1/F (o) (namely, the zeroes and the poles of T'(..)) and in f(o). If z2 = 4 the
system has solutions 0 = 1+ 2n, n € Z, which do not belong to Q2. In order to have solutions o = 2n,
n € Z we need o = 0. We treat this possibility in the following case II).

II) Ig = 0.
2(1 — cos(ma)) =0
4sin®*(rp) (1 -a) = 22

4sin’(mp) a = 22,



Note that the only solution in Q is 0 = 0 and

Too
Q4 = —
z? + 22,

III) z3 = 4sin®(np). Then (2) implies z2, = —z? exp(x2mip) . Four cases which yield the values of o
non included in I) and II) must be considered

III1) 22, = —zle~2min
o=2u+2m, m=0,12,..
_ T(m+1)°T(2u+m)? 22
Tt (p 4 m + L)
1112) o2, = —ale?min
o=2u+2m, m=-1,-2,-3,..
-1
t 5

1
§ = M 162“+2mr(ﬁ “+m + ‘2‘)4F(_2],£ —-m + 1)2F(—m)2 Ty

II8) z2, = —z2e2™ik
o=-2u+2m, m=1,23,..
. T(m — 2u + 1)20(m)? 22
T 167D (—p +m + 1) Y
II}) 2%, = —z2e~2mis
oc=-2u+2m, m=0,-1,-2-3,..
wd -1

1
- 16-2p+2m1—\ - - 4:[1 2y — 2P 1 - 2 .2
s COS4(7('[J) ( “+m+ 2) ( u m) ( m) Ty
Ifzl # 4 (0 # 1+ 2n, n € Z) we can always choose (from I), II), III) ) ¢ € Q. Then there
exists a branch y(z;0,a) = y(z;z0, 21, To) parametrized by the monodromy datae and whose analytic
continuation in D(e;0,0y,02) has the asymptotic behaviour of theorem 1.

Observe that the formulae iii), III) are also obtainable from (4) and (3) respectively in the limit
o — £2p + 2m. However, we will prove them separately, because in the proof of the general case we
will encounter divergences for o = £u + 2m. Three remarks are in order here:

Remark 1: In the generic case I), with z3 # 4, the system (4) in two variables o, s and three
equations is compatible. Actually, the first equation 2(1 — cos(no)) = z2 has always solutions. Let us
choose a solution g (£09 +27n, ¥n € Z are also solutions). Substitute it in the last two equations. We

need to verify they are compatible.
Instead of s and % write X and Y. We have the linear system in two variable X, Y

Fo i )(X f(oo) 2% - 2
Floo) e gise=™ ) \v ) \2- (o) 22,

F 1
The system has a unique solution if and only if 2isin(mog) = det ( (UoA)iM lFi"i)m, ) # 0.
F(og) e o Floa) € 0

This happens for og € Z. The condition is not restrictive, because for o even we turn to the case II) of
the theorem 2, and ¢ odd is not in €. The solution is then

2(1 + e~*"9°) — f(ao)(z? + 2 e 1" 0)
F(oo)(e?me0 — 1)

X =

f(ao)e-ivmg(e—imrox% + xgo) - 26—i1rao(1 -+ e-ivmo)
e—2mioco ]

Y = F(00)



Compatibility of the system means that X Y = 1. This is verified by direct computation:

e [2(1+ 7)) — (2 + 22 e7") f(0)] [(zle™™ +22)f(0) —2(1 + e~i"7)]

XY = (e—2imo _1)2

_ 8cos®(B)(a} + 22)f(0) — 4(4 — sin®(BF)) — ((af + 2%,)° — zdaiad ) (o)’

—4sin® (7o)

Using the relations cos?(%2) = 1 — z3/4, cos(ro) = 1 — z3/2 and f(o) = 2723 e obtain
1

z2422 ~ZToT1T 0o

1 (22 +22)% - (20Z1%00)?
— _9 2 2 1 o) et
XY P ( (z + 25,)f(o) + 4 + 22 T 22, — Tom1 70 f(cr))
1 1 ‘
== (4- (z? + 22, — To%1Ze0) f(0)) = — (4- (4= :cg)) =1
trd Zo

It follows from this construction that for any o solution of the first equation of (4), there always
exists a unique s which solves the last two equations.

Remark 2: The first equation of system (4) determines o up to ¢ — +0 + 2n, n € Z. As remarked
above, substituting in the last two equations one of the values of o € Q obtained from the first equation,
we determine uniquely s. In the different domains D(¢, 0 + 2n) the spiral-shaped paths along which
tends to zero are different. Thus the same branch y(z; z¢, 1, T ) has anlytic continuations on different
domains with different asymptotic behaviours prescribed by theorem 1. In particular, note that it is
always possible to choose 0 < Ro < 1, by the transformation ¢ — %o + 2n. In other words, we can
always consider radial paths of convergence for the branch y(x; o, Z1, Zoo)-

Observe however that for 0 < ¢ < 1 the operation ¢ — *o + 2n is not allowed, because o leaves 2.

Remark 8: A triple of monodromy data (z¢,z1,%) determines o and —o through the equation
2(1 — cos(wo)) = z3. The parameter s corresponding to o is determined by

1 1
——(2+F e | = g2
7o (24 FC) s+ gs) ==
1 —ime o _ 1 — 2
We observe that f(o) = f(—o) and that the properties of the Gamma function
T
L1 -2)T(2) = sin(r2)’ [(z +1) = 2I'(2)
imply
1
P = e
Then the value of s corresponding to —o is (uniquely) determined by
1 s Flo)\ _
o7 (2 r ) =

1 B s _ F(o)em ™\ _
7 F(o)e-imo s = Feo
We conclude that s(—¢) = —-;-(1;)-.

Theorem 1 describes the asymptotic behaviour of the solution y(z; %o, %1, %) in terms of the pa-
rameters (o,a = "Z;%'ET) and (—o,a = —3;%_—;7) on the domains (¢ may not be the same, but we take
the smallest)

D(e;0): Rolog|z| + 0:80 < Soarg(z) < (Re — ) log|z| + 6,80

D(e;—0):  (Ro+6)loglz| + 6,80 < Soarg(z) < Ro log|z| + 62,50
The two domains intersect along the line So arg(z) = Ro log |z| + 8230 (see figure 1). This implies that
the two different asymptotic representations of theorem 1 on D(o) and D(—c) must become equal along



Figure 2: Branch cuts

the line So arg(z) = Rolog |z| + 6280. Actually, after the proof of theorem 1 it will be clear that along
the lines So arg(z) = Ro log|z| + bSo (b a constant), contained in D(e), the behaviour of y(z) is
y(z) = A(z;0,5(9)) |z| (1+0(2|))

where § is a small number between 0 and 1, and

A(z;0,8(0)) = [—% (:Sl—ce‘i"(m) +5C el 2) eia'g(z)j}
a(z) = g [[(R0)? + (S0 arg(z) — (o)D), €=

The property s(—o) = 3%57 immediately implies that
A(z; —0,5(~0)) = A(z;0,5(0))

In this way we have proved that the asymptotic behaviour, as prescribed by theorem 1 in D{c) and
D(~0), is the same along the common boundary of the two domains.

