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1 Introduction. 

Given a Riemannian manifold (M, g), we denote by HW the Hessian of the smooth real function 
w. It is a classical result that the existence of a solution of HW = -w g constrains the curvature 
to be equal to 1. Such theorem can be generalized to pseudo-Riemannian manifolds with the 
equation 

H W = -xwg, (1) 

x being a generic real number. 
This equation was considered in the literature only in the Riemannian case and only for positive 
constants x> 0 by Obata [6] and Gallot [3]. In particular Obata states the theorem: if (M, g) 
is geodesically complete and w is a nontrivial solution to eq. (1) with x > 0, then (M, g) is 
isometric to the canonical sphere of radius R = Jx. 
Unfortunately the proof of this nice theorem does not work in this generalized context. Thus 
in this paper we provide a proof that works independently of the sign of x in the Riemannian 
case. Furthermore the technique of the proof can be applied to the pseudo-Riemannian cases 
as well. 
For historical reasons we name the equation (1), "Obata's Equation" and a solution of it a 
Obata's function. 
A related equation was considered by Kerbrat in [4]; in his case the equation is of third order 
in w, namely 

VyHW(X,Z) = -x(2 < 0, Y >< X,Z > + < X,O >< Y,Z > < X, Y >< O,Z » , 

which is presented and studied the case k = -1; the author then proves a certain rigidification 
assuming the existence of at least two linearly independent solutions or a full rigidification if 
the critical set of the solution is nonempty (this result corresponds to our Thm. (3.3)). 
The relation between the two equations is elucidated by Gallot in [3]. The author shows that (for 
x > 0) the two equations are the first two of a sequence of equations En of n-th order which 
are characteristic of the canonical sphere. This means that the solutions are the harmonic 
homogeneous polynomials of degree n - 1 in the ambient Euclidean space: the solutions of 
equation En are proper eigenfunctions of the Laplacian for all eigenvalues. 

The study of solvability of Obata's equation depends also on the value of a first integral, 
namely Ilgrad(w)112 + xw2 ~. 
We generalize Obata's theorem in two directions: as a first step we allow any real value of x, 
and the result is that the manifold is of constant curvature only if x~ > 0, while in all other 
cases we have only the splitting of the metric in a "warped-product" metric (cf. [7]). 

Secondly, we consider the same equation in a pseudo-Riemannian manifold. 
This widens the range of possibilities and we also obtain an "intermediate" rigidification in the 
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case x i= 0, fJ = 0, with a necessary condition of asymptotical flatness on the level surfaces of 
w. This has no analog in the Riemannian case, where for fJ = °(and a fortiori x <' 0) we do 
not obtain any information on the level surfaces of Obata's function. 
In Prop. 4.5 we construct a geodesically complete manifold supporting such an Obata's function 
by glueing two suitable incomplete manifolds along a lightlike smooth hypersurface. This 
manifold does not have constant curvature in general, showing that this is not a necessary 
condition. 

The paper is organized as follows: in Section (2) we set some notation recalling notion and 
properties of warped products and we establish some preliminary results on geodesic complete­
ness of pseudo-Riemannian warped products. In Section (3) we state and prove the theorem 
of rigidification for Riemannian manifolds. Many statements do not rely on the signature and 
hence can be rephrased without any change in the pseudo-Riemannian case. In Section (4) we 
extend this theorem to the case of arbitrary signature: since the result and the proof depend 
strongly on the value of x f), we split the theorem in Thms. 4.1, 4.3, 4.4, 4.6. Finally Section 
(5) is devoted to the study of a maximal set of Obata's functions, where it is shown that if there 
exist more than one solution, then the distribution spanned by their gradients is involutive and 
foliates the manifold in submanifold of constant sectional curvature. 

Preliminaries 

In the following we will use the notion of warped product which we now recall. 
Let (B, gB) and (F, gF) be two pseudo-Riemannian manifolds. Consider the smooth man­

ifold M := B x F with the canonical projections denoted by 7r : M -+ B and a : M -+ F. 
Given an arbitrary smooth map a : B -+ IR+ we correspondingly define a (pseudo)-Riemannian 
metric g = go; on M (called warped metric) 

We will need only the expression of the sectional curvature of the warped metric which was 
computed in [1]: hereafter X, Y will be sections ofr(7r*TB) and U, V ofr(a*TF), while A will 
denote the gradient of a. The sectional curvature is given in terms of the sectional curvatures 
of Band F as follows: 

K _ Kt;v - IIAI12 (2)uv - 2 ' a 

where in these formulae the norms are the pseudo-lengths. 
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As for geodesic completeness, in the Riemannian case it is a well-known result [2] that a 
warped product B XQ F is geodesically complete iff both factors are and ex > O. The pseudo­
Riemannian case is much less understood in general however, if the base B is one dimensional 
we can establish the following lemmata which we are going to use in the sequel. 

Lemma 2.1 Let M = B x aF be a pseudo-Riemannian warped product with B (anti)-Riemannian 

and both factors geodesically complete. 

If E := infB a > 0 then M is geodesically complete. 