2.3 Analytic Continuation of a Branch

We describe the analytic continuation of the branch y(z;0,a) = y(z;20,21,T), a < arg(z) < b,
la —b| < 2.

We fix a basis in the fundamental group m(P'\{0,1, 00},b), where b is the basepoint (figure 2). The
analytic continuation of the branch along paths encircling £ = 0 and z = 1 (a loop around z = o is
homotopic to the product of two loops around 0 and 1) is given by the action of the group of the pure
braids on the monodromy data (see [4]). Namely, for a counter-clockwise loop around 0 we have to
transform (o, T1,To) by the action of the braid 42, where

B (%0,%1,%T00) — (—Z0, Too — ToZ1,T1)
B%:  (z0,71,%T00) = (To, T1 + ToToo — T1T2, Too — ToZ1)
For a counter-clockwise loop around 1 we need the braid 82, where
B2 (T0,%1,%c0) W (Too, —F1, %0 — T1Too)
B2 (%0,%1,%00) = (Z0 — T1%o0s T15 Too + T0T1 — TooT)

Let 8 be a braid corresponding to a loop in P!\{0,1,00}. Solving the system (4) or using the
formulae of II), I1I) in theorem 2, we find the new parameters o, a? of the new branch 8 (y(z;0,a)) =
y(z;07,07).

As an example, consider the loop around z = 0. From the formulae in I ), 1I), III) of theorem 2 we
derive the transformation '
B2: (0,a) = (0,ae72")



In fact, zo — xo implies that o does not change. The transformation of a is proved as follows:
For ¢ = 0 we have zo = 0 and 8% : (0,21, %) = (0,71,Zo0). Thus

Too Too

= 3
Z1 + Teo Z1 + Teo

a

For o = +£2u+ 2m, we consider the example ¢ = 2u+2m, m = 0,1, 2,.... The other cases are analogous.

We have s = z? H(o) = —z% H(o)e?™* where the function H(o) is explicitely given in theorem 2,
I11). Then | ' '

Bi: s=—22 H(0)e*™ s ~g?H(0)e™™# = —se?™#
Then

B2 srsel™™ = arrae”H = g
For the generic case I) (¢ € Z, 0 # £2u + 2m) recall that
F(o) S+;,T;—)—; =z?f(o) -2
F(0)e™™ s+ przyammes = 2 — Taf(0)
has a unique solution s. Also observe that 31 : zo, — z1. Then the transformed parameter §; : s — s

satisfies the equation )

F(o)e—io sh

= - (F(a) 5+ ﬁ)

F(a)e_i"” PLigee =2-22f(0)

Thus % = —ei™@ 5. This implies

2mio —2mio

B%: s+ se = arrae

We know that the branch y(z;0,a), and the branch y(z;0,ae™?"%), which correspond to different

2 2 2
monodromy data (zo,Z1,Zw) and (mgl,mf‘,mfé) respectively, and with the same ¢ < arg(z) < b,
la —b] < 2m, are local representations for the same solution of PVI,. On the other hand theorem 1 tells

us that the analytic continuations of the two branches have the behaviour
y(&;0,a) = a&' "7 (1 + O(|z|°))

y(F;0,ae7™7) = ae> 577 (1 + O(j2)°)) = a(@e®™) 77 (1 + O(|z|%)) (5)
as £ — 0 in D(e; 0,61,62). For suitable 8;, 6; and for sufficiently small |z| both Z and &' := Ze?™ are
contained in D(€;0,61,62) and thus y(%;0,a) and y(&; 0,ae™2"%) = y(&';0,a) are actually the analytic
continuations of the branch y(z;0,a) to the points £ and Z’. Thus theorem 1 is in accordance with the
analytic continuation obtained by the action of the braid group.

For a loop around 1 the action of 82 changes 7o to To—Z1Ze. Thus the new branch has new exponent
0% # o and new coefficient a?? obtained from I) IT), III) of theorem 1.

2.4 Singular Points z =1, z = co (Connection Problem)

In this subsection we use the notation ¢(® and a(® to denote the parameters of theorem 1 near the
critical point z = 0. We describe now the analogous of theorem 1 near £ = 1 and z = co. The three
critical points 0, 1, co are equivalent thanks to the symmetries of the PV I, equation.

a) Let
o= -1- y(@) = -i- (@) , (6)

Then y(z) is a solution of PVI, ({/ariable z) if and only if §(t) is a solution of PVI, (variable t). The
singularities 0 and oo are exchanged. Now, we can prove theorem 1 near t = 0. We go back to y(z) and
find a branch y(z; 0(°, a{*>)) whose analytic continuation to

ole)

D(M; U(oo)) ={ze ngo} s.t. |z| > M, S |_7;|"& < I:E.-O‘(“’)I < 69180("“)
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Figure 3: Some examples of the domain D(M, ¢ )
0<éd<1}
has the asymptotic behaviour
30,0 ) =@ (1+0(1))  2oce 7
where M > 0 is sufficiently big and 0 < § < 1 is small (figure 3).
b) Let
z=1-¢t ylz)=1-g() (8)

y(z) satisfies PV I, if and only if §(t) satisfies PV I,,. Theorem 1 holds for §(t) near ¢ = 0 with coefficients
oV and a). Going back to y(z) we obtain a branch y(z; oV, a(l)) whose analytic continuation to

Do) :={z€ C\{1} s.t. 0< |1 =z <¢, e B9|1—z% <|(1-2)""| < e 0%,

0<d <1}

has behaviour o
y(E oM, aM=1-aPa -5 "1 +0(1-2f) z-1 (9)

Let us fix branch cuts in C\{0,1} (for example | arg(z)| < =, |arg(l — z)| < =), or equivalently in
PI\{0,1, 00} (figure 2).

Then we choose a (class of equivalence of) triple of monodromy data (zo,z;,Ze) satisfying (2).
They correspond to a unique branch y(z;zo,Z1, ) whose asymptotic behaviour at z = 0 is given by
theorems 1 and 2.

After the transformation (6) the solution §(¢) corresponds to a solution of Schlesinger equations
whose class of equivalence of monodromy data is represented by (Zoo, —Z1,To — Z1Zoo) [4]. In the same
way, for (8) the monodromy data are (z1,Zo,ToT1 — Too). It follows that the analogous of theorem
2 holds at z = oo and z = 1. It determines (), a{®) and o), V) in terms of monodromy data,
provided we make the substitutions

(zO;xI:xoo) — (xooa —Z1,To — 1711'00) atz =00

(20,1, Too) M (T1,Z0,To%1 — Teo) atz=1

We have thus solved the connection problem: given (zg,z1,%Zc00) We can always find (¢(®,a(®),
(e, a®), (), a(*®)) from theorem 2 with the above substitutions. There is a unique branch
y(z; To, T1, Teo) Whose analytic continuations on the domains D(el”;0(®), D(elV); 1) a(*)) and D(M;
() a()) have asymptotic behaviours at z =0, = 1, = = co given by (1), (9), (7) respectively.