Proof. Consider the equation for a geodesic ,(s) of type space, time, light and set corre­
spondingly C = +1, -1,0: decomposing the vector -y = X + V = 7r*(-Y) + a*(-y) we get (cf. 
[2]) 

\7~V = _2 X (a)V . 
a 

Computing the rate of change of the norms we get 

We can integrate the equation once obtaining 

This shows that the square norm of X is bounded, hence the curve 7r 0 , : I ---+ B has finite 
length for any value of the parameter. This and geodesic completeness (which, for (anti) ­
Riemannian manifolds is equivalent to completeness) proves that the curve 7r 0 , is defined for 

any s E JR. Moreover IIVII} = ;211V112 = c-~~112 ::; is bounded as well: but V is parallel, 
namely the projection of , on the second factor is a pregeodesic whose parameter is bounded 
by a suitable affine parameter. Hence a 0 , is defined for any a E JR as well. 
This proves that M is geodesically complete. Q.E.D 

A partial complement to this lemma is the following, which we are going to exploit in Prop. 
4.5: 

Lemma 2.2 Let M = JR XQ ~ be a pseudo-Riemannian manifold of type (r,p) with metric 

ds2 = -dt2 + ex2 (t)da2

. Suppose ex is monotonic out 0] a bounded set and in] IR ex = O. 

If a is integrable at either +00 or -00 then M is not geodesically complete. 

An inextensible incomplete geodesic reaches the spacelike boundary of ~ in a finite affine pa­

rameter. 

If the base JR is Riemann, then the geodesic reaches the timelike boundary of~. 
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Proof. The proof is based on the previous formulae: if s is the affine parameter of the geodesic, 
the equation for the coordinate in JR can be recast into 

a(t)dt _ d 
(3)via 2 (to)(i5 + C) _ Ca2 (t) - s, 

where C = +1, -1, 0 according to the type space, time or light of the geodesic. 
For timelike geodesics (C -1) for which liol > 1 we can have unbounded trajectories in the 
direction(s) where a goes to zero (namely one or both of ±oo). If the integral converges in a 
neighborhood of that point then the geodesic reaches the boundary of IR in a finite value of the 
affine parameter and hence the manifold is incomplete: the projection on the fiber is timelike as 
follows from the computation of norms. Then it is easy to see that also this projection reaches 
the boundary at the same value of the affine parameter. Indeed let 4>(s) be the projection of 
the geodesic ,(s) on 1: and let a(s) be the affine (timelike) length of 4>(s) computed with the 

natural metric of 1:; then from -a2 (t(s)) (~:)2 = IIVl1 2 = C -IIXI12 we get 

dt 
da = ------,=========

a2(t)C( ( )) 1a t s + a 2 (to)(C+t5) 

which shows that a diverges as t tends towards the infinity where a vanishes (and this happens 

in a finite affine time s). 

Similar reasoning holds for the remaining two cases (C 1, 0); moreover one realizes that there 

are no complete inextensible spacelike or lightlike geodesics. 

If we change the signature of IR we only have to swap the role of time and space. Q.E.D. 


Example 1 In the case a(t) exp(t) (which we will encounter later) we see that a is integrable 
at t -00. Let ,(s) be an inextensible incomplete geodesic: if it is timelike or null then it 
has no ((turning point" in t namely i i- 0 and i < 0 if the geodesic reaches the boundary in the 
future. 
If it is spacelike then it has a ((turning point" and it is incomplete in both directions. 

Riemannian case 

Before stating and proving the main theorem, we set the notation. Given a smooth function 
w : M -+ JR. We will denote the gradient of w by O. The Hessian HW will be the second covariant 

differential w.r.t. the Levi-Civita connection of (M, g) which is a Riemannian manifold by now, 

except where explicitly said, namely HW (X, Y) =< \7xO, Y >. 

We have some lemmata 
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2Lemma 3.1 If w is an Obata's function then IIDI12 + xw = ~ for some constant ~. 

2Proof. Taking derivative along the vector X of IIDI12 + xw we obtain 

This result does not rely on the signature and holds in the pseudo-Riemannian case as well. 
Q.E.D. 

Lemma 3.2 If w is Obata's then the lines generated by Dare pregeodesics. 

Proof. Obata's equation HW(X, Y) = g(\1xD, Y) = -xwg(X, Y) is equivalent to \1xD = 
- xwX. In particular \1nD = - xwD, and hence D is parallel. Again, this result does not rely 
on the signature and holds in the pseudo-Riemannian case as well. Q.E.D. 

We can now state the theorem in the Riemannian case: the proof was given by the authors 
in [1]. However we report the result since the isometry in the statement works without change 
in the pseudo-Riemannian case as well. 

Theorem 3.3 Let (M, g) be a complete Riemannian manifold such that there exists a Obata's 
2function w with xw + IIDI12 = ~ for suitable (real) constants ~,x: denoting ~ := {x E 


M ; IIDxl1 = O} the critical locus of w, then 

a) (M \~, g) is isometric to a warped product I XQ: Eq where I ~ IR) Eq := w-1(q) for a regular 

value q, and a is a suitable function to be specified later in the proof. 

b) if ~ -# 0 then (M, g) is of constant curvature KCM) = x; 

c) if x ~ 0 ~ ~ then the above holds globally (and I = IR). 


Proof: Let q be a regular value for w. The level surfaces Eq := w-1(q) are regular hypersurfaces 
for qin a suitable neighborhood of q. Moreover, all the Eq are diffeomorphic to Eq via the flux 
generated by the gradient. 
Let i : Eq Y M be the natural injection and, for an interval I C IR containing 0, define the 
map 1/;: I x Eq ---+ M: (t,x) r--+ 1/;(t, x) as follows: the point 1/;(t, x) is the unique point of 
Ex(t) lying on the integral curve of D (a geodesic) through the point i(x) E Eq at a distance t 

from Eq (t is the oriented distance). This definition implies clearly that 1/;*Ot = Ilgll and that 
1/;({t} x Eq) are the level sets of w. The function X := w 0 1/; is a function only of tEl and 
satisfies (X')2 = ~ - XX2 with X(O) = q > O. 
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According to the signs of x and ~ and after a suitable shift of the affine parameter t we have 

y'~/x cos (Viii) x> 0, (~> 0) (i) 

~sinh(Mt) x < 0, ~ > 0 (ii) 

X(t) y'1~1/lxl cosh ( Mt) x < 0, ~ < 0 (iii) 

y'1/x exp (Mt) x< 0, ~ 0 (iv) 

X(t) = ylJ t x = 0, (~> 0) (v) 

where now q X(to) for some to E I. Notice that 'ljJ is an isomorphism of manifolds outside the 
stationary points of w. We prove that the metric [} := 'ljJ*g gives I x Eq the structure of warped 
product. Let PI and P2 denote the projections onto the two factors of I x Eq and note that for 
all X, Y in the tangent bundle of Eq in I x Eq (i.e. in f(p;TEq)) 

[}(at,at) = 1; [}(at,X) = 0; 
o 1 


'ljJ*at Ilnll- 2 
O 


H v~ - xw

W 0 'ljJ(t, x) x(t). 


Let now X, Y E f(p;TEq) such that [at, X] = [at, Y] = 0 and thus [0, 'ljJ*X] = [0, 'ljJ*Y] = 0: if 
we now compute Lat [} we get 

Hence 
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This proves the first part with warping function a(t) = ~ = In the five cases 
~_xq2 

above we have that a(t) = ~f(t) and the corresponding maximal intervals are given by 
IJ-xq2 

ylJ sin ( .jXt) x> 0, (~ > 0) 1 (0,1f/jX) (i) 

ylJ cosh (vIxlt) x< 0, ~>O 1 JR (ii) 

f(t) = v%I sinh (vIxlt) x< 0, fJ < 0 1=(0,00) (iii) 

exp (vIxlt) x< 0, fJ=O 1 = JR (iv) 

ylJ x=O, (fJ > 0) 1 (0,00) (v) 

To prove assertion b) we now compute the sectional curvature of M on a plane spanned by 
U, V vectors in r(T~q)) 

KEq (')2
K(M) _ uv - a (4)

uv - a 2 . 

The cases when the critical locus ~ is not empty are (i) and (iii) and ~ is constituted by 
isolated points; 
if x > 0 (and thus fJ > 0) ~ is constituted by isolated points since the Hessian is non-degenerate 
(i.e. there are isolated maxima or minima). It is easy to realize that there exist exactly one 

maximum and one minimum x± where w = ±IE and that 'l/J is an isometry on M / {x+, x_}; 
if x, ~ < 0 then ~ is an isolated point of minimum Xo for wand the isometry is defined onto 
M/{xo}. 
But now the LHS of eq. (4) is well defined also for t = 0, hence, taking limit t ---t 0 in the RHS, 
we find that KEq must be constant and equal to fJ and hence I;q must be a sphere; this, in turn 
implies that (M, g) is of constant curvature K(M) = x. 
To be less sloppy, we should remark that the set ~ -if not empty- is made of isolated points 
(actually, two), and the nonsingular level surfaces of ware (topologically) spheres. When 
shrinking this topological sphere (t ---t 0), we are actually parallel translating the vectors U, V 
up to the critical point Xo along a geodesic (remember that 0 generates pregeodesics) thus 
obtaining vectors in the tangent space TxoM. Since we must obtain a well definite value of the 
sectional curvature of M then we must have KEq = (a'(0))2 independently of the "direction" 
of the geodesic, namely of the point on ~q. 
If the critical locus .6. is empty (which corresponds to the remaining cases (ii), (iv), (v)) we 
have no constraint on the curvature of the leaf ~q, which can be any Riemannian manifold. 
Indeed if x ~ 0 ~ ~, from 11011 2 ~ xw2 we see that w has no stationary points and hence 'l/J 
is defined globally. Now X is an hyperbolic sine or an exponential if fJ = 0 or a linear function 
if x 0, and correspondingly a is an hyperbolic cosine, exponential, or constant. Therefore 
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the maximal interval I is exactly 1R and the manifold M is complete and globally isometric to 
a warped product, which proves assertion c). Q.E.D. 

In the proof of Thm. (3.3) the essential key for the rigidification (when ~ =f. 0) is the 
smoothness of the Riemannian structure of M at the points of ~; giving up this requirement, 
we have the following 

Corollary 3.4 Let (M, g) be a Riemannian manifold (not necessarily complete). A necessary 
and sufficient local condition for the existence of a smooth non-constant (non-singular on M) 
Obata's function w is that (M, g) is isometric to the warped product I Xu L:, with Q in the 
previous list (see proof of Thm. (3.3}), according to the signs of x and ~. 