As alast remark, note that, for 2i ¢ Z, the case 0(®) = ¢(1) = ¢(®) = 0 is forbidden because otherwise
To = T; = Too = 0. Also, the cases 0(® = +2u + 2m(®, oV = +2u + 2m®), 6(®) = £94 + 2m() are
forbidden, otherwise 3 = 7 = 72, = 4sin*(7u) and (2) is violated.



3 Derivation of the Results
3.1 Proof of Theorem 1

In order to prove theorem 1 we have to recall the connection between PV I, and Schlesinger equations
for 2x2 matrices Ao(z), Az(), A1(2) (z in A, is a label, not a variable !f)

dAgq _ [As,Al]

de z

d4; __ [ALA:]

dz T  1-z (10)
dA. Az, A0 + A1,A,
z z -z

We look for solutions satisfying

—u 0

Ap(z) + Az {(z) + A1 (T) :( 0 4

)::-—Aoo peC, 2uéZ

tr(:‘lé) = det(Ai) =0
Let

A A A
Alz,z) = 224 24 2

z z—x z-1
Then y(z) is a solution of PV, if and only if A(y(x),z)12 = 0.

The system (10) is a particular case of the system
dA ‘
= = ZotilAu, Bu] fuu(2)

e = 1572 [By, By + Yol (B, Ayl gun(@) + 02 [By, Bl hyw (2)

where the funcions fuu, guv, by, are meromorphic with polesat 2 = 0,1,00 and 37, B, +3°, Ay = —Ax
(here the subscript x is a label, not the eigenvalue of A, !). System (10) is obtained for f,, = g, =
b,,/(au —iEby), hLW = 0, ny = 1, Ng = 2, ay = bz = ]., b1 =0 and Bl = Ao, B; = Am, Al s Al,

We prove the analogous result of [16], page 262, for the domain D(¢;0):

(11)

Lemma 1: Consider matrices B) (v=1,.,n2), A (u=1,..,n1) and A, independent of z and such
that
0 0 _
D BY+ ) A=A
v p

Z BY = A, eigenvalues(A) =

3

, o€

[NJ IS
o) Q

Consider the domain D(e;0,601,02) (or D(e;o = 0)) introduced in section 2, depending also on
0 < & < 1. Also, suppose that fu,, guv, huy are holomorphic for |z| < e.
For a fized & and a sufficiently small € < 1, the system (11) has holomorphic solutions A,(Z), B.(Z)
in D(e; 0,0;,82), satisfying:
|14,(8) = AQ] < C Ja|'=

Iz=4B, (%) 3* ~ BY|| < C [a]*~
Here C is a positive constant and & < o1 < 1

Important remark: There is no need to assume here that 2u ¢ Z. The theorem holds true for any value
of p. If in the system (11) the functions f.., guv, Ay are chosen in such a way to yield Schlesinger
equations for the fuchsian system of PVI,, the assumption 2 € Z is still not necessary, provided the
matrix R (see the Appendix) is considered as a monodromy datum independent of the deformation
parameter .

Proof: To simplify notations, we write z instead of Z. Let A(z) and B(z) be 2 x 2 matrices holomorphic
on D(e; o) and such that
lA@) < C1,  |IB(@)]| £C2 on D(eo0)
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Figure 4: Path of integration.

Let f(z) be a holomorphic function for |z| < €. Let o3 be a real number such that & < o3 < 1. Then,
for sufficently small € the following estimates are valid for z € D(e; o)
le** A(z) zT| < Cufz]| =

le** B(z) z¥*|| < Calz| ™
;L,——A

ds A(s) s* B(s) s™" f(s) z*
L(z)

x—-A

< CiCy Jzftmen
ds s B(s) s7* A(s) f(s) z*
L(z)

< G0y |z|tmo
where L(z) is a path in D(e; o) joining 0 to z. To prove the estimates, we observe that
Then

M o Fa ol (= _q"(e -5
Izt = ||z12865 = D] = max{jz) 2, 2" =7} < %7 |3)F,

in D(e;0)
Izt A(z) 74| < Nz IA@] ] 274 ] < €297 Cy || ~2

— (6291‘&7 1x|02—5) Cl kzr-a;

Thus, if € is small enough (we require €727 < e~291979) we obtain ||z* A(z) z~4|| < Cy|z|~72.
arg(z) = alog|z| + b,

Ro — &
a =

We turn to the integrals. The integrands are holomorphic on D(¢; o), then they do not depend on
the choice of the path, but only on the point z. Thus we choose the path
R

0<6<é&, orarg(z)=>bif SGo=0
where b is chosen appropriately such that L(z) stays in D(¢;0). See figure 4. Then we compute
A

ds A(s) s® B(s) s™ f(s) || = ‘
L(z)

/ ds ™™ A(s) =t (
L(z)

) 50 ()7 s

|s|~?
|z[~7

< 197575 0,0y max|f(z)] / \ds|
|z|<e L{z)



where by |ds| I mean dv¥ |ds(9)/d¥|, and ¢ is a parameter on the curve L(z). The last step in the
inequality follows from

|s¥] |s~%] [sI% |s|% ls|%
max 4 =, =maxq -3 7 (= ls| < ||

BNl T

The parameter s on L(z) is
g~b 3
s(9) :=e = €?

where 9 € (—oco, arg(z)] or € [arg(z), +00). Then

/ |ds| |s|~7 =/ dy
L(z) L(z)

Then, the initial integral is less or equal to

ds

dd

1

ol |1
a

Js(9)|=7 = 7L

eﬂﬂg)-_b(l—a') P Ia'
1-¢&

.1 =
z+—‘ |z|t=*
a

62919‘0' !1—&

max | f(z)| C1C, constant |z
|lz|<e

Now, we write |z|'~% = |z|°2~% |z|'~72 and we obtain, for sufficiently small e:

%7 max |f()| C1C, constant [z ? < C1Cy [af
T €

yat l)
We remark that for ¢ = 0 the above extimates are still valid. Actually |[z%|] = |]z<0 0 || di-

verges like |logz|, ||z*A(z)z~*|| are less or equal to C; |log(x)[?, and finally |jz~A fL(m) ds A(s)
s* B(s) s™ f(s) z"|| is less or equal to C,Cz max|f] |log(z)|* [}, |ds| |log s|*. We can choose L(z) to
be a radial path s = pexp(ia), 0 < p < |z|, @ fixed. Then the integral is |z|(log |z|*> — 2log |z| + 2 4+ a?).
The factor |z| does the job, because we rewrite it as |z|°2 |z|'~?2 (here o2 is any number between 0
and 1) and we proceed as above to choose € small enough in such a way that (max|f| |z|°2x function
diverging like log®|z|) < 1.

The estimates above are in a sense enough to prove the lemma. )

We solve the Schlesinger equations by successive approximations, as in [16]: let B, (z) := 2B, (z)z?.
The Schlesinger equations are re-written as

dA e _—
_df = ;[waABvx A] Suv(z)

dB, 1,- _ oLo. 2oL .
—_ ;[B,,,Zx MAu(z) = ADzM + D [Bu, ™ Auz?] g (@) + D (B, Bu] huwi (2)
M p=1 v=1

Then, by successive approximations:

AP (z) = A% + /L 4 TIAEDE), A BED 05 i)

v

B (z) = BY + / ds {%iéék"1><s>,2s‘”‘(ALk“l)(s) - Ap)sh+
L(z) b

+ 3 BE I (s), sTAAED (5)28] g () + 3 [BEV(s), BETV (s)] h,,,,}
H v



The functions ALk) (z), BK (z) are holomorphic in D(e;0), by construction. Observe that HA?LH < C,
[|1B2|| < C for some constant C. We claim that for |z| sufficiently small

148 (z) — AS| < Claft=
Hm"A (Aﬁ,k)(a:) - Ag) xAH < C?g|t—o2 (12)
1BSY (z) — BY|| < Clalt~
where & < 09 < 01 < 1. Note that the above inequalities imply [}Af{‘)H < 2C, HB,(,’C)H < 2C. Moreover
we claim that X o1
14l (2) — ALV (@) < € 641 [zt
Hx‘A (Aﬁ,“ (z) - AL’“‘”(:c)) a:All < Q2 §k1 gt (13)
1B (z) - BE D (@)|| < € 8+ a| s

where 0 < § < 1.

For k = 1 the above inequalities are proved using the simple methods used in the estimates at the
beginning of the proof. Then we proceed by induction, still using the same estimates. We leave this
technical point to the reader, but we give at least one example of how to proceed. As an example, we
prove the (k + 1)** step of the first of (13):

|AFD (z) — AB) (z)]| < C &% [t~

supposing the k" step of (13) is true. For simplicity, we take §; = 6§, = 0. Let us proceed using the
integral equations:
k1) _
|AF) (z) — AP (2)]| = H/ ds Z (Aitk)sABf’k)s—A — A=D A B-1 g0y
L(=) v

=1

A BED s ARD - BB AW £, ()| <

n2
< / ds] Y [|A0 50 BP s - AP sABEDA| o)+
L(z) r=1

n2
+f ool D [[st B AE - BB AP (£ )

v=1

Now we estimate
HAJ(L‘k)SABI(/k)S—A _ Aﬁk—nsABl(/k—l)S—AH <

< || AP st B — AE-DsA B s 4
+ HALI:——l)SAB‘(’k)S—A _ Agk—l)sAB‘(’k—l)s—AH
< [JAS = AEVN 1A B s~ |+ JAETVN) HIs™] 1B — BED| 1s~4|
By induction then:
< (C &1 [s|'7) 2C |s|77 +2C (C 6% [s'm7) |s|77
The other term is estimated in an analogous way. Then
A+ — A} < constant 8n,C? max | fu,| 6571 |z]1=7 |z|t-o1

We choose € small enough to have const 8n;C?max|f| |z|*~% < &. Note that the choice of € is
independent of k. In the case o = 0, |z|'~7 is subsituted by |z|(log® |z| + O(log |z])).
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The inequalities {12) (13) imply the convergence of the successive approximations to a solution of
the Schlesinger equations, satisfying the assertion of the lemma, plus the additional inequality

lle™*(4u(2) — AD)z|| < C?z]' 7

We turn to the case in which we are concerned: we consider three matrice A3, A2, A? such that
A +AT = A, AT+ AL+ A) = diag(—p, p)

tr(A?) = det(A?) =0, i=0,z,1

Lemma 2: Let r and s be two complex numbers not equal to 0 and co. Let T be the matriz which
brings A to the Jordan form: ‘
dzag(%:"%)v g #0

_1 —
T-IAT = 01 L
0 0) 97

The general solution of

A3+A},,+A$=(“O" 2) tr(A;) = det(A4;) =0, AJ+ A=A

18 the following:
For o #0,x2u:

A= _Sl_u (—-02 - (2p)? (0% - (2u)2)r) 0 - o? — (2p)? (i_ —r)

Guie o2+ (2u) ' 8u -1
¢ o4 ¢ _og
A8=T( I, 46) 1, A2=T(;l 40)T—‘
“4s T 9 4s -7

where )
T=1 (s+21)? 1 (—22"’1)
(00—(212 T 00—(21;) T

For o = —2u: AY and A? as above, but

(30 #=(7) =6 2) =

=(r) =G0 (50w

For o = 2u: AS and A2 as above, but

() =G ) () o

(7Y a0 0w

or

or

For 0 = 0:



We leave the proof as an exercise for the reader.
We are ready to prove theorem 1:

Theorem 1: The solutions of PVI,, corresponding to the solutions of Schlesinger equations (10)
obtained in lemma 1, have the following behaviour for £ — 0 along a path So arg(z) = (Ro — I) log |z|+
bSe, 0 < T < &, contained in D(e;0,61,02):

y(z) = a(z) 77 (1 + O(|z]%)), o#0
y(&) = 5% (1+0(j2|*)), o=0
where 0 < § < 1 is a small number, and a can be computed as a function of s. Namely
-1
T 4s

along any path, except for the paths So arg(z) = Rologlz| + bSo, along which |27| = Constant as
z — 0. In this case

a(z) = -Zlg (1 ~2 5 Ce'(® 4 C""e”"‘(’)) =0(1), forz =0

az) = -&51; [ [(Ro)? + (S0)?] arg(z) — (S0)?b ], C=e %

Proof: We write z for £ to simplify notations. y(z) can be computed in terms of the A4;(z) from
Ay(z), )12 = 0

y(z) = z(Ao)12 _ z(Ao)12
(1 +2)(Ao)1z + (Azhz + z(A1)i2 — 2(Ao)iz — (A1)12 + 2(A1)12
_ _ (Ao 1

(A2 1 —x((Ao)12 + (A1)12)

As a consequence of lemmas 1 and 2 it follows that |z (A1)12] < ¢ 2| (1+ O(|z|'~7*)) and |z (4o)12| <
¢ |z|'=% (1 + O(|z|*~71)), where c is a constant. Then

() = ~o (g (L+0(sl~7))

From lemma 2 we find, for o # 0, £2u:

2 2 - :
(ohiz = —r T2 [is—(l +0(2l'=")) + 527 (1+0(la'™")) - 201+ O(lel"“ﬂ)}
2 _ 2
(A2 = =r T2 (14 O( )
Then (recall that & < o¢)
Vo) =3 [z; (1+0(I2"=7)) + 5 27 (1+0(j=['~)) - 2(1 + 0<}m|1~m)>} (1+0(jz)=))

Now z — 0 along a path
So arg(z) = (Ro — T) log |z| + bSe

for a suitable b and 0 < ¥ < &. Along this path we rewrite:

2 =C lx[E eia(z)



(So)?