Proof. We saw in the proof of Thm. (3.3) that the equation HW = -xw 9 implies the isometry 

(out of the critical locus of w): this proves necessity. 

Vice versa, given a warped product I Xu L: it is a straightforward exercise to show that any 

primitive function w = f Q satisfies the requirement. Q.E.D. 


The pseudo-Riemannian case 

We now consider Obata's equation (1) assuming that g is pseudo-Riemannian with signature 
(r,p) (both non-zero). We still have the same first integral as in Lemma (3.1), but now the 
square-norm of n can be of any sign and hence any combination of signs of x and ~ is a priori 
allowed. We have the following implications on the type of the vector n depending on the signs 
of these two constants. 

Signs of x and ~ Type of n 
x > 0, ~ > ° depends 
x > 0, ~ < ° timelike 
x > 0, ~ = ° timelike or null 
x < 0, ~ > ° spacelike 
x < 0, ~ < ° depends 
x < 0, ~ = ° spacelike or null 
x 0, ~ > ° spacelike 
x = 0, ~ < ° timelike 
x = 0, ~ ° null. 

From Lemma 3.1 it follows that the critical values of w can be only ±~: we denoteL:± 
the corresponding singular level-sets. These, contrarily to the Riemannian case, do not coincide 
with the set of stationary points because the latter are now saddle-points. 

9 




In order to extend Thm. (3.3) in the pseudo Riemannian case we formulate Thms. (4.1,4.3, 
4.4,4.6), but we put forward the following remark which allows us to shorten the statement and 
the proof: in the theorem we are going to study only the cases x 2:: 0 because the cases x < 0 
are "symmetric" to the cases x > 0 under the exchange of the roles of "time" and "space". 
Thus, for instance, the case x > 0, fJ > 0 corresponds to the case x < 0, fJ < 0 and so on. 
We break the theorem in many statements, as the result depends strongly on the relative signs 
of x and the first integral fJ. 

We will now assume some common hypotheses to the following theorems; thus in the present 
Section we will work under the following 

Common assumptions: (M, g) is a geodesically complete, connected pseudo-Riemannian 
manifold; the signature of the metric is (r, p) (both are nonzero) and there exists a nontrivial 

2Obata's function w with IIDI12 + xw = fJ. 

Theorem 4.1 In the common assumptions, let x > 0 and fJ > O. Let = w-1 (±JfJ/x) 

be the singular fibers. Then:E± are both nonempty and (M, g) has constant sectional curvature 
K x. 

In each connected component of M \ :E+ u the type of D is constant and w takes value 
in one of these intervals 

10 = (-JfJ/x,~) , (JfJ/x, +(0) . 

Denoting with M;l;;, M~, M2c the generic connected components of w-1(I+), w- 1(I_), w-1(Io), 
the boundary of M!c is a light-cone with vertex in a critical point ofw, withw(p±) = ±Jh/x. 
Moreover M!c is the set of points which are timelike related to P±· The boundary of M2c is 
constituted by two light-cones with vertex in P± and internal points are spacelike related to P±. 
Each connected component is isometric to an appropriate warped product I x a :E as follows: 
a) in M2c 

w(p) = VfJ/x cos (yXd(p, p+)) I (O,7r); ex = v1J sin ( VXt) , 
ds2 = dt2 + Q?(t)ds~ 

and:E is a hypersurface of type (r,p - 1) and constant curvature KE = fJ. 
b) in M!c we have 

W{p) = ±VlJ/x cosh (yXd{p,P±)) I (O,7r); a = Vi) sinh (yXt) , 

ds2 = -dt2 o?(t)ds~ 

and:E is a hypersurface of type (r - 1,p) and constant curvature KE = -fJ. 

c) the singular fibers :E± are union of light-cones with vertices in the stationary points of w. 
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Proof. We first prove that 'E± are both nonempty. Indeed let p be a regular point of W where 
o is not light; such a point exists otherwise 11011 2 

- 0 but then W would be a constant. Let ,(s) 
be the geodesic generated by 0 starting at p. Then an argument similar to the Riemannian 
case shows that the value of w along this geodesic will eventually reaches one of the two values 
±Jx/~. More precisely, if 0 at pis spacelike, then w(,(s)) is a trigonometric function which 
attains both values. If 0 is timelike at p, then w(,(s)) is a hyperbolic cosine which reaches one 
of the two values. 
Let P± be the first points on such a geodesic where w(p±) = ±J~/x. Clearly P± E and 
hence they are not empty. 
We now prove that P± are critical points: suppose by contradiction that O(p±) =J 0, but then it 
must be a lightlike vector, which is impossible because the geodesic, generated by 0 is either 
timelike or spacelike. 
Therefore P± are isolated critical points of w (the Hessian being non-degenerate). Moreover, 
they are saddle points and thus 0 is of every type since 11011 2 = ~ - xw2

• 

Using these facts, in the connected regions of M\'E+U'E_ (where 0 is spacelike or timelike) 
it is not difficult to show that 

wspace(P) = J~/xcos (-jXd(p,p+)) 

Wtime(P) = ±J~/x cosh (-jXd(p,P±)) . 