— (30)2 - ‘ _ o0 b
az) = [éRo" + Fry— arg(z) oy 2b, C=e

Then

l—0o

&) = =T |3 = 206 al(1+ 0 =o0) + 507 o (1+0(sl )| (1:+ (sl =)

For ¥ # 0 the above expression becomes
1
y(z) = —;gwl"" (1+0(=2'~**) + O(jz[®))

We collect the two O(..) contribution in O(|z|®) where § = min{l — 0}, %} is a small number between
0 and 1. We take the occasion here to remark that in the case of real 0 < ¢ < 1, if we consider z — 0
along a radial path (i.e. arg{z) = b), then £ = & = ¢ and thus:

£ (1+0(jz|7)) for 0< 0 < %
y(z) =
=277 (1+ O(jz|t~")) for $ <o <1

Finally, along the path with £ = 0 we have:

xl—a 1 . .
ylz) = — 1 (; — 206 @) 4 g 0262’“(2}) (1 + O(l“f‘flwg))

Namely

y(z) = a(x)z'™7 (1+0(z|'™")), a(=z):= -21; (1 — 25 Ce® 4 4 Czeg“"(”)) =0(1) forz -0

We observe that y(z) is

1 —ic(z iarg(z -
y(z) = [—4806 () giars( )J lz'® (1+0(z]°)), T#0

y(z) = [—-1- (gl—ce“i“(z) +5C €™ 2) eiarg(z)] lz| 1+0(z%), £=0

We let the reader verify that also in the cases 0 = 2pu the behaviour of y(z) is as above (use the
matrices (14)and (16)) and that for o =0

y(z) =s z (14 O0(Jz|'7°1))

For o = 0, we recall that 0 < o7 < 1 is arbitrarily small.

3.2 Proof of Theorem 2

‘We are interested in lemma 1 when

by

a, — zb,’ Py =0

fuu = Guv =

au,b, € C, a, #0 Vu=1,..,m

Equations (11) are the isomonodromy deformation equations for the fuchsian system

ay _ “Z Au(%) +§ B.(&) |

dz z—a, z - zb,

pu=1 v=1

As a corollary of lemma 1, for a fundamental matrix solution Y(z,x) of the fuchsian system the limits

V(2) := lim Y (z, &)

Z—0



Y(2) := lim, F7AY (22, %)

exist. Here & — 0 in D(e;0). They satisfy

Y |~ A) Al .
= = 21y
dz [; z—a, z
dY & B,(z) 4
dz ~ ; z—by, Y
In our case, the last three systems reduce to
dYy Ao(Z Ay (Z Al (z
et _ [ o) | A:(2) | l(z)] Y (18)
dz z Z—- z—1
v _[ A Ay (19)
dz  |z-1 =z
vy [AY A% 7 S
a——[7+2_1:|y (20)
Before taking the limit £ — 0, let us choose
1
Y(2,%) = (I +0 (;)) 274 2500 (21)
Thus we have )
Y(2) = (1+ 0 (;)) 7= 2z 00 (22)

=(I+0(2) 2" C, 2z-0
=GI+0(z-1) (-1 C, z-1
1

Where éflA?G1 =J, J= 8 0

solution for (20) with the following behaviours

. Co, C1 are conection matrices. If we choose a fundamental matrix

V(2) = (1+o G)) A 2500 (23)

= éo([+0(z)) 27 éo, z—0
=GI+0z-1)(z=17C,, z-1

then , N
lim £~ 2Y (22,%) = Y (2) Cp (24)
z—0

Here G51A3Go = J, GT'AJG, = J. We choose a monodromy repersentation for (18) by fixing a
basepoint and a basis in the fundamental group of P! as in figure 5. Let My, M;, M,, M, be the
monodromy matrices for the solution (21) corresponding to the loops v; i = 0,z,1,00. Note that
MM M,My = I. The dependence of (18) on Z is isomonodromic, because the coefficients satisty the
Schlesinger equations. For this reason, since the system (19) is obtained from (18) when z and 0 merge.
and the singular point z = 1 does not move, we have

Ml = Ml = 0;1827”'"]6’1 (25)

where M is the monodromy matrix of (22) for the loop #; in the basis of figure 6. Moreover, observe

that
d(z="Y (zz,2)) _ A Apzh  zAALZA A AN}
az2) = . + T 1 + P % } ™Y (zz,x) (26)




and the system (20) is obtained as % and oo merge (figure 7). Also, observe that the singularities z = 0,
z=1, z=1/z of (26) correspond to z =0, z =z, z = 1 of (18). The poles 2 =0 and z = 1 of (26) do
not move as ¢ — 0. By isomonodromicity we conclude that

Mo = C5'MoCo = C5' Cy e CoCy (27)
Mz = é&lﬂléo = é&lé;1€2WiJélé0 (28)

where My, are the monodromy matrices for (23) in the basis of figure 6. Here Cy comes from (24).

The monodromy group of (18) is the group generated by the linear operators represented by M;,
i = 0,z,1. Thus, the matrices M; and K M;K ! are equivalent, for any non degenerate 2 x 2 matrix
K. If follows that the monodromy group is completely caracterized by the three numbers z%, 1 = 0,1, co
given by :
2 — 22 = tr(MoM,); 2—2?:= tr(M,M;); 2- xgo = tr(MoMi);
Taking square roots we define the triples (zo,%1,%co) Of section 2. The sign of the roots are chosen in
such a way that
22 4+ 2 + 22 ~ T To = 4sin’(mp) (29)
this last condition coming from M; M, M, = MZ!. For details see the Appendix and [4]. We only recall

that two equivalent triples (as defined in section 2) represent the same monodromy group, and in the
case 2u ¢ Z at most one z; may be zero.

In order to find the parametrization y(%;c,a) in terms of (zg,#1,Zo) We have to compute the
monodomy matrices My, M1, M, in terms of ¢ and a, and then take the traces of their products. In
order to do this we use the formulae (25), (27),(28). In fact, the matrices M; (i = 0,1) and M; can be
computed explicitely because a 2 x 2 fuchsian system with three singular points can be reduced to the
hypergeometric equation, whose monodromy is completely known.

Lemma 3: The Gauss hypergeometric equation

2
z(l—z)j—z%-}—[’m-—(ao-l-ﬂo-l-l)]Z—z—aoﬁoy:O (30)

is equivalent to the system

aw 1/ 0 0 1 /0 1
—5_[2(-00[30 —7o)+z_—T(O ’)’o—ao-ﬁo)] v (3D

where\Ifzz( Y d )
(z—l)a}é

Lemma 4: Let By and B, be matrices of eigenvalues 0,1 —~, and 0,7 — a — 8 — 1 respectively, such
that
By + By = diag(~a,-8), a#p

Then
a(l+8—) aly—e—1)
By = a—g a—p
B(B+1-v) 1 B{y—a~1)
a3 r a—g
B, = (g%:f]g;ll —(Bo)12 )
= B(B+1~
~(Bo)n  2HEF
for any r # 0.

We leave the proof as an exercise. The following lemma connects lemmas 3 and 4:

Lemma 5: The system (31) with

Gp = «, ﬂo‘—:ﬂ—{'—l, Yo =7, a#ﬂ



Figure 5

Figure 7

Figures 5: Branch cuts and loops for the fuchsian system associated with
PVI, ~

Figure 6: Branch cuts and loops when x-—

Figure 7: Branch cuts and loops for the rescaled system before and after
X—=0



is gauge-equivalent to the system

dX [Bo By
dz “[z +z—1j} X

where By, By are given in lemma 4. This means that there exists a matriz

1 0
G(z) := ( - B+1-1] 1 -8 )
(=) 3(5‘:1—7)3 [a 2+ 2 ap ] 2 (ﬁfl—'y)ﬁ :

such that X (z) = G(z) ¥(z). It follows that (82) and the corresponding hypergeometric equation (30)
have the same fuchsian singularities 0,1,00 and the same monodromy group.

(32)

Proof: By direct computation.

Note that the form of G(z) ensures that if y;, y2 are independent solutions of the hypergeopmetric

n(2) yz(Z))

equation, then a fundamental matrix of (32) may be chosen a X (z) = ( N N

Now we compute the monodromy matrices for the systems (19), (20) by reduction to an hypergeo-
metric equation. We first study the case ¢ € Z. Let us start with (19). With the gauge

YN (2):=2"% V(2)

we transform (19) in

0 _g
avy® 1A A-5I] g
dz z—1 z

We identify the matrices By, By with A? and A — £I with eigenvalues 0, 0 and 0, —o respectively.
Moreover A} + A — §1 = diag(—p — §, 1 — ). Thus:

ag
a=ptz, b=-p+s3,

a—~fB=2u#0 by hypothesis

vy=0+1

The parameters of the correspondent hypergeometric equation are

ap=p+ 3
Po=1—p+%
Yo=0+1

(From them we deduce the nature of two linearly independent solutions at z = 0. Since v € Z (0 ¢ Z)
the solutions are expressed in terms of hypergeometric functions. On the other hands, the significative
parameters at z = 1 and z = oo are respectively:

o=y =p+ %
Pr:=PFo=1-p+%
Mm=a+f-—1+1=1

Qoo 1= 0o = i+ §
Poi=ag—Y+1=p—9%
Yoo = Qo —Bo+1=2p
Since 73 = 1, at least one solution has a logaritmic singularity at z = 1. The condition 2u ¢ Z ensures
that no logaritmic singularities appear at z = 0.

For the derivations which follows, we use the notations of the fundamental paper by Norlund [15]. To
derive the connection formulae we use the paper of Norlund when logarithms are involved. Otherwise,
in the generic case, any textbook of special functions (like [13]) may be used.

First case: «g, 8o € Z. This means

o# £2u+2m, mezZ



We can choose the following independent solutions of the hypergeometric equation:

Atz=0 ©
N )(z) = F(ao, Bo, Y03 2)

i (2) = 217" Fao =70 + 1,60 — 70 + 1,2 — 705 2)
where F(a, 3,7; z) is the well known hypergeometric function (see [15]).

Atz=1 a
H Nz) == F(ay, B1,m;1 - 2)

vV (2) = gloa, B1,m; 1 - 2)
Here g(a, 8,7; z) is a logarithmic solution introduced in [15].

At 2 =00 ]
3% = 279 F(0i00, Boos Yoo ;)

- 1
v =2 F(Bo.fo— 0+ 1,6 ~0c0+1; )
Then, from the connection formulas between F(...; z) and g(...; z) of [13] and [15] we derive

[ (00) (00)] = (0) (0)] Coos

Y1 s Yo yl » Y2
e—imao L{1+co—B0)I(1—70) e—imBo L{1+Bo—ao)l'(1-0)
C T(1—Bo)T (1+ao—~70) F(1=ao)l(1+80~0)
0co eim(ro~ao—1) F1+a0—Bo)l(70=1)  gim(v0—Bo—1) L1+Bo—20)(70—1)
T'(ao)T{v0—Bo) T'(Bo)T (70— o)

12,557 = W, V] Cox

0 _ r.rsin(vr(ozo-}-ﬂo)) L'(2—~o}
Cor = - sin(rag) sin(-/rrﬂ%) I"(l)—-ao)l‘(l-au) )
_ !'yo! _‘g__j'y__'
T{vo—ao)I' (70 —PBo) F(l—ao)l’ ‘i—ﬁo)

We observe that v
Y(l)(z) = (I+ ; + O (;15-)) zdlag(‘ﬂ~%,u—%), . oo

= Go(I + O(z2)) 241880=) G=1G 20
=G(I+0(z-1)(z-1)7 &, z—1

where Go = T of lemma 2; namely G’O‘ AGy = diag(%,—%). By direct substitution in the differential
equation we compute the coefficient F'

AO (AOJ)IQ 2 _ 2 _
() gy
THon (A?)22 8u 1

Thus, from the asymptotic behaviour of the hypergometric function (F{a, 3,7; %) ~1,z—> ) we

derive (00) 2_ (o)1 {o0)
YW (2) = (yl () saricauy Y2 )
* *
(From
) L 277 a1
YW@~ , 7, ) GoCo, z—0
we derive

Y () = (?A”(Z) yéli(Z)) G216y

*

a
a 5
a

Finally, observe that G = (

o +

br) for arbitrary a,b € C, a # 0, and w := ﬁ%ﬂf—“)—i. We recall
T

that v = glau, B1,1;1~ 2) ~ Y(en) +%(B1) — 2(1) — i + log(z — 1), |arg(l ~ 2)| < 7, as z — 1.



We can choose a = 1 and a suitable b, in such a way that the asymptotic behaviour of Y1) for z — 1 is

precisely realized by
(1) (1) N\ A
YW (z) = (yl (2) y'(2 ) oA
* *

The we conclude that the connection matrices are:

2 2
o= Co ((0000)11 T %,2‘7—%_3%),2(0000)12)
(Coco)n T %;(-%_2—;%;(0000)22
(Cooo)n rgﬁfg‘—;j(cm)m)

C1 =Co1 (G5'Co) = Cax ( D3 (o3
° (Coso)2r T {ﬁﬁ%gg%j(COw)QZ

Second case: ag, 8y € Z, namely
o =24+ 2m, meZ

The formulae are almost identical to the first case, but Coe changes. To see this, we need to
distinguish four cases.
i)o=2u+2m, m=-1,-2,-3,.... We choose

ygl)(z) = go(a1,B1,m;1 - 2)

Here go(z) is another logaritmic solution of [15]. Thus

L{(—m)I'(—2u—m-+1) 0
Cor = T(~2u—2m)
01— 0 T(1-2p—2m)
T TA—m—2p)T{(-m)

As usual, the matrix is computed from the connection formulas between the hypergeometric functions
and go that the reader can find in [15].
i) o =2u+2m,m=0,1,2,.... We choose