In the two equations above p is restricted to belong to the region of spacelike separated points 
w.r.t. p+. 
Notice that the "piecewise" definition of w does not spoil smoothness: in particular the singular 
fibers of ware constituted by the light-cones through the points P±. Moreover, following any 
spacelike geodesic emerging from p+ we reach a stationary point p_ and vice versa: of course 
in general we need not reach the same stationary point where we started from, as this depends 
on the global topology of the manifold which cannot be fixed in this context. 
We now prove that geodesic completeness implies constancy of the curvature: the argument is 
the same as in the Riemannian case, except that now we must approach the stationary points 
P± from spacelike or timelike directions. 
In these two cases the geometry of the level surfaces of w is different, since they are (locally) 
modeled on hyperboloids of different signatures. Nonetheless this is sufficient to prove the 
constancy of the sectional curvature of the surfaces w-1(q): this in turn forces the sectional 
curvature of M to be constant on the complement of the light-cone. Smoothness of (M, g) 
completes the proof. Q.E.D. 

Remark 4.2 Since we have proved that in the case x > 0, ~ > 0, (or x < 0, ~ < 0) 
(M, g) must be of constant sectional curvature, then we can describe w. Indeed, if we realize 
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Figure 1: An example for k 1, h = 1 on the quadric + x 2 + y2 = 1 with w = x: this is 
the paradigmatic case. 

(M, g) as a suitable quadric (or a covering of it), then w is just any linear function in the 
ambient pseudo-Riemannian flat manifold restricted on the quadric, provided that its gradient 
is spacelike (timelike). 
Moreover, as it should be clear by now, we have more than two critical points only if we really 
have a covering of the quadric. Consider for instance the quadric - Z2 - y2 + I:,~ Xi = -1 

in a flat spacetime with metric -dZ2 
- dy2 + I:,~ dXi 2 

(called "Anti de Sitter spacetime") 
and the function w Z, (this corresponds to the case x = -1, ~ = -I): since this space 
has a nontrivial fundamental group 1rl Z, we may pass to its universal covering (or other I"J 

coverings), and the function w would have many critical points. 

We now consider the case x > 0 and ~ < O. Contrarily to the previous, we do not obtain a 
complete rigidification, and we are left with a complete arbitrariness in the metrics that may 
occur on the leaves of Obata's function. This is completely similar to what happens in the 
Riemannian case (with x < 0, ~ > 0, though). 

Theorem 4.3 In the common assumptions, let now x > 0 and ~ < O. Then n is everywhere 
timelike and (M, g) is globally isometric to a warped product IR x a :E with 

w(x) = ~sinh (VUd(x, :E)); a(t) = v'IfJf cosh (VUt) , ds2 = -dt2 + a2(t)ds~ 

and L. is any geodesically complete, connected pseudo-Riemannian submanifold of type (r -1, p). 
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..x 

Figure 2: An example for x 1 and lJ -1 on the quadric _t2 + x 2 + y2 = 1 with w = t: this 
is not the paradigmatic case as in general the manifold does not have constant curvature. 

Proof. 
In this case r2 is everywhere timelike because 11r2112 = -llJl - xw 2 

:::; IlJl < 0, and w can be 
written along its flow as 

w (x) f0j sinh (y'xd (p, E) ) , 

with 2: = w-1(0) a totally geodesic connected hypersurface of type (r - 1, p). This is proved 

exactly as in the Riemannian case. Moreover we can show that (M, g) is isometric to lR. Xa: 2: 

with a(t) == v%I cosh (y'x). 

Then Len1ma (2.1) adapted to the present situation with B == lR. and F == 2:0 , proves that 

R Xa: 2:0 is geodesically complete and hence so is (M, g). Q.E.D. 


Next case (x > 0, lJ = 0) is more complicated: the equation does not rigidify completely the 
manifold. The situation is intermediate between the complete rigidification which we obtain 
in Thm. (4.1) where the level surfaces of ware forced to have constant curvature and the 
very weak one we have in Thm. (4.3), where the level surfaces of w may have any pseudo­
Riemannian geometry. In the present case geodesic completeness of M implies a condition of 
asymptotic flatness along any spacelike direction in the level surfaces of w. 

Theorem 4.4 In the common assumptions, let now x > 0 and lJ O. 
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(i) Then n is almost everywhere timelike. 
(ii) The two subsets M± = w-l(lR±) C M are isometric to a warped product lR XQ 2:± with' 

and 2:± are geodesically complete pseudo-Riemannian manifolds of type (r 1, p). 
(iii) Necessary condition for geodesic completeness is that the sectional curvatures of vanish 
at least as O(a-I) along any spacelike geodesic, a being the natural length in 2:±. 
(iv) If the sectional curvature of (M, g) is bounded, then 2:± are both flat and hence the sectional 
curvature of M is actually constant K = u. 

Proof. 
We assume that w is not identically zero, hence either one of M± := W(-I) (lR± \ {O}) is not 
empty: without losing generality, we assume M+ not empty. 
The same reasoning as in the Riemannian case shows that w has the form in the statement of 
the theorem, where for now is just a geodesically complete pseudo-Riemannian hypersurface 
of the appropriate type. 
Again we can prove that (M+, g) is isometric to lR XQ 2:+, with a(t) exp(.;xt) and metric 
ds2 = -dt2+ a2(t)ds~+. 
Such a warping function falls into the class of functions considered in Lemma (2.2), hence 
(M+, g) is not geodesically complete and M+ is a proper subset of M. 