2
w? = g(on, B, 131 - 2)
0 T(m+1)I(2u+m)
Co1 = ( T(2u+2m+1) ’ 2us-2m )
T T2ut+m)T(m+1

ili) 0 = —2p 4+ 2m, m =0, -1, -2, .... We choose

Thus

yél)(z) = go(a1, 51,731 — 2)

TA-m)I(2p—m) 0
Coy = T'(2u—2m
01 = 0 I'(1+2p—2m)
T TRp-m)T(1—m)

iv) o ==-2u+2m,m=1,2,3,.... We choose

Thus

yél’(z) = g(a1,B1,7131 — 2)

Thus 0 P(m)I'{m+1-—-2u)
C T'(2m—2u)
=1 I‘{2m+1—2%2 0
T(m+1-2u)I'(m

T
Note that this time F = (8 162#) in the case o = +2u (i.e. m = 0) because A? has a special

~ 2 2 2
form in this case. Then in Cy the elements g-ﬂ}i_%%(cm)m, %(Caw)gg must be substituted, for
m = 0, with 11—1@—;(0000)12, T_I—M(COOO)Z;:-



We turn to the system (20). Let ¥ be the fundamental matrix (23). With the gauge

Y®(z):= égl, (f’(z)ég)

dy ()

we have , B _
{& ; i] v

This time then {

st

Qoo = =5
ﬁoo:%
Yoo =G

If follows that both at z = 0 and 2z = 1 there are logaritmic solutions. We skip all the derivation of the
connection formulae, which is done as in the previous cases, with some more technical complications.

Before giving the results we observe that
2 1 diag(g,—-¢
Y@@ =(I+0 -] 853 29

=Gy'Go (14+0(2)27 C), z—0
=GylG 1+ 0¢-1)z-17 C), z-1

where o
C,’ = Cng, 1,:0,1

Then

~ A Iy 1 2

Mo = Go (C)™* (O m) Ch Gy!

¥y = Go (€))7 (é 27”) c é;t

Then, the connection problem may be solved computing C}. The result is

OOoo ) 12 )
0000)22

~—~ o~

v _ ((Coco)1t 5714
o= (G i

C{ = c(’n Cé

where
I'(Bo—0) _imao

(Cooo) ™" (F(gog F(lﬁo)m)e r( )(r)(ﬁ ) )
oo o l-a 1
T{ao f.’ 1 oﬁo e — r ﬁo-oato-l—lo etmho
C o= 0 —‘sinZ:rro:oi
01 ™ \ _ sin{meg) —e—imag

K



To prove theorem 2 it is now enough to compute
2~zd = tr(MoM,) = tr(e®™V(Chy) "1 e?™I C)))

2 -1z} = tr(M, M) = tr((C]) " e*™ € C57le*™ Cyy)

2 -z, = tr(MoMy) = tr((Co)~'e*™ CyCoi' €™ Coy)

Note the remarkable simplifications obtained from the cyclic property of the trace (for example, Co
disappears). We obtain formulae I), II) and III) of theorem 2. All the other formulas are deduced
from them.

The case o € Z interests us only if ¢ = 0 (otherwise o & Q). We observe that the system (19) is
precisely the system for Y(?)(z) with the substitution o — —2u. In the formulae for z2,i=0,1,00 we
only need Cy;, which is obtained from C}; with ay = p.

As for the system (20), the gauge Y® = G5V Gy yields By = (g 8), B, = (g 1 5 S)_ Here
01

Gy is the matrix such that G’b‘ AG, = ( 0 0). The behaviour of Y(?)(2) is now:

Y@ (2) = (I+O(-i-)) 27 z - 00

-1
=Gy, (1+0()27 ¢y, 2z—-0
=G (1+0Gz-1)(z=1)7C), z-1
Here éi is the matrix that puts B; in Jordan form, for i = 0,1. Y® can be computed explicitely:

Y () = (é slog(z)+(1;s) log(z ~ 1))

, (10
%= (s 9)

, (1 0
Cl_(O 1-—-3)

To complete the proof of theorem 2 (points 7), i), ii7)), we just have to compute the square roots of
the 22 (i = 0,1, 00) in such a way that (2) is satisfied.

If we choose éo =diag(1,1/s), then

In the same way we find

4 Appendix: Monodromy Data

The equation PV I, is equivalent to the equations of isomonodromy deformation of the fuchsian system
discussed in section 3. In particular, the solution y(z) is obtained from the coefficients A;(z), ¢ = 0,z, 1.
More generally, the system

g}f_ ~ [Ai(w) . Az (u) 4 As(u)

dz Z—1Uu; zZ—Uy Z-—Ug

:| Y = A(Z;ul,’U,Q,Us) Y

3
tr(4;) = det 4; = 0, Z A; = —diag(p, —u)
i=1
with isomonodromic dependence of the matrix coefficints A; on u = (u1, u2,us3) is associated with PVI,
by
Uy — U u) — u

= 2 1’ y(z) = Q( ) :

Uz — U Uz — U



Figure 8: M, M _M, =M

where q(u;, uo, us) is the root of
[A(g;ur,u2,u3)i2 =0  ifp#0

The case u = 0 is disregarded, because PVI,~¢ = PVI,=;. A;{u) can be obtained as solutions of
Schlesinger equations. In section 3 we have chosen u; = 0, us = z, uz = 1. For references, see [5], (8],
[11].

The problem is equivalent to a Riemann-Hilbert problem (R.H.): find the coefficients 4;(u),i =1,2,3
from the following monodromy data: .

a) the matrices
i = diag(p, —p),  p € C\{0}

0o, if 2u & Z

0 0 if 2u € Z
(b 0), n<0

beC.
b) three poles u1, u2, ug, a basepoint and a base of loops in 7(C\{u1,uz,us};2z0). See figure 8
c) three monodromy matrices M;, M, M; relative to the loops and a matrix My, similar to
e~?miA+R)  and satisfying
tr(M;) =2, det(M;))=1, =123
My My M, = My
Mo = CZ! e7>m0+R) O (33)

where Co, realizes the similitude. We also choose the indices of the problem, namely we fix the 5:—{; log M;

as follows: let
J o= 0 1
A0 0

We require there exist three connection matrices Cp, C3, Cs such that
Crle?™e; =M;, i=1,2,3 (34)

and we look for a matrix valued meromorphic function Y (z;u) (branch cuts are understood as in figure
5) such that )
GoI+0(1) 27827 R Cy, 2z 00

Yiziu) = {G,—(I +O0(z—uw) (s —us) Ci, z—us, i=1,2,3 (35)



G and G; are constant inverible matrices. The coefficient of the fuchsian system are then given by

dY(z; u)

R -1
dz Y(Z, u)

A(z;u1,u2,u3) 1=

Recall that a 2 x 2 R.H. is always solvable [1]. The monodromy matrices are considered up to the
conjugation
M;+ M| =B™'M,B, detB#0, i=1,2,300 (36)

and the coefficients of the fuchsian system itself are considered up to conjugation 4; — F7IA;F (i =
1,2,3), by an invertible matrix F' . Actually, two conjugated fuchsian systems admit fundamental
matrix solutions with the same monodromy, and a given fuchsian system defines the monodromy up to
conjugation (depending on the choice of the fundamental solution).

On the other hand, a triple of monodromy matrices M;, M, M3 may be realized by two fuchsian
systems which are not conjugated. This corresponds to the fact that the solutions Cu, C; of (33), (34)
are not unique, and the choice of different paricular solutions may give rise to fuchsian systems which are
not conjugated. If this is the case, there is no one to one correspondence between monodromy matrices
(up to conjugation) and solutions of PV I,.

We show now that the only case in which this happens is for 2u € Z and R = 0. This is easily done
in the following way: consider two solutions C and C of the equations (33), (34). Then

(Ciéi—l)—leZwiJ (Cié'i_l) — 2miJ
(ch-';l)”le‘z"i(ﬁ+R) (Cooéo—ol) = g~2mi(a+R)
We find

C,-é;1=(g 2) a,beC, a#0

Note that this matrix commutes with J, then

(2 = u)Ci = (2 —us)? (g Z) c';:—(g z>(z-u,-)Jé,~

We anso find
i) diag(e,8), @B #0; if2u¢ 2
Coo O3l = ¢ dd) (g g) (x> 0), (g g) (u<0), a#0, f2ueZ, R#0
#1¢) Any invertible matrix if2ueZ,R=0
Then ) ) . o
1) 27 #Co = 2z #diag(a, 8)Cx = diag(a, 8)2*Cx
i) 27 hy RO = .. = [aI+ —;——-Q} 2R~ RC
z i)
_ (0 B _ {0 0
where @ = (0 O),orQ.— (ﬁ 0).
o i | @ tul] g
111) 1) 27 Coo = ... = ——|-§—-+Q0+Q_.lz 27 H*C
z ]

where Qo = diag(a, 8), Q+1 are respectively upper and lower triangular (or lower and upper triangular,
depending on the sign of ), and CooCL = Q1 + Qo + Q1 3

This implies that the two solutions Y (z;u), Y (2;u) of the form (35) with C and C respectively, are
such that Y (z;u) Y (z;u)™! is holomorphic at each u;, while at z = oo it is

. { 2) Goodiag(a,ﬁ)ggol
Y(z;u) Y(zzu)™' = ii) ol

111) divergent



Thus the two fuchsian systems are conjugated only in the cases i) and i), as we wanted to prove. In
other words the R.H. has a unique solution, up to conjugation, for 2u € Z or for 2u € Z and R # 0.

Once the R.H. is solved, the sum of the matrix coefficients A4;(u) of the solution A(z;u;,us,u3) =
z?_;l %}_%"l must be diagonalized (to give — diag(p, —u)). After that, the solution of PVI, can be
“computed”.

Note however that if Goo = Cx = I, then Ef___l A; is already diagonal. Moreover, for 2u ¢ Z,
My, M, Ms and the choice of normalization Y (z;u)2# — I if z — oo determine uniquely 4,, As,
As. Actually, for any diagonal invertible matrix D, the matrices M{ = D~'M,D, M} = D~'M,D,
M} = D™'M3D determine the coefficients D~ A;D, whose sum is still diagonal (the normalization of
Y is the same).

Finally, let -us recall that the parameters in the space of the monodromy representation independent
of conjugation of the M;, are

2 — 23 = tr(MiMs), 2-— x% = tr(MaM3), 2-— :c§ = tr(M; Ms)

The triple (zo, 1, Zoo) Of sections 2 and 3 corresponds to (z;, z2,z3).
We review some known results [4] [14].

1) One M; = I (and then two of the z;’s are equal to zero) if and only if the Schlesinger equations
yield g(u) = u;. This does not correspond to a solution of PV1I,.

2) If the M;’s, i = 1,2,3, commute, then p is integer (as it follows from the fact that the 2 x 2
matrices commute if and only if they can be simultaneously put in upper or lower triangular form, with
1 on diagonals in our case); (z1,Z2,z3) = (0,0,0). There are solutions of PV I, only for

= (g 1) = (5 7). = ), azon

For p = 1 the solution is
ar

21—(1—(1)3:

and for other integers p the solution is obtained from g = 1 by a birational transformation [4] [14]. In
particular, these solutions are rational.

y(z)

3) Non commuting M;’s.
3.1) If (at least) two of the z;’s are zero, then one of the M;’s is I. We return to the case 1.

3.2) At most one of the z;’s is zero. Namely, the triple (z1, 2, z3) is admissible. In this case there
exists a basis such that, if for example z; # 0:

2

(1 -z (1 0 14+ ——51
M""(O 1)7 Mg—(m 1)’ Ms_( ol 1_z;za
T1 31,

M3 M, M; similar to e~ 27HA+R)

The relation

implies
22 + 22 + 22 — 212023 = 4sin’(n
1 2 3 ©

The signs of the z;’s must be chosen in such a way that the above relation is satisfied. The conjugation
(36) changes the triple by two signs. Thus the true parameters for the monodromy data are classes of
equivalence of triples (z;,z2,z3) defined by the change of two signs.

We distingush three cases:

i) 2p¢ ¢ Z. Then there is a one to one correspondence between monodromy data and the solutions of
PV1,. For 7 # 4 the solutions are those of section 1. In particular, the algebraic solutions of [4] are
included in this case.

ii) For p half integer there is an infinite set of Picard type solutions (see [14]), in one to one
correspondence to triples of monodromy data (R  0) not in the equivalence class of (2,2,2). These
solutions form a two parameter family, behave asymptotically as the solutions of the case 1), and comprise



a denumerable subclass of algebric solutions. For any half integer 4 # # there is also a one parameter
family of Chazy solutions (non algebric). For them the one to one correspondence with monodromy
data is lost. In fact, they form an infinite family but any element of the family corresponds to a triple
(z1,22,3) in the orbit (of the braid group) of the triple (2,2, 2) (this orbit is simply obtained by changing
two signs in all possible ways). Actually, they appear in the case R = 0 (no other solutions of PV I
correspond to R = 0 and g half integer).

iii) p integer. Non algebraic solutions. To our knowledge, they have not yet been studied. There are
relevant examples of Frobenius manifolds where these solutions must appear, like the case of Quantum
Cohomology of CP? [6], [12], [2], [7]. In this case u = 1, the triple (zo, 1, %) = (3,3,3) (the monodromy
data coincide with the elements of the Stokes’matrix of the corresponding Frobenius manifold [5] [7])
and the real part of 0 = 1. Although the case p = 1 is not formally developed here, lemma 1 still
holds. As a consequence, we realize that the method developed in this paper and applied to Quantum
Cohomology cannot give information about the behaviour of y(z) as z converges to a critical point along
a radial path. It would be desirable to obtain such an information to study the analytic properties of
the solution of the WDVV.
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