We now prove that M_ is nonempty as well and that n never vanishes so that each connected 
component of 2:0 := w- I (0) is a smooth null hypersurface. 
Indeed, let p be any point of 2:0 and consider any geodesic ,(s) starting from inside M+ and 
arriving at p at s So. Then it is possible to compute explicitly w(,(s)) for s < So proving 
that 

< n, "y (0) >= lim dd w ( ,(s )) # 0 . 
84-80 S 

Thus we have: 
i) n doesn't vanish at any p E 2:0 and 
ii) M_ is nonempty. 
Therefore M = M+ U 2:0 U M _, 2:0 being a smooth light-like hypersurface; smoothness is 
guaranteed by the nonvanishing of dw. 
The other half M_ is also isometric to a similar warped product M_ ::: lR XQ 2:_ with the same 
a(t): the boundary 2:0 is at t = -00 for both. We now prove that :E± must be asymptotically 
flat in the spacelike direction: this follows from the requirement that the sectional curvature of 
M does not blow up as we follow a geodesic which crosses the boundary of M+ (basically the 
same computation as before) and from the fact that any geodesic which crosses the boundary 
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projects onto a spacelike geodesic in l:±. 
Indeed, from Lemma (2.2) we see that in the case a(x(s)) = exp(ylxx(s)) = O(s -,- so) (when 
the geodesic is unbounded towards t = -00) which implies that the length of the pregeodesic 
¢(s) grows as 1/(s - SO)2. 
Considering the expression of the sectional curvature of M± = }R Xu l:± 1 

we see that K~~, must be infinitesimal w.r.t. (s - SO)2 namely 

along any spacelike geodesic, a being the length parameter of the geodesic in (l:±, g'L,±). 
Finally, if we require that K is bounded, then the same computation shows that K~ must 

vanish (just consider the sectional curvature along the flow of 0). In this case then, the whole 
curvature of (M, g) is constantly equal to x. Q.E.D. 

We remark that in this last theorem, if l:± are both flat semi-Riemannian manifolds, then 
(M, g) is of constant curvature K = x; nonetheless this is not always the case, as the following 
proposition shows. 

Proposition 4.5 Let l:± be two geodesically connected, semi-Riemannian manifolds of type 
(r -1,p) diffeomorphic to}Rf and such that along any spacelike geodesic the sectional curvature 
vanishes faster than any power of ~, a being the geodesic distance. Set a(t) = exp( ylxt) and 
form the two warped products (M±, g±) as in 

ds~ := -de + a2(t)da~± 

Then we can smoothly glue them in a geodesically complete manifold (M, g) along a null hy­

persurface l:o: generically this hypersurface is connected, and it is made of two connected 

components only in the case of signature (r, 1). 

On this manifold the function defined by w(t, a)IM± = ±Jxa(t), wlEtuEo 0 is smooth and 

satisfies HW = -xwg, 11011 2 = -xw2. 


Proof. 
We must define the geodesic boundary of M± and extend there the metric; this is accomplished 
via the exponential map. 

1 Notice the sign + in front of a.' which comes from the negative signature of -dt2 
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Figure 3: An example for k 1, h = 0 on the quadric -t2 + x2 y2 = 1 with w t - y: this 
is not the paradigmatic case as in general the leave L;± must only be asymptotically flat. 

We are going to work on M+, the arguments being identical for M_. 
Fix an arbitrary point Po (to,O"o) E M+ and consider the exponential map exp at this point. 
We saw in Lemma (2.2) that there exist inextensible incomplete geodesics "(8) of any type in 
M+ starting from Po =(to,O"o). Therefore exp : Dpo C TpoM+ -+ M+ is defined on a proper 
star-shaped subset Dpo of the tangent space. In view of the discussion of the properties of 
incomplete geodesics, the boundary 8Dpo of Dpo is made of three pieces, according to the type 
of the incomplete geodesic; writing TpoM+ :3 X 7r*X + O"*X V + V, we have the boundary 
corresponding to the incomplete 8pacelike geodesics 

to the incomplete timelike geodesics 

and to the incomplete lightlike geodesics 

In these formulae the three functions ds, dt , dl are the upper extrema of the maximal interval 
of definition of the geodesics. By their definition ds and dt are homogeneous invariant functions 
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v 

~<v,v> 

Figure 4: The boundary of M+ as appears in via the exponential map in TpoM+ for the 
special value x = 1: in abscissa appears the square root of the projection V (J*X, which 
is spacelike for all incomplete geodesics. The curve is obtained solving the implicit equations 
IIXI1 2 = -dt 

2 (X) and IIXI1 2 d/(X), where ds,t are given in the text. 

of their arguments because they depend only on the "direction" X / vi < X, X > I. On the 
contrary dl is homogeneous of degree -1 because the geodesic lAX (with IIXI1 2 0) is defined 
on the interval (0, idl(X)), 
Consider the set-theoretical union M +,Po := M+ U 8Dpo; we presently define a smooth structure 
of manifold-with-boundary on it. Indeed let U be a generic open neighborhood of a point P 
belonging to 8Dpo C TpoM+: the corresponding open neighborhood of p in M +,po will be 
(Un8Dpo )Uexp(UnDpo )' Since exp restricted to UnDpo is a local diffeomorphism, we have 
thus defined a smooth structure of manifold-with-boundary on the set M+ U 8Dpo' 
The definition of the boundary seems to rely on the choice of the base-point Po; we now prove 

that this is not the case. Indeed we should only show that the three functions dt, dl, ds do 
not depend on the point: but this is obvious because, integrating eq. (3) in this case with 
a(t) = exp(y!Xt), we obtain 

lto
1 1-- a(t)dt = r:;; 

-00 vxv 
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to a(t)dt _1 In( (0)dt(X) = j
-00 Ja 2(to) (i6 - 1) + a 2 (t) yIx Vt;=l 

j to a(t)dt 
1 . ( 1 )r::;. arCSIn ~ , 

-00 Ja 2 (to)(t6 + 1) - a 2 (t) yX y t5+ 1 

where to = l-v2~~1V1121' We can thus remove the subscript Po and set M + := aD U M+ =: 

Eo u M+, where Eo is aD when thought in M +. 

As for the coarse topology of the boundary, if the set IIVl1 2 > 0 is disconnected, then so is Eo; 

this happens only if the signature of the metric is (r, 1) in which case there are two connected 

components. 

We obviously perform a similar construction in M_ and identify the two copies of the boundary. 

We therefore obtain a smooth manifold M = M_ U Eo U M+. 

We must now define the metric on T M I1::0: to this purpose we consider the canonical realization 

of the space of constant curvature x as a quadric in a suitable semi-Riemannian flat manifold. 

Then we can identify Eo with the intersection of this quadric with a null hyperplane, and define 

the metric on Eo as the pull-back of the metric on the quadric. Since the sectional curvature 

on M (which is insofar defined only on the complement of Eo) tends to a constant on Eo with 

all its derivatives tending to zero (this follows from the assumptions on the asymptotic flatness 

of E±), we have that the metric is smoothly defined also on Eo. 

To conclude the proof we only have to show that w satisfies Obata's equation: but clearly it 

satisfies the equation on M± and by continuity on the whole M. Q.E.D. 


We conclude with 

Theorem 4.6 In the common assumptions, let now x 0 then 

i) 	if h > 0 then n is everywhere spacelike and (M, g) is globally isometric to a direct product 
]R x E with 

w(x) JfJ d(x, E); ds2 = dt2 + ~ds~ 
and E is any geodesically complete pseudo-Riemannian manifold of type (r, p - 1). 

ii) 	if h < 0 then n is everywhere timelike and (M, g) is globally isometric to a direct product 
lR x E with 

w(x) = y'f(Jfd(x, E); -dt2 + 1~lds~ 
and E is any geodesically complete pseudo-Riemannian manifold of type (r - 1,p). 

iii) if ~ = 0 then, apart from the constant solution, n is a null Killing vector of (M, g). 
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Proof. 
Cases i), ii). 

Each level surface is non-singular: (M, g) is globally isometric to lR x 2: (with the appropriate 
types) as a direct product (a is now a constant). Such a manifold is clearly geodesically complete 
iff 2: is complete: no further requirement is needed on 2::0 coming from geodesic completeness 
or smoothness. 
Case. iii). 
There is the obvious solution W canst which does not tell anything and we exclude from now 
on. 
The equation HW = 0 +-+ VO = 0 proves that 0 is parallel and hence it a never vanishing 
Killing vector. 
Moreover each level surface is totally geodesic: indeed, if <p(s) is a geodesic starting at a point 
of 2::q with initial velocity tangent to 2::q then we have 

::2W(<P(S)) = :s < n",(s)' cp(s) =< ".pn, cp > + < n, ".pcp >= 0 . 

Hence w(<p(s)) = w(<p(O)) + As, but A must vanish because A =< 0, cp(O) >= O. 
A typical example is the following: take lRn with coordinates w,~, TJ2,", TJn and consider the 

metric 

j~2 i,j~2 

where A, B i , Cij are arbitrary functions not depending on~. Then 0 t~ and it is a null 

vector; the condition that 0 is a Killing vector is ensured by the fact that the coefficients do 

not depend on ~. 


Thus there are not stringent rigidification in this case as well. Q.E.D. 


Foliations associated to Obata's equation 

We now study the case of existence of more than one solution: again the metric will be pseudo­

Riemannian unless we specify that it is Riemannian. 

Note that for any Obata's function W we have Kn,x = H. Moreover there cannot exist two 

Obata's functions corresponding to different values of the constant H as we show in the 


Lemma 5.1 If WI, W2 satisfy HWi -Hi Wig, i = 1,2 for some constants Hi, then kl = k2 . 

Proof. 

This follows from K n1n2 = Xl x2. Q.E.D. 


We introduce the following natural 
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Definition 5.2 A maximal system of Obata's functions is am-tuple {WI, ... ,wm } of solutions 
such that their gradients are almost everywhere linearly independent. 

The integer m is a pseudo-Riemannian invariant of the manifold (M, g). As we saw if a Obata's 
function has any critical point, then the manifold must be of constant sectional curvature: this 
happens whenever xl) > 0 and the manifold is supposed to be geodesically complete. In 
these cases we know that there exist n + 1 nontrivial solutions of the equation. They are 
obtained by realizing the manifold in the canonical way as a suitable quadric in a flat semi­
Riemannian manifold ]Rn+l and hence using the linear coordinates of ]Rn+l: one of these solution 
is functionally but not linearly dependent on the remaining, which constitute a maximal system 
in the sense above. 
In view of this remark we have the 

Theorem 5.3 The manifold (M, g) has constant sectional curvature if and only if there exists 
a maximal system of solutions with m dim(M). 

We now study the intermediate cases 0 < m < dim(M); if we assume geodesic completeness 
then we are addressing only the cases Xl)i ~ 0, Vi = l..m, otherwise the study will only be 
local. 
We promptly have 

Proposition 5.4 The manifold (M, g) is foliated by submanifolds sm of dimension m with 
constant sectional curvature x: these foliations are totally geodesic. 

Proof. We use Frobenius's Theorem, showing that ni form an involutive distribution. Indeed 

[ni , OJ] = V'niOj - V'njOi = -XWjOi + XWiOj . 

If we have a geodesic with initial vector H(po) I:~I hiOi(po) then clearly the vector field 
H I:~1 hini generates this geodesic and hence the distribution is also totally geodesic: this 
proves that the intrinsic sectional curvature K sm equals the sectional curvature of M and hence 

which ends the proof. Q.E.D. 

Before studying the foliation we anticipate the 

Lemma 5.5 If the dimension m of a maximal system is strictly less than the dimension of M, 
then any other solution is a linear combination of the basis WI, .•• , wm ­
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Proof. 
Let W be another solution, then from the assumption of maximality 0 = aiOi for some functions 
ai : we are to prove that ai must be constants. Indeed 

This implies that 
x(aiWi - w)X =< X, Ai > Di ' 

Taking an arbitrary vector field X not belonging to the span of the Di'S we must have W _ aiwi' 
so that now < X, Ai > Di 0 and hence, being Oi independent, Ai 0, namely ai are 
constants. Q.E.D. 

This Lemma tells that if the maximal system is not total (m = n) then we lose one solution 
which should be functionally but not linearly dependent on the other. 
We remark that 

Proposition 5.6 The following formula holds 

for some constants Cij' 

Proof. 
We have 

X < Oi,Oj >=< \7XOi,Oj > < \7XOj,Oi >= 
= -XWi < X,Dj > -XWj < X,Oi >= -kX(WiWj) , 

hence < Oi, OJ > +XWiWj Cij is constant. 
Moreover we can assume that the matrix Cij is diagonal up to a linear change of basis Wi. Q.E.D. 

We finally introduce the complementary foliation:F to the distribution spanned by {Oih=1..m. 
Clearly the fibers ~xo of:F are the joint level sets of {WI, .. " wm }, namely ~xo n:l W;I(w(XO)) = 
n:1 ~~o whose second fundamental form is given by 

for any X, Y E T~xo: this shows that ~xo is totally umbilical. 

We now restrict to the Riemannian case and, referring to the classical definitions in [5], we have 
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Theorem 5.7 :F is a Riemannian foliation and 9 is bundle-like. 

Proof. 
Consider the connection tr of the normal bundle r (T~J..) defined by 

X E r(T~)trx Z = { 1T [X, Z] , 
1T(VxZ) , X E r(T~J..) , 

where Z E r(T~J..) is a normal section and 1T : T M -t T~J.. is the natural projection. A 

classical result of [8] ensures that tr is metric if and only if :F is Riemannian and 9 is bundle­

like. 

Writing Z = aini and letting Ai = grad(ai ), we have for X E r(TI:) 


[X,Z] 	 =< X, Ai > ni + ai[X, niJ = 
=< X,Ai > n i + ai (VXni VniX) = 
=< X, Ai > ni - ai 

(XWiX + V niX) . 

On the other hand < VniX, nj >= - < X, vninj >= XWj < X, n i >= 0, namely VniX E TI:. 
Therefore we find 

trx Z = 1T [X, ZJ =< X, Ai> ni . 

Let now X E r(T~J..) and compute 

VxZ =< X,A i > ni + aiVXni =< X,Ai > ni - xaiwiX , 

from which we have 
trxz = 1T(VXZ) = VxZ . 

Summarizing the expression for the connection we have 

<X, Ai > ni , X E T~ 
{ VxZ, X E TI:J.. 

We now prove that tr is a metric connection: this is a straightforward computation of XIIZI1 2 

and 2 < trx z, Z > and subsequent comparison. Q.E.D. 

We conclude with a description of the infinitesimal automorphisms of F and FJ.. S (the 
distribution spanned by 0,1, ... , nm ). 

For X E r(F) and Z E reS) we obtain 

[Z, X] = aiVniX - < X, Ai > ni + xaiwiX . 

This shows that Z is an infinitesimal automorphism of:F (namely [Z, X] E F) iff < X, Ai >= 0. 
Thus 
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Proposition 5.8 The infinitesimal automorphisms of :F are the sections of r(:F) and combi­
nations aio'i whose coefficients are constant· on the leaves of :F. 

Finally, X is an infinitesimal automorphism of :F1- == S iff \7niX + XWiX == 0, namely iff 
[X,o'i] o. 
Proposition 5.9 The infinitesimal automorphisms of S are the sections of r(S) and all sec­
tions of :F which commute with every o'i. 
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